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PREFACE

The recent progress of magnet technology has enabled us to study solid state
physics in very high magnetic fields. Steady fields up to about 40–45 T are
available with hybrid magnets in several facilities in the world. Using pulsed
fields, 50–90 T can be easily produced with a long duration of 10–100 ms, and
we can now obtain a field even in the megagauss range (above 100 T) by special
techniques, and these high fields are routinely employed for various measurements
in solid state physics.

High magnetic fields quantize the electronic states in substances, and the
effects of the quantization give rise to many new phenomena. In semiconductors,
the Landau quantization effect is particularly significant because of the small
effective masses and high mobilities. Thus, semiconductor physics is one of the
areas where high magnetic fields are most useful.

Recently, remarkable progress in semiconductor technology has made it pos-
sible to grow many new systems that have never before been available. The de-
velopment of techniques such as molecular beam epitaxy (MBE), metal organic
chemical vapor deposition (MOCVD), or various fine processes have created low
dimensional electron systems. In low dimensional systems, the quantization ef-
fect by magnetic fields is even more enhanced, combined with the quantization
by the potentials built in the samples. The integer and fractional quantum Hall
effects are among the most remarkable manifestations of the quantization ef-
fects. A variety of quantum phenomena have been observed in artificial new low
dimensional systems.

The author has devoted himself to developing techniques for generating very
high pulsed magnetic fields up to several megagauss (several hundred tesla) by
various kinds of approaches, and applied them to various solid state experiments
for many years. Many new results have been obtained using such high fields in
a wide range of physics. Many interesting phenomena have also been observed
by collaborating scientists who come from outside including overseas to use our
facilities. Among them, typical results on semiconductor physics will be described
in each chapter of this book.

There have been many excellent textbooks on semiconductor physics. There
have also been many valuable proceedings of international conferences on semi-
conductor physics in high magnetic fields as listed at the end of the book. How-
ever, there have not been so many books in the form of a monograph sharply
devoted to the physics of semiconductors in high magnetic fields. The aim of
this book is to give a review of recent progress in this area with a particular
emphasis on the new phenomena observed in the very high field range, mainly
in the pulsed field range above 20 or 30 T up to a few megagauss.
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vi PREFACE

This book is partly based on the notes for a series of lectures which the au-
thor gave at the graduate course of the University of Tokyo, with the additional
descriptions of new phenomena observed in high magnetic fields. In order to
make the entire book consistent as a monograph, considerable effort has been
directed to enriching the introductory part of each chapter. Therefore, the book
will hopefully have the dual character of textbook and monograph giving a re-
view of the latest progress. In the last chapter, the experimental techniques for
generating pulsed high magnetic fields for the data acquisition are described.

The author strongly wishes that this book will serve as a guide for young
scientists, students, and engineers to increase their interest in high magnetic
fields.

Noboru Miura
Tokyo, Japan

September 2007
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1

INTRODUCTION

Magnetic fields quantize the energy states of the conduction bands and the
valence bands in semiconductors. In high magnetic fields, the quantization of
energy states in semiconductors becomes very prominent and the radius of the
cyclotron motion of conduction electrons or the electron wave-function extension
is much reduced. The quantization of the electronic states and the modification
of the electronic wave function cause many new quantum phenomena in high
magnetic fields. Electrons in most semiconductors possess high mobility or long
relaxation time between scattering. Today, electron mobility of the best GaAs
crystals reaches higher than 107 cm2/Vs at low temperatures, which corresponds
to a mean free path of mm. Moreover, in most cases, the effective masses of
electrons and holes are smaller than the free electron mass. These features are
most favorable for observing the effects of quantization.

The recent advances in semiconductor technology have enabled us to fabri-
cate high quality samples in which electrons and holes are confined in artificial
quantum potentials embedded in them. They are heterostructure interfaces, su-
perlattices, quantum wells, quantum wires, and quantum dots. In these samples,
the low dimensional electrons confined in quantum potentials show unique prop-
erties in magnetic fields. For instance, the two-dimensional electron systems in
quantum wells or heterostructures are fully quantized when magnetic fields are
applied in a perpendicular direction to the system. Therefore, under the unique
situation of full quantization, many new quantum phenomena have been ob-
served. The integer and fractional quantum Hall effects are the highlights of
these. When fields are applied parallel to the two-dimensional systems, on the
other hand, a variety of phenomena take place originating from the interplay be-
tween the magnetic field potential and the artificially formed quantum potentials.
In quantum dots or quantum wires, phenomena originating from the potential
interplay are also observed, and they are extremely useful for the characterization
of new quantum devices. Thus the physics of low dimensional electron systems
in high magnetic fields is one of the most important subjects of semiconductor
physics.

Figure 1.1 shows the cyclotron energy h̄ωc, the cyclotron radius rc, and the
spin Zeeman splitting gµBB as a function of magnetic field B. The cyclotron
energy and the Zeeman splitting of free electrons increases as a linear function of
magnetic field, and reaches 11.6 meV (136 K) at 100 T. As h̄ωc is inversely pro-
portional to the effective mass m∗ which is smaller than the free electron mass m
in most semiconductors, h̄ωc is even larger than that of free electrons. In Fig. 1.1,
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2 INTRODUCTION

Fig. 1.1. Cyclotron energy h̄ωc and the spin Zeeman splitting gµBB for a free elec-
tron in a unit of K, and the cyclotron radius of the ground state rc which is the
same as the magnetic length l, as a function of magnetic field B. The range of the
magnetic fields available with the present technology is shown: A. Superconducting
magnet, B. Water-cooled or hybrid magnet, C. Non-destructive long pulse magnet,
D. Destructive short pulse magnet.

the line for an effective mass m∗ = 0.1m is also shown. In high enough magnetic
fields, h̄ωc becomes larger than various excitation energies in semiconductors,
such as the longitudinal optical (LO) phonon energy h̄ωo, the band gap energy
Eg, the plasmon energy Ep, the binding energies of excitons or impurity states,
etc. Under such unusual circumstances, we can observe new phenomena that have
never been observed in the lower field range. The cyclotron radius of the ground
state l, on the other hand, decreases with increasing magnetic field in proportion
to 1/

√
B. It is reduced to 2.6 nm at 100 T and 0.81 nm at 1000 T, and becomes

smaller than various characteristic lengths in semiconductors. In other words,
very high magnetic fields by themselves create electronic states of nano-scale
structure. For example, it may become smaller than the wave-function extension
of excitons or impurity states. This situation also causes various interesting phe-
nomena in a new regime. In artificial quantum structures, it can become smaller
than the wave-function extension of electrons confined in the quantum potential.
In very high magnetic fields, l can be reduced to a very small value: even smaller
than the lattice constant of crystals. The effective mass approximation that is
quite adequate to treat the electronic states in a magnetic field may break down
in extremely high magnetic fields. It is an interesting question what will happen
under such conditions.

Today, as high field magnet technology develops, the maximum field available
for experiments has increased more and more, and we can study semiconduc-
tor physics in very high magnetic fields. Table 1.1 shows various techniques for
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Table 1.1 Different techniques for generating high magnetic fields and the max-
imum fields generated by them.

Technique Maximum field (T) Duration
Electromagnet 3 DC
Supeconducting magnet 20 DC
Water cooled magnet 33 DC
Hybrid magnet 45 DC
Wire-wound pulse magnet 90 1–100 ms
Helical pulse magnet 70 ∼100 µs
Single turn coil technique 300 ∼ µs
Electromagnetic flux compression 620 ∼ µs
Explosive driven flux compression 200 ∼ µs
(Bellow type)

Explosive driven flux compression > 1000 ∼ µs
(Cylindrical type)

producing high magnetic fields. In the 1960s, the Francis Bitter National High
Magnetic Field Laboratory (FBNHMFL) was built at the MIT, and steady high
magnetic fields were generated were generated by using a large DC generator of
10 MW and a large water cooling system for the magnets heated by the large
current (water-cooled magnet). High magnetic fields up to about 20 T were gen-
erated and the fields were employed for many different experiments, but the
major application was in the field of semiconductor physics. In those days, the
FBNHMFL was one of the main centers of semiconductor research in the world.
In later years, several high magnetic field facilities have been built in Europe and
Japan as well, and the maximum field has increased. The technology of supercon-
ducting magnets using Nb-Ti alloy or Nb3Sn wires also made great progress in
the 1960s. By using commercial superconducting magnets, it has become possible
to generate high magnetic fields (around 15–17 T) easily in ordinary laboratories.
The maximum field now available with superconducting magnets is almost 21 T.
However, because of the limited critical field and the critical current of presently
available superconducting materials, in order to obtain higher fields, we have to
use the water-cooled magnets in large facilities as mentioned above. At present,
the maximum field obtained with such water-cooled magnets is 33 T at the new
National High Magnetic Field Laboratory (NHMFL) in Tallahassee succeeding
the FBNHMFL in USA. In most large DC field facilities, hybrid magnets are
constructed combining a water-cooled magnet with a superconducting magnet
set outside. The hybrid magnet can generate higher magnetic fields than simple
water-cooled magnets. The highest field now at Tallahassee is 45 T.

For generating a field above this field level, pulse magnets are employed. By
supplying a large pulse current from a capacitor bank, a wire-wound solenoid
type magnet can generate magnetic fields up to 60–90 T or so, within a duration
time of 1–100 ms. For pulse magnets, it is not necessary to install a large power
supply which consumes an enormous electric power, nor a large water cooling
system. The use of pulse magnets extended the available field range significantly.



4 INTRODUCTION

Together with the progress of fast data acquisition equipments, researches using
pulse magnets have become more and more popular since the late 1970s.

However, there is a limitation to the maximum field that can be generated
by pulse magnets. The main reason is a large magnetic stress (Maxwell stress)
exerted on the magnet due to the high magnetic fields. The Maxwell stress is
proportional to the square of the field, and exceeds the mechanical strength of
the magnet. Thus the magnets are inevitably destroyed if the field exceeds some
limit. A great deal of effort is being made worldwide to generate the highest
possible field non-destructively. So far, the maximum non-destructive field is
limited to nearly 80 T. A number of laboratories in the world are now competing
in the generation of higher magnetic fields aiming at 100 T.

Above this field level, we have to employ destructive techniques, explosive
method, electromagnetic flux compression, the single turn coil technique, etc.
The first attempt of the destructive technique was made at Los Alamos in USA
and Alzamas-16 in the former Soviet Union (now known as Sarov in Russia)
by using chemical explosives to compress the magnetic flux. Generation of very
high magnetic fields up to 600 T or even higher has been reported. Although
the explosive techniques can generate extremely high magnetic fields, the use
of the generated fields is not so easy in ordinary experimental rooms because
of the destructive nature. Electromagnetic flux compression or the single-turn
coil technique is more suitable for the generation of megagauss fields, as they
use capacitor banks as an energy source. At the Institute for Solid State Physics
(ISSP) of the University of Tokyo, these two techniques have been developed since
1970 so that they may be applied to solid state experiments. By electromagnetic
flux compression, magnetic fields up to 622 T have been generated. This is the
highest field which has ever been generated by indoor experiments.

By these techniques mentioned above, fields above 100 T can now be obtained.
As B = 100 T corresponds to 1 MG (megagauss) in cgs units, magnetic fields
higher than 100 T are often called “megagauss fields”. Except for the single turn
coil technique among different megagauss generating tecniques, samples are also
destroyed at every shot. The rise time or the duration time of the field is a few
microseconds. Although the time is very short, the present measuring techniques
enable us to obtain high accuracy data with good signal to noise ratio in these
high fields. Thus generated megagauss fields have been conveniently employed
in many different kinds of experiments and many new phenomena have been
observed in a variety of substances.

More details of these techniques are given in Chapter 7. The state of art of
the magnet technology world-wide is seen in a recently published reference [1].

This book is devoted to describing the fundamental physics of semiconduc-
tors in high magnetic fields and to introduce interesting new phenomena actu-
ally observed in recently available very high magnetic fields. The topics include
transport phenomena, cyclotron resonance and related phenomena, magneto-
optical spectroscopy, and diluted magnetic semiconductors. Each chapter in-
cludes mostly experimental data obtained in these very high magnetic fields, up
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to 40–60 T with long pulse magnets, up to ∼260 T with the single turn coil tech-
nique, and up to ∼600 T with electromagnetic flux compression, in addition to
typical basic data of high field physics of semiconductors. In many of the figures
in this book, readers will be impressed by the scale of the magnetic fields usually
represented on the horizontal axis. In the following chapters, you will be invited
to exploit this fantastic world of high magnetic fields.



2

ELECTRONIC STATES IN HIGH MAGNETIC FIELDS

In this chapter, we overview the electronic states in high magnetic fields for
mobile electrons and bound electrons. This provides an important basis for un-
derstanding the contents of the subsequent chapters. Readers who are already
familiar with these basics can skip this chapter and jump to Chapter 3.

2.1 Free electrons in magnetic fields

First, let us consider the motion of free electrons in magnetic fields and their
kinetic energy. The Hamiltonian of free electrons is given by

H =
1

2m
p2, (2.1)

where the momentum p is represented by

p = mv. (2.2)

The energy eigenvalue of Eq. (2.1) is

E =
p2

2m
. (2.3)

When a magnetic field H is applied, free electrons conduct a cyclotron motion.
The classical kinetic equation for electrons in an electric field E and a magnetic
flux density B = µ0H is

mr̈ = −eE − e(v ×B). (2.4)

If E = 0 and B is parallel to the z-axis, this leads to

m
d2x

dt2
= −eBvy,

m
d2y

dt2
= +eBvx. (2.5)

The solution of (2.5) is represented as follows:{
x(t) = X + ξ
y(t) = Y + η,

, (2.6)

with constants X and Y , and

6
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{
ξ(t) = rc cosωc(t− t0)
η(t) = rc sinωc(t− t0)

. (2.7)

Here, (X,Y ) is the center of the cyclotron motion, and (ξ, η) is the relative co-
ordinate around the center.

ωc =
eB

m
(2.8)

is the frequency of the cyclotron motion called the cyclotron frequency. The
kinetic energy of the electron in the plane perpendicular to B is given by

E⊥ =
1
2
mv2, (2.9)

and the radius of the orbit is
rc =

mv

eB
. (2.10)

In quantum mechanics, the energy of the cyclotron motion is quantized. The
magnetic flux density B and electric fields are represented by a vector potential
A and scalar potential V as

B = ∇×A = rotA, (2.11)

and
E +

∂A

∂t
= −∇V. (2.12)

It should be noted that A and V cannot be uniquely determined to give the
same B and E. We can easily show that when A and V are the potentials that
satisfy (2.11) and (2.12), Ā and V̄ with a gauge transformation

Ā = A +∇λ

V̄ = V − ∂λ

∂t
(2.13)

also give the same values of B and E. This provides unique phenomena in
connection with the gauge invariance in a magnetic field.

Putting the Lagrangian as

L =
mv2

2
+ eV − e(v ·A), (2.14)

we obtain a kinetic equation

d

dt

∂L(qi, q̇i)
∂q̇i

− ∂L(qi, q̇i)
∂qi

= 0, (2.15)

from which Eq. (2.4) is derived [GT-2]. The Hamiltonian is

H(pi, qi) =
∑
i

(q̇ipi − L). (2.16)
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From the kinetic equation

pi =
∂L
∂q̇i

, (2.17)

we can see that
p = mv − eA. (2.18)

From (2.14) and (2.16) we obtain the Hamiltonian

H =
1

2m
(p + eA)2 − eV. (2.19)

The equations of motion for pi and qi are

ṗi = −∂H
∂qi

, q̇i =
∂H
∂pi

. (2.20)

Equation (2.18) indicates that the momentum p is not proportional to the ve-
locity v when A is non-zero.

Let us consider now the quantum mechanical meaning of the center coordi-
nates X and Y of the cyclotron motion in the presence of a magnetic field in the
z-direction [2]. Suppose a magnetic field is applied parallel to the z-axis. Defining
the quasi-momentum by

P = p + eA, (2.21)

the velocity is given by
Px
m

= vx,
Py
m

= vy. (2.22)

The Hamiltonian is

H =
1

2m
P 2. (2.23)

The following commutation relations can be readily proven,

[Px, x] = h̄/i, [Py, y] = h̄/i, [Px, y] = 0, [Py, x] = 0. (2.24)

It should be noted that Px and Py do not commute with each other.

[Px, Py] =
h̄2

il2
= −imh̄ωc, (2.25)

where

l =

√
h̄

eB
. (2.26)

l is called the magnetic length, and it is one of the fundamental physical param-
eters which has a dimension of length. As will be shown in (2.66), it represents
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the radius of the cyclotron orbit of the ground state. If we define the coordinates
(ξ, η) and (X,Y ) by ⎧⎪⎨⎪⎩

ξ =
1

mωc
Py =

l2

h̄
Py,

η = − 1
mωc

Px = − l2

h̄
Px,

(2.27)

and {
x = X + ξ,
y = Y + η,

(2.28)

we can see that (X,Y ) and (ξ, η) have the same character as the center coordi-
nates and the relative coordinates defined by (2.6) classically. The commutation
relations among these coordinates are

[ξ, η] = −il2 = −i
h̄

eB
, (2.29)

[X,Y ] = il2 = i
h̄

eB
, (2.30)

[ξ,X] = [η,X] = [ξ, Y ] = [η,X] = 0. (2.31)
(2.32)

The Hamiltonian is

H =
h̄2

2ml4
(ξ2 + η2). (2.33)

It should be noted that this Hamiltonian does not contain the center coordinates
X and Y . Thus the energy is independent of the X and Y . However, from the
commutation relation above, the center coordinates are quantized and there is
an uncertainty relation between their x and y components:

∆X ·∆Y = 2πl2. (2.34)

As long as (2.11) holds, we can choose any arbitrary A for a given B. However,
it is convenient in most cases to take either one of the two gauges, the Landau
gauge or the symmetric gauge. When B ‖ z, the vector potential with the Landau
gauge is given by

A = [0, Bx, 0]. (2.35)

On the other hand, with the symmetric gauge,

A =
[
−1

2
By,

1
2
Bx, 0

]
. (2.36)

In the Landau gauge, the Hamiltonian is

H =
p2x
2m

+
1

2m
(py + eBx)2 +

p2z
2m

. (2.37)
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From the Hamiltonian above, the equations of motion are derived:⎧⎪⎨⎪⎩
ṗx = −eB

m
(py + eBx), ṗy = 0, ṗz = 0.

ẋ =
px
m

, ẏ =
1
m

(py + eBx), ż =
pz
m

.
(2.38)

Therefore, py and pz are constants of motion. That is, we can put

py = const = p0y, pz = const = p0z. (2.39)

The equation of motion for x becomes

mẍ = −ωc(p0y + eBx). (2.40)

The solution is

x = rc cos(ωct + α)− p0y
eB

, (2.41)

ẏ =
1
m

(p0y + eBx) =
eB

m
rc cos(ωct + α), (2.42)

y = rc sin(ωc + α) + Y. (2.43)
with a constant Y . When we put

X = − p0y
eB

= −mẏ

eB
+ x, (2.44)

the above equations give

(x−X)2 + (y − Y )2 = r2c , (2.45)

r2c =
ẋ2 + ẏ2

ω2c
. (2.46)

X and Y can be regarded as the center of the circular motion. Since

(x−X)2 =
ẏ2

ω2c
,

(y − Y )2 = r2c − (x−X)2 =
ẋ2 + ẏ2

ω2c
− ẏ2

ω2c
,

=
ẋ2

ω2c
,

we obtain
Y = y − ẋ

ωc
= y − px

mωc
= y − px

eB
. (2.47)

The kinetic energy of the circular motion in the plane perpendicular to B is
obtained as

E⊥ =
1
2
m(ẋ2 + ẏ2) =

1
2
mr2cω

2
c . (2.48)

In the z-direction, the kinetic energy is independent of B,

Ez =
1
2
mż2 =

(p0z)
2

2m
. (2.49)
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2.2 Landau levels

Now we consider the quantization of the energy levels [3]. From the Hamiltonian
with the Landau gauge,

H =
1

2m
(p + eA)2 =

p2x
2m

+
(py + eBx)2

2m
+

p2z
2m

. (2.50)

The Schrödinger equation is
HΨ = EΨ. (2.51)

Putting
Ψ = eikzzf(x, y), (2.52)

we obtain

E = Ez + E⊥, Ez =
h̄2

2m
k2z , (2.53)

1
2m

(P 2x + P 2y )f(x, y) = E⊥f(x, y), (2.54)[
1

2m
p2x +

1
2m

(py + eBx)2
]

f(x, y) = E⊥f(x, y). (2.55)

We can separate the function as

f(x, y) = eikyyϕ(x). (2.56)

Then the equation for ϕ(x) is[
− h̄2

2m
∂2

∂x2
+ h̄ωckyx +

mω2c
2

x2
]

ϕ =

(
E⊥ −

h̄2k2y
2m

)
ϕ. (2.57)

As in (2.44), we define
X = −kyl

2, (2.58)

and we put x = x′ − kyl
2 = x′ + X. Then,[

− h̄2

2m
∂2

∂x′2 +
mω2c

2
x′2
]

ϕ(x) = Eϕ(x). (2.59)

The solution of this one-dimensional differential equation is

ϕ(x) = ΦN

(
x−X

l

)
N = 0, 1, 2, · · · , (2.60)

where

ΦN (x) = CN exp
(
−x2

2

)
HN (x), (2.61)

is a Harmonic oscillator function with the Hermite polynominals,
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HN (x) = (−1)Nex
2 ∂N

∂xN
(e−x2

). (2.62)

The first few lowest order functions are

H0(x) = 1, H1(x) = 2x, H2(x) = 4x2 − 2, · · · . (2.63)

The quantized energy is

E⊥ =
(

N +
1
2

)
h̄ωc. (2.64)

From (2.44) and (2.47), the radius rc of the cyclotron motion for the N -th state
is given by

r2c = (x−X)2 + (y − Y )2 = (mωc)−2[p2x + (py + eBx)2] =
2h̄(N + 1

2 )
mωc

. (2.65)

Thus
rc = (2N + 1)

1
2 l. (2.66)

l is the magnetic length defined by (2.26). We can see that rc is inversely pro-
portional to

√
B. Note that rc is the extension of the wave function ΦN (x) in

(2.61). It is an interesting point that rc and l are independent of any material
parameters like m∗, uniquely determined by B. For B = 10 T, the radius of the
ground state (N = 0) rc = l is 8.11 nm, and for B = 100 T, it is just 2.57 nm.
Decreasing the wave function extension to such small values as nanometer size
brings about many interesting features, as will be seen in the following chapters.
The quantized levels are called Landau levels.

The energy quantization (2.64) can also be obtained in a more elegant way
by using the commutation relations (2.32). If we define⎧⎪⎨⎪⎩

a = − 1√
2l

(η + iξ),

a† = − 1√
2l

(η − iξ),
(2.67)

the Hamiltonian (2.33) is written as

H = h̄ωc

(
a†a +

1
2

)
. (2.68)

As a and a† satisfy the following commutation relation,

[a, a†] = 1, (2.69)

they are regarded as annihilation and creation operators for the eigenfunctions.
From the properties of these operators and the Hamiltonian (2.33), the quantized
energy (2.64) is readily derived.
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Next, we consider the density of states in the Landau levels. Suppose the
electrons are confined in a box with dimensions (Lx, Ly, Lz). From the boundary
conditions that the wave function should be zero at the edges of the box, there
is a restriction for ky.

ky =
2π
Ly

×N, N= integer. (2.70)

Hence

X = −kyl
2 = −2πl2

Ly
×N = − h

eBLy
×N. (2.71)

Since the center of the orbit should be within the box,

0 ≤ |X| ≤ Lx.

N ≤ LxLy
2πl2

. (2.72)

Thus we can see that each Landau level has a 1/(2πl2)-fold degeneracy per unit
area. This degeneracy is with respect to the center coordinate X. Namely, it is
a result of the fact that the all levels with different X have the same energy if
the quantum number N is the same.

Next, we need to consider the energy of motion in the z-direction. However,
before go into the three-dimensional (3D) case, let us consider first the two-
dimensional electron system. As will be shown in Section 2.5, there are electron
systems where the electron motion is restricted within the x − y plane and not
allowed in z-direction. Such systems are two-dimensional. The number of states
of each Landau level in a two-dimensional system is obtained from (2.72) as

N2D(B) =
e

h
B =

1
2πl2

. (2.73)

Using the values of the physical constants, Eq. (2.73) is represented as

N2D(B) = 2.41× 1010B(T )[cm−2]. (2.74)

The density of states of 2D electrons D2D(E) is a series of delta functions as
shown in Fig. 2.1. Note that D2D(E) in zero field is a constant value DB=02D (E) =
2m/(4πh̄2), so that the product of DB=02D (E) and the spacing of the Landau
levels h̄ωc (the hatched area in Fig. 2.1) is just equal to the number of states in
each Landau level N2D(B). It implies that the uniformly distributed density of
states is bunched into the delta functions by the magnetic field, the total number
being unchanged. N2D(B) is a function of the magnetic field but independent of
any material parameters. The coefficient of the field dependence is represented
only by fundamental physical parameters such as the effective masses. This is
the underlying background of the interesting properties of 2D electron systems
such as the quantum Hall effect. The electron motion is fully quantized by the
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Fig. 2.1. Density of states of Landau levels for a 2D system. The dot-broken line and
the solid line show the density of states without and with magnetic fields.

quantum potential and the magnetic field. In a real crystal, however, there is
scattering of electrons, so that the Landau levels are broadened. The density of
states D2D(E) is actually not delta-function like and have finite widths. It should
be noted that there is the following relation between the broadened density of
states and N2D(B): ∫

Landau level
D2D(E)dE = N2D(B). (2.75)

In a three-dimensional space, there is another degree of freedom of the motion
in the direction parallel to the magnetic field (z-direction), which is not affected
by magnetic fields. The kinetic energy in the z-direction is

Ez =
h̄2k2z
2m

. (2.76)

There is also a spin Zeeman energy due to spins of electrons. Adding all these
energies, the total energy of electrons in magnetic fields is expressed by

E = (N +
1
2
)h̄ωc +

h̄2

2m
k2z ± gµBH. (2.77)

The density of states for the energy of the one-dimensional z-direction motion is

Dz(E)dEz =
Lz
2π

dkz, (2.78)

per each spin. Therefore, we obtain

Dz(E)
Lz
2π

1(
∂Ez

∂kz

) =
Lz
2π

m

h̄2kz
.
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Fig. 2.2. Density of states of Landau levels (3D system). The dot-broken line and the
solid line show the density of states without and with magnetic fields.

Since

kz =
√

2mEz
h̄

=

√
2m[E − (N + 1

2 )h̄ωc]

h̄
,

Dz(E) is derived as

Dz(E) =
Lzh̄

2π
√

2m
1√

E − (N + 1
2 )h̄ωc

× m

h̄2

=
Lz
√

2m

4πh̄
√
E − (N + 1

2 )h̄ωc

. (2.79)

Adding the degeneracy of the Landau levels shown in Eq. (2.73), the total density
of states is represented as

D(E) =
V

8π2
(2m)

1
2

h̄l2

Nmax∑
N=0

1√
E − (N + 1

2 )h̄ωc

. (2.80)

The function D(E) is illustrated in Fig. 2.2.
In the Landau gauge, the electron states are characterized by the quantum

numbers (N , X, kz). The energy does not depend on the center coordinate X,
although it is a quantum number. On the other hand, Y is left undetermined
from the uncertain relation (2.34). This comes from the fact the wave function
is plane-wave-like as shown by Eq. (2.56). The angular momentum

Lz = (r × p)z =
1
2
mωc[r2c − (X2 + Y 2)] (2.81)

is also left uncertain in the Landau gauge.



16 ELECTRONIC STATES IN HIGH MAGNETIC FIELDS

We now turn to the symmetric gauge. A =
[− 1

2By, 12Bx, 0
]
. The Hamiltonian

is

H =
p2

2m
+

1
2
ωc(xpy − ypx) +

m

8
ω2c (x

2 + y2)

=
p2

2m
+

1
2
ωcLz +

m

8
ω2cρ

2, ρ2 = x2 + y2. (2.82)

Here,
Lz = xpy − ypx

is the z component of the angular momentum L. Taking the cylindrical coordi-
nate (ρ, φ, z), solution of the Schrödinger equation

HΨ = EΨ (2.83)

is

Ψ = CeiMφeikzzρ|M |e− ρ2

4l2 L
|M |
N+|M |(ρ

2/2l2). (2.84)

Here, LαN is the associated Laguerre function represented by

LαN (x) =
(α + N)N

N !

N∑
r=0

[−N ]r
[α + 1]r

xr

r!
=

N∑
r=0

(
α + N
N − r

)
(−x)r

r!
.

The eigenenergy in the x− y plane is

E⊥ =
(

N +
M + |M |

2
+

1
2

)
h̄ωc. (2.85)

For M < 0, the energy becomes the same as in Eq. (2.64) being independent of
|M |. The energy is degenerate with respect to various values of M < 0. This is
in contrast to the case of the Landau gauge where the degeneracy is with respect
to X. Since h̄M is the eigenvalue of Lz, M is a quantum number, in other words,
the representation is diagonal for Lz. Also, from

X2 + Y 2 = 2l2
[

l2

2h̄2
(P 2x + P 2y )− 1

h̄
Lz

]
(2.86)

= 2l2
(

N +
|M | −M

2
+

1
2

)
, (2.87)

we can see that the representation is diagonal for X2 + Y 2 as well. Namely, the
centers of the wave function are located on the coaxial circles whose diameters
are expressed by (2.87).

The degeneracy of the states with the same energy is calculated as follows.
The probability density ρ|Ψ(ρ)|2 expected from Eq. (2.84) takes a maximum at
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a radius ρ = (2|M | + 1)
1
2 l. Let the radius of the system be R. Then the states

with M which satisfy ρ < R exist in the system.

(2|M |+ 1)
1
2 l < R,

|M | ≤ 1
2

(
R

l

)2
.

The number of states per unit area is therefore

D =
|M |
πR2

≤ 1
2πl2

/(πR2) =
1

2πl2
, (2.88)

which is the same as in the case of the Landau gauge.
It is reasonable that both the Landau gauge and the symmetric gauge result in

the same energies and the same density of states, although the quantum numbers
are different. The two gauges are converted by the gauge transformation (2.13).
Generally, when the gauge is transformed by A = A +∇λ, the wave function is
transformed by adding a phase factor,

Ψ → Ψ = exp
(
− ieλ

h̄

)
Ψ. (2.89)

For the transformation from the Landau gauge to the symmetric gauge, [0, Bx, 0] →
[− 1

2By, 12Bx, 0],

λ =
B

2
xy.

The wave function can be transformed by the following relation:

Ψ = exp
(
−i

eB

2h̄
xy

)
Ψ = exp

(
−i

xy

2l2
)

Ψ. (2.90)

2.3 Bloch electrons in magnetic fields

2.3.1 Effective mass approximation

In the previous section we have considered free electrons for which no potential is
exerted except the static electric and magnetic fields. In solid state crystals, con-
duction electrons or holes in semiconductors suffer from the periodic potential,
U(r). The periodic potential creates energy bands. This is the difference between
free electrons and conduction electrons or holes in semiconductors. Conduction
electrons moving through periodic potential in crystals are called Bloch electrons.
Their wave function is represented as [4],

ϕ
nk(x) = eik·ru

nk(r), (2.91)

where k is the wave vector, n is the index of the band. unk is the Bloch function
which has a periodicity of the lattice potential and oscillates near the nucleus of
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each atom in the crystal. The exponential function eik is responsible for the free
electron-like characters of band electrons and the Bloch function part bears the
characteristics of each band, reflecting atomic wave functions. In the vicinity of
the band extrema, the energy of the Bloch electrons is represented by

E =
h̄2k2

2m∗ , (2.92)

with the effective mass m∗.
In most cases, the free electron model is applicable to the motion of the Bloch

electrons simply by replacing m with m∗. This replacement is justified by the
k·p perturbation theory [5,6] and the effective mass theory [7]. First, we consider
the Bloch electrons in the absence of magnetic fields. In the k · p perturbation
theory, ϕ

nk(x) is expanded by a linear combination of

φ
nk(x) =

√
Ω
V

eik·run0(r).

the difference between ϕnk(x) and φnk(x) is that the Bloch part functions is at
k = 0 in the latter. We assume that the functions

φn0(x) =

√
Ω
V

un0(r)

are the exact solutions at k = 0 for the Hamiltonian,

H =
p2

2m
+ U(r). (2.93)

When we operate H on ϕnk(x), we obtain

Hφnk(r) = eik·r
(

p2

2m
+ U(r) +

h̄

m
k · p +

h̄2k2

2m

)
un0(r)

= eik·r
(
En(k = 0) +

h̄2k2

2m
+

h̄

m
k · p

)
un0(r). (2.94)

Regarding the term containing k ·p as a perturbation, the energy is obtained to
the second order perturbation,

En(k) = En(0) +
h̄2k2

2m
+
∑
µ

(
h̄

m

)2 k · pnµpµn · k
En(0)− Eµ(0)

= En(0) +
h̄2

2
k · m̂−1 · k. (2.95)

Here, the tensor

m̂−1 =
1
m

I +
2
m

∑
µ

pnµpµn
En(0)− Eµ(0)

is the reciprocal effective mass tensor. Such a model treating the term of k ·p as
a perturbation is called the k · p approximation or k · p theory.
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When the system is spherically symmetric,

m̂−1 =

⎛⎜⎜⎜⎜⎝
1

m∗ 0 0

0
1

m∗ 0

0 0
1

m∗

⎞⎟⎟⎟⎟⎠ .

The energy is represented by

E(k) = E(0) +
h̄k2

2m∗ . (2.96)

m∗ is called the effective mass. When m̂−1 is diagonal but anisotropic, we have

E(k) = E(0) +
h̄2

2m∗
x

k2x +
h̄2

2m∗
y

k2y +
h̄2

2m∗
z

k2z . (2.97)

Next, we consider the case when magnetic fields are present. By the analogy
from the free electron case where the substitution , p → p + eA is made, with a
substitution

h̄k → p + eA, (2.98)

for a given energy dispersion En(k), we obtain the following Schrödinger equation.

En
(

1
i
∇+

e

h̄
A

)
f(k) = Ef(r)

If E has a parabolic form,

E(k) = E(0) +
h̄k2

2m∗ .

1
2m∗

(
1
i
∇+

e

h̄
A

)2
f(k) = Ef(r).

It is known that such a substitution is appropriate in most cases. The substitution
(2.98) is called the Landau-Peierls substitution.

The validity of the Landau-Peierls substitution is shown by Luttinger and
Kohn as the effective mass theory [7]. In the effective mass theory, the wave
function ϕ is expanded as a series of the functions

φ
nk(r) =

√
Ω
V

un0(r)eik·r

which form an orthonormal set,

ϕ =
∑
n′

∫
dk′An′(k′)φ

n′k′ .
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The function φ
nk has an orthogonal property

(φnk, φ′
n′k′) = δ(k′ − k)δnn′ .

The Hamiltonian in the presence of the magnetic field is

H =
1

2m
(p + eA)2 + U(r), (2.99)

and
Hϕ = Eϕ

is an equation to be solved. Interband interaction terms < φ
n′k′ |H|φ

nk > can
be taken into the effective mass, and it can be shown that the wave function can
have a form

ϕ(r) =
∑
n

Fn(r)φn0(r). (2.100)

Here, the function Fn(r) is an eigenfunction of the following Schrödinger equation
for the n-th band:

En
(

1
i
∇+

e

h̄
A

)
Fn(r) = EFn(r). (2.101)

The function Fn(r) represents the effect of the magnetic field and is called the
envelope function. When E has a parabolic dispersion, for example, such as

E =
h̄2k2

2m∗ ,

then
ϕ(r) = f(r) × un(r). (2.102)

In the Landau gauge, f(r) is an eigenfunction of the same expression as (2.56)
with m → m∗, so that it is a harmonic oscillator function. The energy is given

E =
(

N +
1
2

)
h̄ωc, ωc =

eB

m∗ . (2.103)

Thus we see that the Landau levels in the conduction band, which has a parabolic
energy dispersion, have the same energy as free electrons except that the free
electron mass is replaced by the effective mass. The wave function is a product
of the slowly varying envelope function standing for the cyclotron motion and
the rapidly oscillating Bloch part standing for the periodic motion in the crystal.

If the energy band is not entirely parabolic, or if a few bands are degenerate,
the solutions are more complicated, but we can obtain the Landau levels by
properly treating the dispersion or the degeneracy, as shown in later sections.

The essential point of the effective mass approximation is that the effect of
the periodic potential of the crystal lattice is squeezed into the effective mass,
treating the Schrödinger equation without the periodic potential. It should be
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k

kx

y

B

k

v
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(Real space)

Fig. 2.3. Motion of a Bloch electron in (kx, ky) plane.

noted that the effective mass approximation [7] is valid not only for the electronic
states in the presence of magnetic fields, but also for those in the presence of
electric potential. Therefore, it can be applicable for treating impurity states,
or electronic states in the presence of artificially introduced quantum potentials
in heterostructures, as long as the extension of the envelope wave function is
sufficiently larger than the period of the lattice potential.

2.3.2 Semiclassical treatment
The quantization of the energy levels can also be derived by a semiclassical
approach [3]. The motion of Bloch electrons with a wave vector k in an external
force F is given by an acceleration theorem,

h̄
dk

dt
= F . (2.104)

If the external force is the Lorentz force, it is

h̄
dk

dt
= −ev ×B. (2.105)

Let the magnetic field direction be along the z-axis. Then the motion of an
electron with an energy E is along a periodic orbit on the equi-energy surface in
the (kx, ky) plane as shown in Fig. 2.3, since in the magnetic field, electrons gain
no energy. Since k̇ and v are perpendicular to each other, the electron motion
in real space is also periodic and obtained by rotating the vector in k-space by
π/2 and multiplying eB/h̄.

The quantum condition is∮
p · dq = 2πh̄(N + γ), (2.106)

where N is an integer and γ is a phase factor which is 1/2 for free electrons. If
we denote the position vector of electrons in the (x, y) plane in real space as ρ,
by integrating (2.105) we obtain
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h̄k = −eρ×B, (2.107)

apart from a constant. By substituting h̄k with (p + eA), we obtain∮
p · dq =

∮
(h̄k − eA) · dq = −e

∮
(ρ×B + A) · dq. (2.108)

Here the integral of the first term is∮
ρ×B · dq = −B ·

∮
ρ× dρ = −2Φ, (2.109)

where Φ is the flux contained in the orbit, and that of the second term is∮
A · dq =

∫
rotA · dσ =

∫
B · dσ = Φ, (2.110)

where dσ is the area element of real space. The integration constant involved in
(2.107) diminishes in the above integration. Thus we obtain∮

p · dq =
e

h̄
Φ. (2.111)

From (2.106) and (2.111),

Φ =
2πh̄

e
(N + γ) = (N + γ)Φ0, (2.112)

where Φ0 = h/e is the unit flux. Putting the area of the orbit in k space Sk, the
quantization condition (2.112) by multiplying (eB/h̄)2.

BSk =
h

e
(N + γ)(eB/h̄)2, (2.113)

Thus
Sk = (N + γ)

2πeB

h̄
, (2.114)

Such semiclassical treatment of the electron motion is useful when considering
the electron dynamics of the Fermi surface in a magnetic field.

2.4 Landau levels in semiconductors

2.4.1 Two-band model

The simplest approximation to treat energy bands and Landau levels in actual
semiconductors within the framework of the k ·p approximation is the two-band
model. In this model we consider only a single conduction band and a single
valence band which are faced with each other with a relatively small band gap,
as shown in Fig. 2.4. In such a case, the effect of the other bands is considered
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Fig. 2.4. Energy dispersion in the two-band model. Broken lines indicate the dispersion
of parabolic bands.

to be negligibly small in comparison to the mixing of the two bands. The matrix
elements for the k · p Hamiltonian H are written as

(H) =
( E1 H12
H21 E2

)

=

⎛⎜⎝ 1
2m

h̄2k2
h̄

m
p12 · k

h̄

m
p∗
12 · k − 1

2m
h̄2k2 − Eg

⎞⎟⎠ . (2.115)

Within the approximation h̄2k2/2m � Eg, the eigenenergies of the two bands
are obtained as

E1,2 = −Eg
2
± 1

2

√
E2g +

h̄2

m2 p
2
12k

2. (2.116)

For small k near the band edge, we obtain the following approximate expres-
sion by expanding the square root function,

E1 	 1
2

[
−Eg + Eg

(
1 +

h̄2p212
2m2E2g

k2
)]

(2.117)

	 h̄2p212
4m2E2g

k2.

If we define the band edge mass m∗(0) by
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E1 	 h̄2

2m∗(0)
k2, (2.118)

for small k, we get
1

m∗(0)
	 h̄2p212

2m2Eg . (2.119)

Thus for a small k, the energy dispersion is parabolic with respect to k just
like free electrons with the effective mass m∗(0). For an arbitrary k, replacing a
parameter involving p212 by m∗(0) using (2.119), we obtain

E1,2 =
1
2

⎡⎣−Eg ±
√
E2g +

2h̄2Eg
m∗(0)

k2

⎤⎦ , (2.120)

for the conduction band and the valence band. Equation (2.120) indicates that as
k increases, the energy deviates from the parabolic dispersion, and the effective
mass appears to become heavier. Such a deviation from the parabolic energy
dispersion of the energy band is called non-parabolicity. When magnetic fields are
applied, the term h̄2k2/2m∗(0) is replaced by the quantized form (N + 1

2 )h̄ωc(0)
and the following expression is obtained for the Landau levels,

E1(N) =
1
2

[
−Eg +

√
E2g + 4Eg

(
N +

1
2

)
h̄ωc(0)

]
. (2.121)

We can see that, for a small energy or low magnetic fields, the energy of the
Landau levels is

E1(N) 	
(

N +
1
2

)
h̄eB

m∗(0)
≡
(

N +
1
2

)
h̄ωc(0), (2.122)

with the band edge effective mass m∗(0), but as the energy is increased, the
energy deviates from the linear relation with B and the effective mass becomes
larger. It should be noted that the relation (2.121) is rewritten as

E1(N)
(

1 +
E1(N)
Eg

)
=
(

N +
1
2

)
h̄ωc(0). (2.123)

This is the equation to express the non-parabolicity of the energy band in terms
of the two-band model.

The energy of the other band E1(N) has of course a symmetric form. The
two-band model is best applicable to PbTe, PbSe or Bi, which have a narrow
energy gap between non-degenerate conduction and valence bands.

2.4.2 Conduction bands

Although the two-band model sometimes works very well in narrow gap semicon-
ductors, it is too simple in most cases. Generally, it is necessary to take account
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Fig. 2.5. Energy band structure in diamond, Ge, Si and zinc blende crystals.

of the interaction with a number of other bands nearby. In diamond, Ge, Si
with the diamond structure, and III-V or II-VI compounds with the zinc blende
structure, the valence band has a degeneracy as shown in Fig. 2.5.

The simple two-band model can be improved by taking account of the entire
valence bands and their degeneracy for the interband matrix element for k · p.
Such an approach was first made by Roth, Lax, and Zwerdling [8], and Lax et
al. [9] based upon the Kane model [5, 6]. By taking account of the interband
matrix element of the momentum operator including the spin-orbit interaction

π =
p

m
− µB

m
∇V × S, (2.124)

Lax et al. obtained the energy of the n-th Landau level of the conduction band
as [9]

E±
N =

(
N +

1
2

)
h̄eB

× 1
m∗(0)

Eg(Eg + ∆)
3Eg + 2∆

(
2

E±
N + Eg

+
1

E±
N + Eg + ∆

)
± 1

2
g∗(0)µBB

Eg(Eg + ∆)
∆

(
1

E±
N + Eg

− 1
E±
N + Eg + ∆

)
,

(2.125)

where Eg is the band gap, ∆ is the spin-orbit splitting (the energy gap between
the Γ8 and the Γ7 bands), m∗(0) and g∗(0) are the effective mass and the g-factor
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at the band edge (E = 0). If we define the energy dependent effective mass m∗(E)
and the g factor g∗(E) as

1
m∗(E)

=
1

m∗(0)
Eg(Eg + ∆)
3Eg + 2∆

(
2

E + Eg +
1

E + Eg + ∆

)
, (2.126)

and

g∗(E) = g∗(0)
Eg(Eg + ∆)

∆

(
1

E + Eg −
1

E + Eg + ∆

)
, (2.127)

then (2.125) can be written as follows [9]:

E =
(

N +
1
2

)
h̄eB

m∗(E)
± 1

2
g∗(E)µBB. (2.128)

Johnson and Dickey also obtained a similar formula [10].
Regarding the band edge values of the effective mass and the g-factor, Roth

et al. derived expressions as

1
m∗(0)

=
1
m

+
2

m2

3Eg + 2∆
3Eg(Eg + ∆)

|< S|px|X >|2 , (2.129)

g∗(0) = 2− 4
m

∆
3Eg(Eg + ∆)

|< S|px|X >|2 , (2.130)

where < S|px|X > is the momentum matrix element between the S-like and
X-like wave functions constituting the conduction and the valence bands. From
(2.129) and (2.130), we can obtain a relation between g∗(E) and m∗(E) [8];

g∗(0)− 2
m/m∗(0)− 1

= −
(

3
2
Eg
∆

+ 1
)−1

. (2.131)

This relation is called Roth’s relation, and demonstrates that both the effective
mass and the g factor are greatly modified by the band mixing with the spin-orbit
interaction in a similar manner. As can been seen in Table 2.1, Roth’s relation
holds well in actual semiconductor crystals with the zinc blende structure.

Usually, the band edge effective mass m∗(0) is considerably smaller than
the free electron mass m in most III-V and II-VI compounds. As the energy
increases, m∗(E) increases according to Eq. (2.126). The band edge effective g-
factor g∗(0) is negative except for some crystals as InP. As the energy increases,
g∗(E) shifts towards a positive value according to Eq. (2.127). These phenomena
can be observed in high magnetic fields. The values of m∗(E) and g∗(E) gradually
approach the free electron values m and 2, respectively, as the energy or magnetic
field is increased.

2.4.3 Valence bands

The Landau levels in the valence band of Si, Ge and III-V are complicated because
of the degeneracy of the uppermost band Γ8, and the spin split off band Γ7
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Table 2.1 Comparison of the observed g-factor with that obtained from Roth’s
formula

Material Eg(eV) ∆(eV) m∗(0) g∗(0)calc g∗
obs

CdTe 1.60 0.927 0.0963 –0.89 –1.59
GaAs 1.53 0.341 0.067 –0.07 –0.44
GaSb 0.814 0.752 0.041 –7.31 –9,25
InP 1.423 0.102 0.081 1.48 1.26
InAs 0.44 0.38 0.024 –13.2 –14.8
InSb 0.237 0.81 0.0139 –48.3 –51.3

as shown in Fig. 2.5. We have to take account of the matrix elements of the
k · p perturbation between these bands. The Γ8 band is four-fold degenerate
including spins at k = 0. Including spins, these valence bands consist of six
bands altogether, which originate from the p-like Bloch functions X, Y , and
Z with the same symmetry as x, y, and z, respectively. Considering the spin-
orbit interaction and the symmetry of the zinc blende structure, the basis wave
functions of the valence bands are represented as

φ
( 32 )
3
2

=
∣∣∣∣ 3

2
,

3
2

〉
=

1√
2
(X + iY )α,

φ
( 32 )
1
2

=
∣∣∣∣ 3

2
,

1
2

〉
=

i√
6
[(X + iY )β − 2Zα],

φ
( 32 )
− 1

2
=
∣∣∣∣ 3

2
, −1

2

〉
=

1√
6
[(X − iY )α + 2Zβ],

φ
( 32 )
− 3

2
=
∣∣∣∣ 3

2
, −3

2

〉
=

i√
2
(X − iY )β,

φ
( 12 )
1
2

=
∣∣∣∣ 1

2
,

1
2

〉
=

1√
3
[(X + iY )β + Zα],

φ
( 12 )
− 1

2
=
∣∣∣∣ 1

2
, −1

2

〉
=

i√
3
[−(X − iY )α + Zβ]. (2.132)

Here, α and β denote up (↑) and down (↓) spin functions, respectively. The
first four functions of (2.132) represent the wave functions of the uppermost Γ8
band, and have angular momentum J = 3

2 whose z components are mJ = 3
2 ,

1
2 ,

– 12 , or –32 . The last two functions represent the split-off band Γ7 whose angular
momentum is J = 1

2 with mJ = 1
2 and –12 . When the spin-orbit splitting energy

∆ is relatively large in comparison to the energy range of consideration, the
energy levels can be obtained by taking account only of the first four bands (Γ8
band). The k · p matrix on the basis of these wave functions is [7]
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Dv =

⎛⎜⎜⎝
1
2P L M 0
L∗ 1

6P + 2
3Q 0 M

M∗ 0 1
6P + 2

3Q −L
0 M∗ −L∗ 1

2P

⎞⎟⎟⎠ , (2.133)

where the matrix elements are

P =
h̄2

2m
[(A + B)(k2x + k2y) + 2Bk2z ],

Q =
h̄2

2m
[B(k2x + k2y) + Ak2z ],

L = − i√
3

h̄2

2m
C(kx − iky)kz,

M =
1√
12

h̄2

2m
[(A−B)(k2x − k2y)− 2iCkxky]. (2.134)

In the absence of a magnetic field, diagonalizing (2.133) we can obtain the dis-
persion of the heavy hole band and the light hole band which are degenerate at
k = 0 as shown in Fig. 2.5. When a magnetic field is applied, the Landau levels
are obtained by replacing kx → (1/i)∇x − eAx, ky → (1/i)∇y − eAy, and solve
a four-dimensional Schrödinger equation

DvF = EF. (2.135)

Luttinger derived a more easily accessible expression for the k ·p Hamiltonian
for the uppermost valence bands from a symmetry consideration [11]. Here cubic
symmetry is assumed for Ge and Si and the set of parameters is reorganized
from (P,Q,L,M) or (A,B,C) to (γ1, γ2, γ3, κ, q). The new set of parameters is
called Luttinger parameters, and the formulation using these parameters is called
the Luttinger model of the valence bands. Here γ1, γ2, and γ3 represent effective
masses and κ and q represent spin parameters determining spin splitting. Usually,
q is negligibly small. Using these parameters, the Hamiltonian for the uppermost
Γ8 valence band with four-fold degeneracy for B ‖< 111 > is given by

Dv =

⎛⎜⎜⎝
D11 −g1a

2 −g2a
†2 −q/

√
2

−g1a
†2 D22 0 g2a

†2

−g2a
2 0 D33 −g1a

2

−q/
√

2 g2a
2 −g1a

†2 D44

⎞⎟⎟⎠ . (2.136)

Here

D11 = (γ1 + γ3)(a†a +
1
2
) +

3
2
κ +

23q
8

,

D22 = (γ1 − γ3)(a†a +
5
2
)− 1

2
κ− 13q

8
,

D33 = (γ1 − γ3)(a†a− 3
2
) +

1
2
κ +

13q
8

,
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D44 = (γ1 + γ3)(a†a +
1
2
)− 3

2
κ− 23q

8
,

g1 =
(2γ3 + γ2)√

3
,

g2 =

√
2
3
(γ3 − γ2). (2.137)

a† and a are the creation and annihilation operators as in (2.67). The solution
gives the energy of Landau levels whose spacings are not uniform for small quan-
tum number N . The calculation can only be done numerically, but if γ2 and γ3
are nearly the same, g2 can be neglected and we can decompose the matrix into
two (2 × 2) matrices.

Dv =
(

Da 0
0 Db

)
, (2.138)

with

Da = h̄ωc

(
(γ1 + γ̄)(N + 1

2 ) + 3
2κ −√3γ̄a2

−√3γ̄a†2 (γ1 − γ̄)(N + 1
2 )− 1

2κ

)
, (2.139)

and

Db = h̄ωc

(
(γ1 − γ̄)(N + 1

2 ) + 1
2κ −√3γ̄a2

−√3γ̄a†2 (γ1 + γ̄)(N + 1
2 )− 3

2κ

)
. (2.140)

Here we put γ̄ = γ2 = γ3 and neglect q. γ2 − γ3 represents the anisotropy in the
cubic symmetry and the approximation to set them zero is called the spherical
approximation. The two (2 × 2) matrices are easily soluble using the following
functions.

ψa =
(

a1uN−2
a2uN

)
, (2.141)

ψb =
(

b1uN−2
b2uN

)
, (2.142)

The energies for the a-set are;

E±
a (N) = h̄ωc

[
γ1N − (

1
2
γ1 + γ̄

1
2
κ)

± {[γN − (γ1 − κ +
1
2
γ̄)]2 + 3γ̄2N(N − 1)}2

]
, (N ≥ 2)(2.143)

Ea(0) = h̄ωc

[
1
2
(γ1 − γ̄)− 1

2
κ

]
,
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Ea(1) = h̄ωc

[
3
2
(γ1 − γ̄)− 1

2
κ

]
, (2.144)

and for the b-set,

E±
b (N) = h̄ωc

[
γ1N − (

1
2
γ1 + γ̄

1
2
κ)

± {[γ̄N − (γ1 − κ +
1
2
γ̄)]2 + 3γ̄2N(N − 1)}2

]
, (N ≥ 2)(2.145)

Eb(0) = h̄ωc

[
1
2
(γ1 + γ̄)− 3

2
κ

]
,

Eb(1) = h̄ωc

[
3
2
(γ1 + γ̄)− 3

2
κ

]
. (2.146)

The Luttinger model has been used as a standard model to calculate the
valence band of diamond and other zinc blende-type crystals. The energies of the
Landau levels calculated by the Luttinger model are not uniformly spaced and
the gaps between adjacent levels are irregular depending on N for small quantum
number N . This effect is called the quantum effect in the Landau level structure
of the valence band. Cyclotron resonance in the valence band at low temperatures
thus shows a complicated spectrum as will be mentioned in Chapter 4. However,
as N increases, the spacing between levels tends to be uniform, and the ordinary
Landau levels can be well defined. At high temperatures, the quantum effect
becomes less important, as most holes are populated in these uniformly spaced
Landau levels with large N . In such a large N limit, the effective masses of light
holes m∗

l and those of heavy holes m∗
h are well defined and obtained as

m/ml

m/mh

)
= γ1 ± (γ′2 + 3γ′′2)1/2, (2.147)

where

γ′ = γ3 + (γ2 − γ3)[3(cos2 θ − 1)/2]2,

γ′′ =
2
3
γ3 +

1
3
γ2 +

1
6
(γ2 − γ3)[3(cos2 θ − 1)/2]2. (2.148)

Lawaetz calculated the Luttinger parameters in most of the typical crystals
from the fundamental parameters such as band gaps, ionicity and lattice con-
stant [12].

2.4.4 Pidgeon-Brown model

Although the Luttinger model mentioned above gives a means to calculate a
fairly accurate Landau level structure, it is not sufficient for narrow gap semi-
conductors where the non-parabolicity is significant because of the large band
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mixing between the conduction band and the valence bands. In the Luttinger
model, the effect of the conduction band is involved only in the γ parameters
treating it in the same way as for remote bands. Pidgeon and Brown calculated
the Landau levels including the Γ6 conduction band and the Γ8 valence bands as
well as the split-off Γ7 valence band simultaneously in the k ·p Hamiltonian [13].
Including the spin states, it becomes an (8 × 8) matrix. As in (2.132), the basis
function was taken as follows,

φ1,0 = |S ↑〉
φ2,0 = |S ↓〉
φ3,0 =

1√
2
|(X + iY ) ↑〉

φ4,0 =
i√
2
|(X − iY ) ↓〉

φ5,0 =
1√
6
|[(X − iY ) ↑ +2Z ↓]〉

φ6,0 =
i√
6
|[(X + iY ) ↓ −2Z ↑]〉

φ7,0 =
i√
3
| [−(X − iY ) ↑ +Z ↓]〉

φ8,0 =
1√
3
|[(X + iY ) ↓ +Z ↑]〉 , (2.149)

and solve the Schrödinger equation for the envelope function fj(r) defined by

Ψ(r) =
∑
j

fj(r)φj,0(r). (2.150)

Here uj,0 indicates the Bloch function at k = 0. The (8 × 8) matrix D can be
decomposed to two (4 × 4) matrices Da and Db and is written as:

D ∼
(

Da 0
o Db

)
. (2.151)

The remaining part can be treated just as a small perturbation. The Schrödinger
equation then becomes {

Dafa = Eafa,
Dbfb = Ebfb. (2.152)

As the momentum matrix elements

P = −i < S|px|X >= −i < S|py|Y >= −i < S|pz|Z >

are involved explicitly in the matrix, a parameter set different from the Luttinger
parameters was used. The parameters (γ1, γ2, γ3, κ) are now defined as

γ1 = γL1 −
2
3

P 2

Eg ,
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γ2 = γL2 −
1
3

P 2

Eg ,

γ3 = γL3 −
1
3

P 2

Eg ,

κ = κL − 1
3

P 2

Eg , (2.153)

where the superscripts L indicate the Luttinger parameters. The solutions are
obtained in the form

fa =

⎛⎜⎜⎝
a1uN
a3uN−1
a5uN+1
a7uN+1

⎞⎟⎟⎠ , fb =

⎛⎜⎜⎝
b2uN
b6uN−1
b4uN+1
b8uN−1

⎞⎟⎟⎠ . (2.154)

The secular determinants to solve are obtained as follows,∣∣∣∣∣∣
a11 i(sN)1/2P i[ 13 s(N + 1)]1/2P [ 23 s(N + 1)]1/2P

−i(sN)1/2P a22 −s[3N(N + 1)]1/2γ′′ −is[6N(N + 1)]1/2γ′

−i[ 13 s(N + 1)]1/2P −s[3N(N + 1)]1/2γ′′ a33 is21/2[γ′(N + 3
2 ) − 1

2κ]
+[ 23 s(N + 1)]1/2P is[6N(N + 1)]1/2γ′ −is21/2[γ′(N + 3

2 ) − 1
2κ] a44

∣∣∣∣∣∣ = 0,

(2.155)
for the a-set and∣∣∣∣∣∣

b11 i( 1
3 sN)1/2P i[s(N + 1)]1/2P [ 23 sN]1/2P

−i( 1
3 sN)1/2P b22 −s[3N(N + 1)]1/2γ′′ −is21/2[γ′(N − 1

2 ) + 1
2κ]

−i[s(N + 1)]1/2P −s[3N(N + 1)]1/2γ′′ b33 is[6N(N + 1)]1/2γ′]
+[ 23 sN]1/2P is21/2[γ′(N − 1

2 ) + 1
2κ] −is[6N(N + 1)]1/2γ′ b44

∣∣∣∣∣∣ = 0,

(2.156)
for the b-set, where

s = h̄ωc

a11 = Eg − Ea + s(N + 1)

a22 = −s

[
(γ1 + γ′)(N − 1

2
) +

3
2
κ

]
− Ea

a33 = −s

[
(γ1 − γ′)(N +

3
2
)− 1

2
κ

]
− Ea

a44 = −s

[
γ1(N +

3
2
)− κ

]
−∆− Ea

b11 = Eg − Ea + sN

b22 = −s

[
(γ1 − γ′)(N − 1

2
) +

1
2
κ

]
− Eb

b33 = −s

[
(γ1 + γ′)(N +

3
2
)− 3

2
κ

]
− Eb

b44 = −s

[
γ1(N − 1

2
) + κ

]
−∆− Eb
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and Eg and ∆ are the band gap and the spin-orbit splitting energy, respectively.
γ′ and γ′′ are the γ parameters for arbitrary direction of magnetic field in the
(11̄0) plane, as given in (2.148). In (2.155) and (2.156), higher order terms were
neglected.

The Pidgeon-Brown model is very useful for calculating the Landau levels
in most zinc blende type semiconductors, especially narrow gap semiconductors
such as InAs, InSb, HgTe, HgSe, etc.

2.5 Low dimensional systems
The recent progress of the crystal growth and processing technology of semi-
conductors has enabled two-dimensional (2D), one-dimensional (1D) and zero-
dimensional (0D) electron systems. In this section, we present a brief overview of
low dimensional electron systems and the energy states in the presence of high
magnetic fields.

2.5.1 MOS-FET and heterostructure
Since the early days of the study of two-dimensional electron systems in the
1960s, Si MOS-FET (metal oxide semiconductor - field effect transistor) have
been extensively investigated [14,15]. The transistor has been used as one of the
major semiconductor devices for electronics, but it also provides an excellent
playground of electrons for research on a two-dimensional electron system. The
structure of a Si MOS-FET is shown in Fig. 2.6. It consists of a p-type Si sub-
strate, an oxide layer (SiO2), and a gate electrode grown on top of it. When the
gate voltage VG is zero, no current is carried between the n-doped source and
drain electrodes. With a positive bias VG applied to the gate, the surface of Si
near the interface with the oxide layer is negatively charged just like a capacitor
across the oxide layer. In other words, electrons are induced on the surface of Si.

Fig. 2.6. Structure of Si MOS-FET.
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Fig. 2.7. Potential and the energy diagram of Si MOS-FET. (a) Energy potential
diagram. (b) Simplified potential profile as represented by a triangular potential
and the two-dimensional energy levels.

These electrons carry a current between the source and drain electrodes. As they
can move around only on the surface of the Si, the electrons are 2D electrons.
The energy profile of the MOS structure is shown in Fig. 2.7. The gate bias
voltage VG supplies the potential gradient in Si and bends the conduction and
valence band edge. When a sufficiently large voltage is applied, the conduction
band edge is lowered below the Fermi level, and 2D electrons are created. A great
advantage of the Si MOS-FET is that the 2D electron density n in the inversion
layer can be controlled by changing VG. When the potential is approximated
by a triangular shape as shown in Fig. 2.7 (b), the wave function of confined
electrons in the potential is represented as

φ = exp[i(kxx + kyy)]ζn(z). (2.157)

Here ζ(z) is the Airy function and the quantized energy is given by

EN =
(

h̄2F 2

2m∗
z

)1/3
γN +

h̄2

2m‖ (k2x + k2y),

γN ∼
(

3π
2

)2/3(
N +

3
4

)2/3
. (2.158)

Subbands are formed associated with each quantum level in a two-dimensional
plane perpendicular to the potential. In Si, there are six valleys of conduction
band minima in the (100) direction as shown in Fig. 2.8. As the quantized energy
is inversely proportional to the effective mass in the direction of the quantized
potential (perpendicular to the layer), the subbands formed in the two A valleys
for which mz > m‖ are the lowest energy states. The two valleys are degenerate
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Fig. 2.8. Six valleys of the conduction band minima in Si.

in energy, but in the Shubnikov-de Haas effect a splitting is observed due to
the interaction between the valleys (valley splitting) as mentioned in the next
chapter. The lowest subband in the four B valleys is located about 20 meV higher
than in A. So that in usual cases, it is not necessary to consider their presence.
The second quantized levels in the A valleys are also located about 20 meV
higher than the ground state.

When we apply magnetic fields, Landau levels are formed in each subband.
The energy is then expressed as

ENi =
(

N +
1
2

)
h̄ωc + E(i)z . (2.159)

A similar 2D system can be created in a heterostructure where two different
semiconductors are put together adjacently. As an example of heterostructures,
the energy profile of the interface between non-doped GaAs and n-doped AlGaAs
(AlxGa1−xAs) is shown in Fig. 2.9. At the interface, there is a step χ in the
conduction band bottom due to the difference in the electron affinity between
the two crystals, which is the difference in energy required to excite one electron
from the bottom of the conduction band to the vacuum state. Likewise, a step
exists in the valence band top. If n-type doping is done only in AlGaAs, electrons
in AlGaAs near the interface fall into the GaAs, because the donor levels are
above the bottom of the conduction band in GaAs. Therefore, a space charge
layers is formed at the interface, which creates an electric field. As a result, the
energy bands are bent as shown in Fig. 2.9, and a triangular-shaped potential is
formed at the GaAs surface. Similar 2D levels are formed in the potential as in
the case of Si-MOS. An advantage of such a structure is that the 2D electrons
can move around on the surface of GaAs where there are no donors, so that
they are free from the impurity scattering. Thus a high mobility is realized.
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Fig. 2.9. Quantum potential profile in heterostructure interface. The case of the in-
terface between n-doped-AlGaAs and non-doped GaAs is shown.

Such a structure with a doping in a remote area is called“modulation doping”,
and used for HEMT (high electron mobility transistor). In modulation-doped
heterostructures, 2D electrons are created automatically at the heterointerface,
but fabricating a gate electrode on top of the interface, we can control the carrier
concentration by the gate voltage.

2.5.2 Quantum well

A quantum well is a structure of semiconductor layers sandwiched by other semi-
conductors which have a larger band gap, as shown in Fig. 2.10 (a). In quantum
wells, electrons are confined by a square shaped quantum potential. A structure
with just one well layer is a single quantum well, and a structure consisting of
multiply stacked well layers is a multi-quantum well. The latter is useful for
obtaining a sufficient absorption intensity in magneto-optical or cyclotron reso-
nance experiments. In modulation doped quantum wells with donors doped in the
barrier layer, electrons are transferred to the well. Due to the space charge layers
at the interfaces, the internal electric fields are formed, so that the potential has
a curvature as shown in Fig. 2.10 (b). Similarly to the case of heterostructure
shown in Fig. 2.9, the barrier height is determined by the difference of the elec-
tron affinity between the two substances. Quantized energy levels are formed in
quantum wells, depending on the shape of the quantum potentials. Electrons in
the quantized level are 2D electrons that have a degree of freedom in the well
layer. Therefore, the levels are called subbands.

A. Conduction band

First, let us consider the quantization in the conduction band with a square
potential well, as in Fig. 2.9 (a). If we assume an infinite barrier height, the
quantized electron energy perpendicular to the layers is represented in a simple
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Fig. 2.10. Quantum potential profiles of (a) quantum well, and (b) modulation doped
superlattice. Here the case of GaAs/AlGaAs system is shown as an example.

form,

Ez =
h̄2

2m∗

(
Nπ

Lw

)2
, (2.160)

where Lw represents the well width. Equation (2.160) gives a rough estimation
of the quantized energy, but in most cases we have to consider the effect of
the finite barrier height, because the wave function penetrates into the barrier
layers. In order to obtain the accurate quantized energy, we have to calculate
taking account of the penetration effect, most conveniently by the Kronig-Penny
model.

When we apply magnetic fields perpendicular to the layer, the electron mo-
tion in the layer is quantized, and we obtain the energy of the 2D electrons as
in (2.159). The magnetic quantization in the plane and quantization by a quan-
tum potential in the perpendicular direction are basically independent. However,
there is a small mixing between the Landau levels associated with the different
subbands, because the valence bands have a character to mix the motion in the
parallel and perpendicular direction to the layer and there is a mixing between
the conduction band and the valence bands. This effect is particularly significant
in narrow gap semiconductor quantum wells when the higher Landau levels of
the ground subband cross the higher subbands. The Landau level-subband in-
teraction becomes important when the magnetic field is tilted from the normal
angle (see Section 4.11.2).

Another topic of interest concerning the electronic states of two-dimensional
electron systems is the spin splitting. The spin splitting of two-dimensional elec-
trons in inversion layers, quantum wells and heterostructures has been shown
to depend on the electron concentration, the positions of the Fermi level, due
to many-body effects [14, 16]. The g-factor is greatly modified from the three-
dimensional value as expressed in Eq. (2.127), and shows an oscillatory behavior
as a function of the filling factor of the Landau levels. Some topics related to
this problem will be discussed in later chapters.
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Apart from the many-body interactions in two-dimensional systems, the spin-
orbit interaction in systems without inversion symmetry also brings about an ad-
ditional modification of the spin splitting. It is known that if the system lacks spa-
tial inversion symmetry, the spin degeneracy of two-dimensional electron states
is lifted even when the external magnetic field is zero. Such effects concerning the
zero-field spin splitting have been revealed in experiments of the Shubnikov-de
Haas effect [17, 18] and electron spin resonance [19]. Two mechanisms are con-
sidered as origins of the zero-field spin splitting. One is the effect due to a k3

term in conduction band Hamiltonian for bulk crystals lacking of inversion sym-
metry such as a zinc blende structure [20]. This term lifts the spin-degeneracy
and is called Dresselhaus term. Another effect arises from an interface electric
field existing in heterostructures. Rashba was the first to point out that if there
is an electric field along the z-axis, the Hamiltonian has a term

HR = αR(σ × k) · ẑ, (2.161)

where αR is the Rashba parameter which is proportional to the electric field,
σ is the Pauli spin matrices, and ẑ is a unit vector along the z-axis (parallel
to the electric field) [21, 22]. This term is called the Rashba term, and causes
spin splitting in the absence of magnetic field. As there is inevitably an elec-
tric field at the interface of heterostructures, spin degeneracy of two-dimensional
electrons is lifted at zero field to a greater or less extent. This effect is called
the Rashba effect and has attracted much interest in connection with spintronics.

B. Valence band

The valence band structure in quantum wells and heterostructures is fairly
complicated because of the interaction between the two different valence bands
which are degenerate without the quantum potential. The degeneracy of the
heavy hole band and the light hole bands is lifted by the quantum potential, but
they interact with each other through the k · p perturbation. In quantum wells,
modulation doped superlattices, and heterostructures, electrons are subjected to
quantum potentials, as shown in Fig. 2.10. The Landau levels can be calculated
by adding a potential V (z) to the Hamiltonian Hv for the valence band

Ht = Hv + V (z). (2.162)

By solving the Schrödinger equation with Ht, we can obtain the valence band
structure. In systems with carriers such as heterostructures or modulation doped
superlattices, the potential V (z) is influenced by the electronic distribution
determined from the solution. Therefore the calculation should be made self-
consistently. The energy dispersion and the Landau levels in quantum wells and
heterojunctions were investigated theoretically by Ando [23–25]. An example of
the energy dispersion for a multiple quantum well is depicted in Fig. 2.11 (with-
out magnetic fields) [23]. It is seen that the ground states of the heavy hole
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Fig. 2.11. Subband energy dispersion in a GaAs/AlGaAs multiple quantum well [23].
The solid and broken lines show dispersions along the [10] and [11] directions, re-
spectively. The following parameters were assumed in the calculation: 2D hole con-
centration p = 2.0 × 1011cm−2, thickness of the GaAs layer Lz = 11.2 nm, thickness
of the AlGaAs layer Lb = 15 nm, thickness of the spacer layer between the GaAs
and AlGaAs layers Ls= 1 nm, height of the barrier potential V0 = 92 meV.

band (H0) and the light hole band (L0) are split by the quantum potential. It
should be noted that the energy of the lowest subband of the light hole band L0
decreases with increasing k in the small k region; that is to say, the light holes
have a negative effective mass. This phenomenon is caused by the repulsive in-
teraction with the heavy hole band H1. With further increasing k, the (L0) band
is repelled by the (H0) band when they approach each other. In this way, both
(H0) and (L0) show a complicated dispersion in this anti-crossing region. When
the potential has an asymmetric shape as in a single heterostructure as shown
in Fig. 2.9 a similar dispersion is obtained, but in this case, each subband shows
a spin splitting due to the asymmetric potential.

When magnetic fields are applied perpendicular to the 2D layer, the energy
states are quantized into Landau levels. Corresponding to the complicated disper-
sion curves and the interaction between the subbands, the Landau level structure
is also quite complicated. Here we demonstrate a calculation by Ando [24,25].

A quantum potential is regarded as a part of a periodic superlattice potential
and written as

V (z) =
∑
j≥0

Vj cos
2πj

d
z. (2.163)
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Fig. 2.12. Landau levels of the valence band in modulation doped quantum wells with
different hole concentration p, well width Lz, and the barrier potential height V0.
(a) p = 9.8 × 1011cm−2, Lz = 5.0 nm, V0 = 231 meV. (b) p = 5.4 × 1011cm−2, Lz
= 10.8 nm, V0 = 256 meV. (c) p = 2.9 × 1011cm−2, Lz = 21.6 nm, V0 = 244 meV.
(d) p = 1.3 × 1011cm−2, Lz = 22.7 nm, V0 = 214 meV.

Here d is the period of the superlattice. Following the effective mass approxima-
tion, the envelope function is expanded by plane wave functions in the z-direction
and harmonic oscillator wave functions in x − y plane. Then the wave function
is represented by two sets of functions as follows.
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Ψa,n = (φ 3
2
, φ 1

2
, φ− 1

2
, φ− 3

2
)
∑
j

⎛⎜⎜⎝
A1jun−1 cos 2πjd z

A2j un sin 2πj
d z

A3jun+1 cos 2πjd z

A4jun+2 sin 2πj
d z

⎞⎟⎟⎠ , (2.164)

Ψb,n = (φ 3
2
, φ 1

2
, φ− 1

2
, φ− 3

2
)
∑
j

⎛⎜⎜⎝
B1jun−1 cos 2πjd z

B2j un sin 2πj
d z

B3jun+1 cos 2πjd z

B4jun+2 sin 2πj
d z

⎞⎟⎟⎠ . (2.165)

Ψa,n and Ψb,n correspond to the ↑ and ↓ spin states which are degenerate with
each other in the absence of magnetic field. If we neglect the warping term in
the x− y plane, Ψa,n and Ψb,n are eigenfunctions of the Hamiltonian. In reality,
there is a warping and each state has a coupling with other states whose n values
are different by a multiple of 4. Therefore, the wave functions for both a and b
sets are expressed by the following formula,

Ψa,N =
n+2≥0∑

n=N,N±4,N±8,···
Ψa,n,

Ψb,N =
n+2≥0∑

n=N,N±4,N±8,···
Ψb,n. (2.166)

(N = 0, 1, 2, 3)
Examples of the Landau levels for modulation doped quantum wells are

shown in Fig. 2.12. It can be seen that the Landau level structure is quite com-
plicated involving non-uniform spacing and non-linearity, due to the subband
interaction.

2.5.3 Superlattice

A superlattice is a kind of periodic multiple quantum well with relatively thin
barrier layers. The electron wave function in the well layers penetrates into the
barrier layers and if the overlap between the penetrated wave function becomes
substantial in the barrier layers, conduction becomes possible across the barrier
layers. In other words, the subbands are broadened and a miniband with a small
band width is formed in the direction perpendicular to the layers. The conduction
through the minibands across the layers may exhibit a non-linear conductivity
including a negative resistance. Such phenomena were first predicted by Esaki
and Tsu [26]. When we apply magnetic fields in the perpendicular direction,
Landau levels are formed in each miniband. When magnetic fields are applied
parallel to the layers, the character of the energy levels depends on the rela-
tive dimension of the cyclotron radius in comparison to the superlattice period.
When the magnetic field is weak so that the radius is large, Landau levels be-
come just those for an anisotropic energy band. When the field is large so that
the radius becomes comparable with the superlattice period, the Landau levels
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are broadened, as the energy depends on the position of the center coordinate
of the cyclotron motion. Such a problem will be treated in Section 5.4.3.

2.5.4 Quantum wire and quantum dot
One-dimensional (1D) and zero-dimensional (0D) electron systems are realized
in quantum wires (QWR) and quantum dots (QD). Many different techniques
have been developed for fabricating QWR and QD. One of the motivations is
to develop new high efficiency optical devices such as semiconductor lasers. The
structures can be fabricated by microprocessing such as electron beam lithogra-
phy and etching processes. Besides such techniques for fabricating small devices
from bulk or film crystals into small sizes by processing (top-down technique),
techniques for growing crystals insitu by self-assembling (bottom-up technique)
have also been developed. Regarding QWR, for example, techniques such as T-
shaped QWR [27], QWR grown on V-grooves [28–30], QWR grown at giant steps
on a slightly tilted vicinal surfaces [31] have been reported.

Regarding QD, different techniques have been developed, such as an etching
process to form a mesa-shaped island [32], gated vertical QD made from a dou-
ble barrier heterostructure [33], a process of growing self-assembled QD called
Stranski-Krastanow (SK) mode [34,35], or QD grown by MOCVD in tetrahedral-
shaped recesses (TSRs) [36]. The SK mode utilizes an epitaxial technique with
a strained thin film. When we grow an epitaxial thin film of a crystal on a sub-
strate of a different crystal that has a smaller lattice constant, first a film with
a uniform thickness is grown on the substrate (wetting layer). However, as the
wetting layer thickness becomes thicker, many quantum dots are formed on the
wetting layer as protruding parts due to a large strain arising from the lattice
mismatch. In this way, a large number of self-assembled quantum dots with a
size as small as a few tens of nanometers can be grown on the substrate. The po-
sition and the size of the dots are random, but recent advance of technology has
enabled to fabricate quantum dots whose size distribution is reasonably small.

In quantum dots, electronic states are fully quantized, and form a zero-
dimensional state. Here we consider the energy states of electrons confined in
a dot under magnetic fields. In actual quantum dots, the confining potential can
be approximated by a parabolic potential. It is a better approximation than a
simple square well potential because of the surface potential. When the mag-
netic field is applied parallel to the z-axis, the quantum dot potential in the
perpendicular direction is written as

V (x, y) =
m∗

2
ω20(x

2 + y2). (2.167)

The electronic energy levels under such a harmonic potential on a two-
dimensional x − y plane are equally spaced. The Hamiltonian in the presence
of both magnetic field and the quantum dot potential is represented by using
the symmetric gauge as
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Fig. 2.13. Energies of the electronic states in quantum dots in the presence of magnetic
fields for different (M,N)

.

H =
p2

2m∗ +
1
2
h̄ωcLz +

m∗

2

[(ωc
2

)2
+ ω20

]
(x2 + y2). (2.168)

The Schrödinger equation with this Hamiltonian can be readily solved because
both the magnetic field potential and quantum potential have harmonic forms.
The solution is obtained as was done for (2.82).

E(N,M) = (2N + |M |+ 1)h̄
[(ωc

2

)2
+ ω20

] 1
2

+
(

h̄ωc
2

)
M. (2.169)

The states have a finite angular momentum M , so that they show Zeeman split-
ting. Figure 2.13 shows the energy diagram of quantum dots in magnetic fields.
This diagram is called a Darwin-Fock diagram [37, 38]. These levels have been
investigated by cyclotron resonance, magneto-photoluminescence, and magneto-
tunneling experiments.

2.6 Electronic states in magnetic fields and electric fields

2.6.1 Crossed magnetic and electric fields

The degeneracy of the Landau levels with respect to the orbit center is lifted
when electric fields E are applied perpendicularly to the magnetic field. The
problem of the crossed magnetic and electric fields is of importance when we
analyze the transverse magneto-conductivity.
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Let us assume that the magnetic fields B = [0, 0, B] and electric fields E =
[E, 0, 0] are applied in the z and x directions, respectively. The Schrödinger
equation is [

1
2m

(p + eA)2 + eE · r
]

Ψ = EΨ. (2.170)

Putting
Ψ = eikyy+ikzzϕ(x), (2.171)

we get[
− h̄2

2m
∂2

∂x2
+ h̄ωckyx +

mω2c
2

x2 + eEx

]
ϕ(x) =

(
E⊥ −

h̄2k2y
2m

)
ϕ(x). (2.172)

It is easy to see that the above equation can be treated in a similar manner as
we did in Section 2.2, if we replace x with x′ with

x = x′ − kyl
2 − eEl2

h̄ωc
= x′ + X. (2.173)

Equation (2.173) shows that the center coordinate of the cyclotron motion is
shifted by the electric field by eEl2/h̄ωc,

X = −kyl
2 − eEl2

h̄ωc
. (2.174)

The Schrödinger equation is then[
− h̄2

2m
∂2

∂x′2 + h̄ωckyx +
mω2c

2
x′2
]

ϕ(x) =
(
E⊥ + eEkyl

2 +
m

2
E2

B2

)
ϕ(x).

(2.175)
The energy eigenvalue of this equation is

E⊥ =
(

N +
1
2

)
h̄ωc − eEkyl

2 − m

2
E2

B2 (2.176)

=
(

N +
1
2

)
h̄ωc + eEX +

m

2
E2

B2 . (2.177)

The meaning of each term in the above formula is readily understood: the second
term is the potential energy of electrons centered at X, and the third term is the
kinetic energy of for the drift velocity

vd =
E

B
. (2.178)
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Fig. 2.14. Energy and orbits of electrons near the edge of the sample.

2.6.2 Edge states

When electrons are located near the edge of the samples, cyclotron motion can-
not fulfill the entire cyclotron orbit if the distance between the center of the
cyclotron orbit and the edge is smaller than the radius of the cyclotron motion.
In such a case, electron orbit is bounced at the edge plane, and bounced elec-
trons conduct a one-dimensional motion as a whole being repeatedly reflected
at the edge plane. Such an orbit is called a skipping orbit. The energy states
with a skipping orbit are different from those in the interior of the sample where
the cyclotron orbit is completed. Let us consider the skipping electrons under
magnetic fields near the sample edge, as shown in Fig. 2.14. Here let the mag-
netic fields be applied perpendicular to the plane. The potential of the magnetic
field is parabolic, centered at the center coordinate X as shown in (2.59). As
electrons cannot penetrate outside the sample, the edge surface is considered to
be an infinite barrier. Then the electrons near the edge are regarded as localized
electrons confined in the potential formed by the magnetic potential and the
surface potential. If the center of the cyclotron orbit is more to the left of the
broken parabolic line which is dependent on the energy, there is a barrier within
the orbit, and electrons conduct a skipping orbit. Electrons are confined in the
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potential as shown by a thick solid line. Thus the energy of such a state is always
higher than the interior. Such states are called the edge states. The energies of
the edge states as a function of the center coordinate are shown in the figure. In
actual semiconductor surface edges, the potential profile near the surface is more
gentle than the abruptly rising barrier as shown in Fig. 2.14 due to the surface
potential. As a result, the shape of the energy profile is slightly different from
Fig. 2.14.

The edge states play important roles in quantum transport in high magnetic
fields, such as quantum Hall effect or magneto-tunneling effect, as will be de-
scribed in the next chapter. More general cases in a highly anisotropic energy
band having open orbits, as in organic conductors, were treated by Osada and
Miura [39].

2.7 High magnetic field effects on Bloch electrons

2.7.1 Breakdown of effective mass theory

The effective mass theory is very successful in obtaining the energy levels under
magnetic fields. However, it is of importance to know that there is a validity limit
when the magnetic fields become very high and hence the radius of the cyclotron
motion becomes very small. As shown in (2.66), the cyclotron radius decreases
inversely proportional to

√
B. Since the effective mass theory is based on the

k · p perturbation theory, the matrix elements of the k · p term (h̄/m)k · pnn′

should be small in comparison to the energy difference between the bands Enn′ .
Since

k ∼ l, pnn′ ∼ h̄

a
, a = lattice constant, Eg ∼ p2max

m
∼ h̄2

ma2
,

the effective mass theory is valid only if

h̄
mk · pnn′

Enn′
� 1. (2.179)

This leads to (
h̄

m

1
l

h̄

a

)
/
(

h̄2

ma2

)
=

a

l
� 1. (2.180)

Namely, when B becomes extremely high and the magnetic length is l decreased
such that

l =

√
h̄

eB
→ a, (2.181)

the effective mass theory breaks down. The breakdown under the condition
(2.181) is reasonable, because the effective mass theory is based upon the as-
sumption that the effect of the periodic lattice potential can be averaged out
to lead to the effective mass. When the magnetic length l becomes comparable
with the atomic spacing of the crystal lattice in very high magnetic fields, such
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an averaging is not valid any more. The Landau levels are degenerate with re-
spect to the center coordinate X, as we saw in Section 2.2. Actually, when the
cyclotron radius is large, the energy is independent of the position of the center.
However under the condition l ≈ a, the potential that electrons feel would differ
depending on the center. Thus the degeneracy of the Landau levels will be lifted.
As a result, the Landau levels should have finite width in energy.

How high are the magnetic fields required to observe such a broadening? If
we define α by

α ≡
(a

l

)2
, (2.182)

α =
e

h̄
a2B =

2πa2B

h/e
=

2πΦ
Φ0

, (2.183)

where

Φ0 = unit flux quantum =
h

e
= 4.1325× 10−15 Tm2.

The magnetic flux density corresponding to α = 1 is B0 = e/h̄a2. In other words,
B0 is the flux density at which one unit flux quantum penetrates a unit cell.

The broadening of the Landau levels in extremely high magnetic fields was
first investigated by Harper based on the tight binding approximation [40]. Thus
the broadening of the Landau levels under the condition (2.181) is called Harper
broadening. Here let us consider the energy spectra following the theory of
Harper. The wave function of Bloch electrons is expressed in the tight binding
approximation as

Ψk(r) =
∑
j

eik·rj φ(r − rj), (2.184)

where φ(r − rj) is an atomic wave function. The energy is obtained under such
an approximation as follows;

E = Ea −A− C
∑

j(Nearest Neighbor)

eik·rj . (2.185)

The coefficients A and C are

A = −
∫

φ∗(r − ri)V ′φ∗(r − ri)dr, (2.186)

C = −
∫

φ∗(r − ri)V ′φ∗(r − rj)dr, (2.187)

where V ′ is the potential and j runs over the nearest neighbors. For simplicity,
we consider the case of a simple cubic lattice. Then the energy can be written as

E(k) = Ea −A− C[eikxa + e−ikxa + eikya + e−ikya + eikza + e−ikza]
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= Ea −A− C[cos akx + cos aky + cos akz]. (2.188)

When magnetic fields B are applied to the z direction, the energy states are
obtained by a Landau Peierls substitution with A = [0, Bx, 0],

E
(∇

i
+

e

h̄
A

)
u(r) = Wu(r). (2.189)

The exponential terms in (2.188) eikxau(r) etc. are transformed to e∇xau(r).
The operators in the exponent are treated by taking the expanded form. For
e±∇xa,

e±∇xau(r) = u(r)± a
∂

∂x
u(r) +

1
2
a2
(

∂

∂x

)2
u(r) + . . . = u(x± a, y, z), (2.190)

and for e±∇ya

eikyau(r) → e∇yaeieBax/h̄u(r) = u(x, y + a, z)eieBax/h̄. (2.191)

The Schrödinger equation is thus obtained as
1
2
[u(x + a) + u(x− a) + eieBax/h̄u(y + a) + e−ieBax/h̄u(y − a)

+ u(z + a) + u(z − a)] = Wu(r). (2.192)

From the inspection, we can assume that the wave function is free electron-like
in the y and z directions, so that we can put

u(r) = eikyeikzu(x). (2.193)

Then (2.192) becomes
1
2
[u(x + a) + u(x− a)] + cos(eaBx/h̄− kya)u(x)

= (W − cos kza)u(x). (2.194)

Putting
eaB

h̄
=

a

l2
≡ G, (2.195)

we obtain
1
2
[u(x + a) + u(x− a)] + cos(Gx− kya)u(x) = Wu(x). (2.196)

The argument of the cos is rewritten

Gx− kya = G(x− kyl
2) = G(x + X), (2.197)

using the center coordinate X. If we take the center at X, we obtain
1
2
[u(x + a) + u(x− a)] + (cosαn−W )u(x) = 0, (2.198)

where α = Ga. Equation (2.198) is called the Harper equation, and it gives a basis
for considering the problem of the Bloch electron in extremely high magnetic
fields.
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The Harper equation (2.198) is rewritten as

un+1 + un−1 − 2un + 2(1 + cosαn−W )un = 0,
∂2un
∂x2

+
2
a2

(1 + cosαn−W )un = 0. (2.199)

Therefore, we obtain
∂2u

∂x2
+ K(x)u = 0, (2.200)

with
K(x) =

2
a2

(1−W + cosGx). (2.201)

Equation (2.200) indicates that it is a potential problem including a new peri-
odicity created by magnetic fields in addition to the lattice periodicity. When G
is small,

K(x) 	 2
a2

[
2−W − 1

2
(Gx)2

]
. (2.202)

As this potential contains just the x2 dependence, solution gives the harmonic
oscillator function, and ordinary Landau levels are obtained. However, as G
becomes large with large B, Landau levels are broadened with finite width. This
is the Harper broadening. The Harper broadening is interpreted as a result of
the lifting of the degeneracy of the Landau levels.

Hofstadter further developed the idea of the broadening of the Landau levels
and found various interesting properties of the Bloch electrons in extremely high
magnetic fields [41]. Starting from the Harper equation, Hofstadter derived the
following equation,

un+1 + un−1 − 2 cos(αn− ν)u(n) = Eu(n). (2.203)

This can be rewritten as,(
u(n + 1)

u(n)

)
=
(E − 2 cos(αn− ν) −1

1 0

)(
u(n)

u(n− 1)

)
= A(n)

(
u(n)

u(n− 1)

)
. (2.204)

Solving this equation, Hofstadter obtained the energy diagram as shown in
Fig. 2.15. Since it looks like a butterfly, this beautiful diagram is often called
the Hofstadter butterfly diagram. The abscissa indicates α = aG = (a/l)2, and
is proportional to magnetic field. The point α = 1 corresponds to a field where
the cyclotron radius decreases to the size of the lattice constant. As α can be
transformed as Ba2/(h/e) = φ/φ0, the magnetic flux penetrating the unit cell
becomes equal to a unit flux h/e at α = 1. So the right edge of the diagram
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Fig. 2.15. Energy spectrum of Bloch electrons in extremely high magnetic fields (Hof-
stadter diagram). (First published in [41].)

shows a very high magnetic field as mentioned in the previous section. At B
= B0, the energies come back to the same as at B = 0 and it is periodic with
respect to B0. The diagram shows many interesting features. First, we should
notice that the energy is that of Landau levels in the small α limit (low field
limit), but it shows a broadening and complicated splitting in each level. Next,
it is symmetric with respect to α = 1/2. This means that the energy spectrum
returns to the low field one again when α becomes 1. That is to say it is periodic
as a function of magnetic field. When α is a rational number represented by two
integers p and q with α = p/q, the spectrum break up into q distinct bands. For
example, we can easily see that for α = 1/2, 1/3, 1/4, the band is represented
by two, three and four vertical lines. The spectra as a whole exhibit fractal na-
tures. These properties come from the new periodicity created by the very high
magnetic fields.

The magnetic field B0 for realizing φ/φ0 = 1 (α = 1) in real crystals is very
high; for example if we assume a = 0.15 nm as in usual semiconductors, B0 = 1.83
× 105 T. This is a very difficult value to achieve even with the presently available
ultrahigh magnetic fields. However, in some crystals with larger lattice constants,
B0 can be much smaller. In artificial lateral superlattices with a = 100–120 nm,
fractal energy spectra expected from the Hofstadter’s butterfly diagram were
observed in the quantum Hall conductance [42]. Vogl and Strahberger calculated
the optical absorption spectra in artificially modulated lateral superlattices on a
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GaAs quantum well, and found that the fractal nature of the Hofstadter diagram
should appear in the spectra [43].

2.7.2 Magnetic breakdown

Magnetic breakdown is another example of the effects of a high magnetic field
on the motion of Bloch electrons. In magnetic fields, electrons move in a plane
perpendicular to the field on the Fermi surface or equi-energy surface. The motion
is determined by the equation of the acceleration (2.105). When the orbit in the
k space is small in the Brillouin zone and well apart from any other orbits,
such motions are independent each other. However, if there are other orbits
nearby, electronic states corresponding to these orbits interact with each other
in high magnetic fields where the magnetic quantizing energy (Landau level
spacing) becomes comparable with the energy gap between the two states. As
a result, new orbits are created for electrons to move around. Such an effect
was first discovered in the de Haas-van Alphen effect in metals. In group II
metals, the Fermi surface is touching the Brillouin zone edge. Figure 2.16 shows

Fig. 2.16. Upper panel: Equi-energy surface of electrons in the plane perpendicular
to the magnetic field without interaction when it extends over the Brillouin zone
edge. Lower panel: Motion of electrons in the k-space without magnetic breakdown
(solid line) and that when magnetic breakdown takes place (broken line).
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an example of the electron motion in such a case in the extended zone. Circular
orbits as shown in the upper panel of the figure are split into two kinds of orbits,
open orbits and closed orbits near the zone edge in the second zone, as shown
in the lower panel. The two kinds of orbits are formed by the periodic lattice
potential. When magnetic fields are sufficiently high, electrons conduct motion
across the open and the closed orbits as indicated by dotted line. Thus a new
orbit that is nearly circular is formed as a result of a kind of tunneling effect
in the k space. Such a phenomenon is called magnetic breakdown or magnetic
breakthrough. The breakdown is observed as a sudden change of the de Haas van
Alphen period and the magneto-resistance saturation which exists only for the
a closed orbit. Many investigations have been made on the magnetic breakdown
theoretically [44–53] and experimentally [50, 54–58]. Calculating the probability
of the electron tunneling in the k space, it is considered to take place when the
condition h̄ωc becomes comparable with the band gap at the zone edge [49].

Magnetic breakdown was first studied in metals, but recently a variety of phe-
nomena associated with magnetic breakdown have been observed, for example, in
organic conductors or in semiconductor devices with artificially fabricated quan-
tum potentials. Another example is the phenomena which take place in energy
bands with a camel’s back structure as will be shown in the next chapters.

2.8 Bound electron states in magnetic fields

2.8.1 Donor states

The shallow impurity states in semiconductors, donors and acceptors are analo-
gous to the electron in a hydrogen atom. The effective mass approximation which
was useful for determining the electronic states in magnetic fields can be applied
also for the donor states [7]. The energy of the donor states for an energy band
with an energy dispersion,

E(k) =
h̄2k2

2m∗ (2.205)

is represented as a solution of a Schrödinger equation[
E
(∇

i

)
+ U(r)

]
φ(r) = Eφ(r), (2.206)

where

U(r) = − e2

4πκε0r

is a potential energy provided by a donor ion. The solution of (2.206) gives a
hydrogen-like state. The energy of the ground state is represented by the effective
Rydberg energy,

Ry∗ =
m∗e4

32π2h̄2κ2ε20
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=
e2

4πκε0(2a∗
B)

, (2.207)

with the effective Bohr radius

a∗
B =

4πh̄2κε0
m∗e2

. (2.208)

The states are represented by quantum numbers (n, l,m) just in the same manner
as for a hydrogen atom. Thus the problem of the impurity states in magnetic
fields as well as the exciton states that will be described in the next section, is
reduced to a fundamental problem of a hydrogen atom in magnetic fields.

We now consider electronic states of a hydrogen atom in the presence of
magnetic fields. The Coulomb interaction is expressed by

HCoulomb = − e2

4πκε0r
. (2.209)

In the presence of the Coulomb potential which has a spherical symmetry, it is
more convenient to use the symmetric gauge rather than the Landau gauge for
magnetic flux density B. The total Hamiltonian is

H =
h̄2

2m∗

(∇
i

+
eA

h̄

)2
− e2

4πκε0r
+ gSµBB. (2.210)

Taking the symmetric gauge, and assuming that B is parallel to the z-axis, we
obtain

B ‖ z, A = B
(
−y

2
,
x

2
, 0
)

,

and

H =
p2

2m∗ +
ωc
2

Lz +
1
8
m∗ω2c (x

2 + y2)− e2

4πκε0r
+ gSµBB. (2.211)

It is not possible to obtain a solution of a Schrödinger equation derived from Eq.
(2.211) analytically, because the flux density B or magnetic field H has a cylin-
drical symmetry, whilst the Coulomb energy has spherical symmetry. Therefore,
various approximate solutions were derived in different range of B relative to
the Coulomb interaction. The characteristic energy representing the intensity
of magnetic field is the energy of the cyclotron motion, h̄ωc, while that for the
Coulomb interaction is the effective Rydberg energy Ry∗ (2.207), that is the
binding energy of the donor states. The relative strength of the magnetic field in
comparison to the effect of the Coulomb interaction is often represented by the
ratio of these two quantities,

γ =
h̄ωc
2

/Ry∗ =
16π2h̄3κ2ε20

m∗2e3
B. (2.212)

The dimensionless parameter γ is called the gamma parameter. When γ is much
smaller than unity (γ � 1), the system is almost hydrogen atom-like and the
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magnetic field is regarded as a small perturbation. When γ is much larger than
one (γ � 1), on the other hand, the system is almost Landau level-like, and
the Coulomb interaction is regarded as a small perturbation. For γ ≈ 1, the
two perturbations should be treated with an equal weight so that the problem
is more complicated.

It should be noted that γ is also expressed in terms of the the magnetic length
l that is the characteristic length for the magnetic field, and the Bohr radius a∗

B

that is the characteristic length for the Coulomb interaction.

γ =
(

a∗
B

l

)2
=

eB

h̄

(4π)2h̄4κ2ε20
m∗2e4

=
16π2h̄3κ2ε20

m∗2e3
B. (2.213)

For a hydrogen atom, κ = 1 and m∗ = m, so that the magnetic flux density Bc
to achieve γ = 1 is

Bc =
m2e3

16π2h̄3ε20
= 2.35× 105 T. (2.214)

The above Bc is too high to obtain even by the most advanced presently available
technology. In the case of an actual donor state or excitons in semiconductors,
the effective B∗

c is expressed as

B∗
c =

(
κ

m∗/m

)2
Bc. (2.215)

In ordinary semiconductors, κ is larger than 1 and m∗/m is smaller than 1, and
therefore, B∗

c is considerably smaller than Bc. For example, assuming typical
values, m∗ ≈ 0.1m and κ ≈ 10, we obtain B∗

c ≈ 23.5 T, which is well within
the range available in modern magnet technology. We will see many examples of
the energy states for γ � 1 in later chapters. In the following, we consider the
magnetic energy levels in each range of γ.

A. Weak field limit (γ � 1)

When the magnetic field is weak so that γ � 1, we treat a term involving B
as a perturbation acting on a hydrogen atom-like state. The unperturbed states
are represented by quantum numbers (n, l,m). Lz can be commutated with H,
so that Lz is a good quantum number. For an s state, < Lz > = 0, so that apart
from the spin term, the only term which is related to B in the Hamiltonian is
1
8m

∗ω2c (x
2 + y2). Taking this term as a perturbation, we can calculate a first

order perturbation energy. For a 1s state, the correction of energy due to this
term is

∆E1s =< 1s| 18m∗ω2c (x
2 + y2)|1s >

=
4π2κ2ε20h̄

4

e2m∗3 B2 = σB2 , (2.216)
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σ =
4π2κ2ε20h̄

4

e2m∗3 . (2.217)

In a similar manner, the perturbation energy for an ns state is

∆Ens =
n2(5n2 + 1)

6
σB2. (2.218)

As the energy is increased with increasing B, ∆E1s,∆E2s, · · · are called the dia-
magnetic shift. That is to say the diamagnetic shifts of the s states are propor-
tional to B 2.

For the p states, we have to add an orbital Zeeman energy arising from the
term ωc/2·Lz in Eq. (2.211). The 2p state splits into three states, < Lz >= ±1, 0.
The energy of the p state in the weak field limit is predominated by the orbital
Zeeman energy

ELz=±1, 0 = Lz
h̄ωc
2

. (2.219)

Electronic transition from 1s state to 2p state is observed in far infrared
absorption or photoconductivity. Stradling et al. studied the absorption aris-
ing from the 1s - 2p transition, and found that absorption comprises of many
peaks [59–61]. The splitting is due to the so-called central cell correction or chem-
ical shift of the 1s state. The energy of the 1s state is different depending on
the species of each donor state. The extension of the 1s wave function is small
and localized in the vicinity of the donor nuclei, so that the binding energy is
sensitively modified by the specific potential shape of the donor atoms. On the
other hand, the energy of the excited states as 2p states are almost indepen-
dent of the donor atoms because the wave function is more extended and the
effective mass approximation better holds. From the peak position of the 1s - 2p
transition, we can identify the donor species. Thus the far infrared absorption
spectra in magnetic fields can be utilized for identifying residual impurities in
semiconductor crystals with an extremely high sensitivity.

B. High field limit (γ � 1)

When the effect of magnetic fields is much larger than that of the Coulomb
interaction, the latter effect is considered to be a small perturbation to the mag-
netically formed energy states. To calculate the energy levels in such a situation,
the adiabatic approximation is often used. This is a method which separates the
wave function into a component in the x − y plane and that in the z-direction.
In the x − y plane, only the magnetic field effect is taken into account and the
Coulomb interaction is considered in the z-component. Namely, the total wave
function is decomposed

ΨNMλ = φNM (x, y)fNMλ(z), (2.220)

where φNM (x, y) is a wave function where the Coulomb interaction is zero. Based
on such a wave function, Yafet, Keyes, and Adams calculated the ground state
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of an hydrogen atom in the high field limit by a variational method [62]. The
outline of their theory (YKA theory) is as follows.

As the effective Coulomb potential for calculating the z-component fNMλ(z)
the following expression is assumed.

Vnm(z) = −
∫
|φNM |2 e2

4πκε0
dxdy. (2.221)

Using this potential, the Schrödinger equation for fNMλ is given by[
− d2

dz2
+ VNM (z)

]
fNMλ(z) = ENMλ(z). (2.222)

The eigenstates of this equation are characterized by a quantum number λ which
is associated with each set of N and M . The total energy is characterized by a
set of quantum numbers (N,M, λ) and is given by

ENMλ =
(

N +
1
2

)
h̄ωc + E(z)NMλ. (2.223)

For γ →∞, the states tend to Landau level-like, so that their B dependence tends
to the one which is proportional to B. This is in contrast to the B2 dependence
in the case of the weak field limit.

Yafet, Keyes, and Adams obtained the ground state energy using a variational
function [62],

ϕ = (2
3
2 a2⊥a‖π

3
2 )− 1

2 exp
[
−x2 + y2

(2a⊥)2

]
· exp

[
− z2

(2a‖)2

]
, (2.224)

where a⊥ and a‖ are variational parameters representing the extension of the
wave function in the parallel and perpendicular direction to the magnetic field,
respectively. Putting ε = a⊥/a‖, the variational energy can be obtained as

E =
1

2a2⊥

(
1 +

ε2

2

)
+

γ2a2⊥
2

−
√

2ε
a⊥
√

π
√

1− ε2
log

1 +
√

1− ε2

1−√1− ε2
. (2.225)

In Eq. (2.225), the energy is represented in a unit of the effective Rydberg energy.
Minimizing the energy E with respect to a⊥ and a‖, the energy is obtained as

E(B) = γ − 1
2a2⊥

(
1 +

ε2

2

)
− γ2a2⊥

2
+

√
2ε

a⊥
√

π
√

1− ε2
log

1 +
√

1− ε2

1−√1− ε2
. (2.226)

The magnetic field dependence of a⊥ and a‖ is shown in Fig. 2.17 (a), where the
magnetic field is expressed in a unit of γ = h̄ωc/Ry.

The binding energy of the 1s state EB is given by

EB = γ − E(B). (2.227)

The magnetic field dependence of the binding energy EB is shown in Fig. 2.17
(b). As the magnetic field is increased, EB increases. This is interpreted as the
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Fig. 2.17. (a) The magnetic field dependence of the wave function extension of the
ground state in the direction perpendicular (a⊥) and parallel (a‖) to the magnetic
field [62]. The wave function extension of free electron is also shown. (b) The mag-
netic field dependence of the binding energy of a donor state.

increase of the Coulomb interaction due to the shrinkage of the wave function by
the magnetic field. Because of the increase of the binding energy in high mag-
netic fields, the carrier density in the conduction band decreases with increasing
magnetic field at low temperatures. It is given as

nc =
nNT

NT + NIe
EB
kT

, (2.228)

where nc is the number of carriers in the conduction band, NI is the density of
the donors, and

NT =
eB

π2h̄2c
(2m∗kT )

1
2 (2.229)

is the effective density of states in the conduction band.
The decrease of the carrier density in high magnetic fields is called the mag-

netic freeze out effect, in analogy to the carrier freeze out effect caused by de-
creasing temperature. The effect was studied first in n-type InSb [63] in which
the magnetic field dependence of E is particularly large. It is found that as the
magnetic field is increased at low temperatures, the resistance is increased by
several orders of magnitude. The increase of the Hall coefficient implies that the
carrier concentration is decreased by magnetic fields.

The huge magneto-resistance at low temperatures can also be interpreted in
terms of the collapse of the impurity band. In semiconductors with a relatively
large donor concentration and small effective mass like InSb, the wave functions
of the donor states overlap with each other and the impurity band is formed. The
electrical conduction is carried by the transfer of electrons among donor atoms
through the impurity band. The impurity band is usually mingled with the
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conduction band for small effective mass semiconductors. Such semiconductors
are called degenerate semiconductors. When high magnetic fields are applied to
the impurity band, the wave function of the donor states is decreased so that
their overlaps are diminished. Thus the break of the impurity band causes the
metal-insulator transition. The problem of the donor levels in the high field limit
has been studied by many authors [64–66].

C. Intermediate range (γ ≈ 1)

The intermediate range (γ ≈ 1) where the effects of magnetic field and the
Coulomb interaction are comparable is the most difficult range to deal with.
Often a variational method is employed to calculate the energy levels. In choosing
variational functions, we have to keep in mind that for

B → 0 (γ → 0),

the wave function should have a hydrogen-atom-like exponential form,

Ψ → exp(−αx),

whereas for B →∞ (γ →∞), it should have a Landau-level-like Gaussian form,

Ψ → exp(−βx2).

Putting
Ψ =

∑
j

cjφj ,

the energy

E =
< Ψ|H|Ψ >

< Ψ|Ψ >

is minimized. Various variational functions were introduced by many authors [67–
73].

Here we show a result calculated by Makado and McGill by the variational
method [69]. They employed a variational function,

Ψi = r|m|+q sin|m| θ exp(imϕ) cosq θ exp(−αir
2 sin2 θ) exp(−βir), (2.230)

with a spherical polar coordinates. Here αi and βi are the variational parameters,
and q = 0, 1. Figure 2.18 shows the energies of several bound states in magnetic
fields. We can see that some of the hydrogen-atom-like levels at zero field tend
to be associated with the lowest Landau level, whilst some others tend to be
associated with higher lying Landau levels.

It is an intriguing problem how each of the hydrogen-atom-like levels (n, l,m)
at low fields is connected with the Landau-level-like levels (N.M, λ) at high fields
in between. This level conjunction problem has long been an unsolved fundamen-
tal problem of quantum physics. As mentioned above, the states characterized
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Fig. 2.18. Magnetic field dependence of the different bound levels in a hydrogen
model [69].

by (n, l,m) originate from a potential with spherical symmetry whereas those
characterized by (N,M, λ) have a cylindrical symmetry. The difference in the
symmetry causes a difficulty in their conjunction.

Concerning the problem of the conjunction between the Rydberg series in the
low field limit and the Landau-level-like series in the high field limit, Shinada et
al. proposed a model of nodal plane conservation based on Kleiner’s hypothesis
on the nodal plane [74]. The wave functions of (n, l,m) and (N,M, λ) have certain
nodal planes where the functions take zero. According to their model, the total
number of the nodal planes is conserved in the conjunction. Also, states with
the same number of nodal planes in the both limits are mixed together and their
mutual crossing is solved.

On the other hand, Lee et al. proposed a non-crossing rule which insists that
states with the same symmetry (for instance m = 0 even parity hydrogen states)
do not cross with each other in a magnetic field [75]. It leads to a conclusion that
all the m = 0 states at zero field lie below the lowest Landau level in magnetic
fields.

Acceptor states in magnetic fields can be treated in a way similar to donor
states [76]. However, the theory is more complicated because of the degeneracy
of the valence band as we saw in Section 2.4.3.

2.8.2 Exciton states

A. Three-dimensional excitons

Exciton states are similar to impurity states in the sense that electrons are
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bound to a positive charge of holes, but as both electrons are holes are mobile,
the motion of the center of gravity should be involved in the kinetic equations.
The Hamiltonian of exciton states in a magnetic field is represented with the
symmetric gauge by [77]

H =
1

2m∗
e

(pe + eA(re))2 +
1

2m∗
h

(pe − eA(rh))2 − e2

4πκε0r

= − h̄2

2m∗
e

∇2e −
h̄2

2m∗
e

∇2e −
e2

4πκε0r
+

ieh̄

m∗
e

A(re))2 · ∇e

− ieh̄

m∗
h

A(rh))2 · ∇h +
e2

2m∗
e

A(re)2 +
e2

2m∗
h

A(rh)2, (2.231)

where m∗
e and m∗

h, re and rh are effective masses and position coordinate of
electrons and holes, and suffices e and h stand for electrons and holes in ∇. The
difference of (2.231) from (2.210) is that it contains terms for holes, because holes
are also mobile as well as electrons. However, it can be rewritten in an easier
form for handling, by transforming re and rh to a relative coordinate

r = re − rh, (2.232)

and the center of mass coordinate

ρ =
m∗
ere + m∗

hrh
m∗
e + m∗

h

. (2.233)

By a canonical transformation

Ψ(ρ, r) = exp
(
i
[
K − e

h̄
A(r)

]
ρ
)

F (r), (2.234)

with the wave vector of the center-of-mass motion of excitons,

K = ke − kh, (2.235)

we obtain [
− h̄2

2µ∗∇2 −
e2

4πεr
+ ieh̄

(
1

m∗
e

− 1
m∗
h

)
A(r) · ∇

+
e2

2µ∗ A(r)2 − 2eh̄
m∗
e + m∗

h

A(r) ·K
]

F (r)

=
[
E − h̄2K2

2(m∗
e + m∗

h)

]
F (r). (2.236)

where we used a reduced mass of excitons µ∗ which is given by

1
µ∗ =

1
m∗
e

+
1

m∗
e

. (2.237)

In (2.236), the first term represents the kinetic energy of the relative motion
of electrons and holes, the second term the Coulomb potential energy between
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electrons and holes, the third term the Zeeman energy of the envelope function
which is zero for s-states, the fourth term the diamagnetic energy. The fifth
term can be converted to −e(v ×B) · r (v is the velocity of the center of mass
motion) which is equivalent to the Lorentz force acting on the motion of the
exciton and considered to be an effective electric field. This term is in ordinary
cases very small, because of the small wave vector of the incident light to create
excitons. In the direct allowed transition, the absorption coefficient of exciton
lines is proportional to |F (0)|2, so that the only visible lines are usually those of
s-states and d states (d0).

In addition to the orbital terms expressed in (2.231), there is a spin Zeeman
term

Hz = geµBseB + ghµBshB, (2.238)

where ge, gh, se, sh are g-factors and the spins of electrons and holes. When
taking account of the exchange interaction between the spins se and sh the spin
states split into singlet and triplet states. As the dominant terms are just the
first and the second terms, the Hamiltonian for exciton states in a magnetic field
is reduced to a problem similar to that for donor states. Similarly to (2.208)
and (2.207), excitons in a three-dimensional space are characterized by the Bohr
radius,

a∗
B =

4πh̄2κε0
µ∗e2

, (2.239)

and the binding energy (Rydberg energy)

En = −Ry∗

n2
(n = 1, 2, · · ·), (2.240)

Ry∗ =
µ∗e4

32π2h̄2κ2ε20
=

h̄2

2µ∗
1

a∗2
B

. (2.241)

The only different point from the donor states is that m∗ is replaced by µ∗ here.

B. Two-dimensional excitons

In quantum wells and superlattices, excitons should have a nearly two-dimensional
character. If excitons are located in a perfect two-dimensional space, the problem
is connected with an interesting fundamental problem of a hydrogen atom in a
two-dimensional space. The Schrödinger equation of a hydrogen atom is given
by [

− h̄2

2m
∆− e2

4πε0r

]
Φ = EΦ, (2.242)

To obtain the energy and the Bohr radius for the 1s state, let us put the wave
function

Φ = C exp
(
− r

a

)
.
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In a three-dimensional space, we can readily obtain

a = aB =
4πh̄2ε0
me2

(2.243)

and the energy

E = − h̄2

2m
1

aB
= −Ry. (2.244)

If we calculate a and E in a similar manner assuming a two-dimensional space,
we get

a =
aB
2

, (2.245)

and
E = −4Ry. (2.246)

This indicates that in a two-dimensional space, electrons move in a smaller or-
bit around the proton in comparison to the three-dimensional case, so that the
Coulomb binding energy is four times larger. The diamagnetic shift is propor-
tional to < x2 + y2 >, so that it should be smaller in a 2D space than in a
3D space reflecting the smaller Bohr radius. The diamagnetic shift is given in
(2.216) as

∆E1s(3D) = σB2.

In the 2D case, it can be obtained as

∆E1s(2D) =
3
16

σB2. (2.247)

Akimoto and Hasegawa calculated the diamagnetic shift of the two-dimensional
excitons including the excited states by the Wentzel-Kramers-Brillouin (WKB)
method, and obtained the energy diagram as shown in Fig. 2.19 [78]. The motiva-
tion of their work was to explore the 2D excitons in layer-structured semiconduc-
tors such as GaSe. In these layered semiconductors, however, it was found that
the anisotropy is not sufficiently large to observe the 2D character. It was after
the development of quantum wells and superlattices that nearly 2D excitons are
observed. In quantum wells, the dimensionality can be controlled by changing
the well width Lw. Almost 2D in a very small Lw to nearly 3D in a large Lw.
For most cases, however, it is difficult to achieve the 2D limit in a very thin well
width, because the exciton wave function penetrates into the barrier layer due
to the finite barrier height. Problems of nearly 2D excitons in quantum wells will
be discussed in more detail in Section 5.2.3.
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Fig. 2.19. Diamagnetic shift of 2D excitons calculated by Akimoto and Hasegawa [78].



3

MAGNETO-TRANSPORT PHENOMENA

3.1 Magneto-transport in high magnetic fields

3.1.1 Magneto-conductivity and magneto-resistance

The conductivity in the presence of magnetic field is expressed by the generalized
Ohm’s law as follows,

J = σ ·E, (3.1)

where J is the current density, E is the electric field vector and σ is the con-
ductivity tensor. In a magnetic field, the conductivity tensor σ has non-diagonal
components due to the Lorentz force. If the static magnetic field is applied in
the z-direction, σ is represented as

J =

⎛⎝σxx σxy 0
σyx σyy 0
0 0 σzz

⎞⎠ ·E. (3.2)

From Onsager’s reciprocity relation,

σyx = −σxy. (3.3)

Furthermore, if the system is isotropic,

σyy = σxx. (3.4)

The resistivity tensor ρ, the inverse tensor of the conductivity tensor, is
defined by

E = ρ · J . (3.5)

From Eqs. (3.1), (3.2), and (3.5), we obtain

ρ =

⎛⎝ ρxx ρxy 0
−ρxy ρyy 0

0 0 ρzz

⎞⎠ =

⎛⎜⎜⎜⎜⎜⎝
σyy

σxxσyy + σ2xy
− σxy

σxxσyy + σ2xy
0

σxy
σxxσyy + σ2xy

σxx
σxxσyy + σ2xy

0

0 0
1

σzz

⎞⎟⎟⎟⎟⎟⎠. (3.6)

The expression of the resistivity tensor components in terms of those of the con-
ductivity tensor is useful, because the former is the quantity which is measured in

64
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Fig. 3.1. Arrangement of contacts to a sample in the four probe method: (a) Trans-
verse magneto-resistance and Hall effect, (b) Longitudinal magneto-resistance, (c)
Transverse magneto-resistance and Hall effect of an arbitrary shape of the sample
with a uniform thickness t.

experiments using a constant current condition, and the latter can be calculated
theoretically as a response of electrons to the external fields E and B.

In real experiments, the conductivity or the resistivity is measured by using
the four probe method, as shown in Fig. 3.1. By separating the contacts to the
sample for measuring the voltage (contacts 3 and 4) from those for supplying
current (contacts 1 and 2), we can avoid the effect of contact resistance. The
transverse magneto-resistance is measured in the arrangement, as shown in Fig.
3.1 (a). The current is perpendicular to the magnetic field. By supplying a con-
stant current density Jx through contacts 1 and 2, we measure the electric field
Ex as a potential drop across contacts 3 and 4. In this case, Jy = Jz = 0, so that

Ex = ρxxJx. (3.7)

Thus we can obtain a component of the resistivity tensor,

ρxx =
σyy

σxxσyy + σ2xy
. (3.8)

ρxy = − σxy
σxxσyy + σ2xy

. (3.9)

The Hall voltage is obtained by measuring a voltage across contacts 3 and 5.
The electric field Ey in this direction is

Ey = ρyxJx = RHBJx. (3.10)

Here

RH =
ρyx
B

=
σxy

σxxσyy + σ2xy

1
B

(3.11)

is the Hall coefficient.
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The longitudinal magneto-resistance is measured using a configuration of
Fig. 3.1 (b), with magnetic field parallel to the current in the z-direction. In this
case, the electric field measured across contacts 3 and 4 is

Ez = ρzzJz, (3.12)

ρzz =
1

σzz
. (3.13)

When the sample has a well-defined rectangular shape as in (a) or (b), the
electric field E and the current density J can be calculated from the actual
voltage V34 which appears across contacts 3 and 4 and the current I supplied
across contacts 1 and 2, by multiplying the geometrical factor of the sample.
For example, J = I/S and E = V/l ( S is the cross-sectional area, and l is the
distance between contacts 3 and 4). When the sample has an arbitrary shape
but a uniform thickness as in (c), it is not possible to know the accurate values
of J and E. However, if we measure the resistance by two different combinations
of the contacts, we can obtain approximate values of the resistivity ρ and the
Hall coefficient RH by

ρ = t
π

ln2

(
r12,34 + r23,41

2

)
f(r12,34/r23,41), (3.14)

and
RH =

1
B

(r13,24(B)− r13,24(0)), (3.15)

where t is the thickness of the sample, r12,34 = V34/I12, etc., and f is a function
of r12,34/r23,41 varying between 1 and 0, which can be obtained numerically from
a figure in the literature [79,80]. This method is called “Van der Pauw method”.

In order to obtain the component of the conductivity tensor σxx from the
transverse magneto-resistance more directly, the Corbino disk symmetry as shown
in Fig. 3.2 is sometimes employed. The Corbino disk is a hollow-like disk with
electrodes on the outer and inner side surfaces, and the current flows in the ra-
dial direction. We measure the voltage across the outer and inner surfaces. If we
define the x axis radially and the y axis azimuthally, and supply a radial current
(x-direction), then

Fig. 3.2. Corbino disk.
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Ey = −ρxyJx + ρyyJy = 0,

from the cylindrical symmetry. Therefore, we obtain

Ex = ρxxJx + ρxyJy (3.16)

=
1

σxx
Jx. (3.17)

Thus we can obtain σxx in a much simpler form than in Eqs. (3.7) and (3.8).
Therefore, Corbino disks are conveniently used for measuring just σxx, although
this is not a four probe method.

3.1.2 Effect of scattering

Let us consider the components of the conductivity tensor in more detail from
the motion of electrons in the presence of both a static magnetic field and an
electric field. The classical equation of motion of electrons is described as

m∗ dv

dt
= −m∗ v

τ
− e(E + v ×B). (3.18)

If the magnetic field is in the z-direction and the electric field is in the x-direction,
Eq. (3.18) is reduced to

m∗ dvx
dt

= −m∗ vx
τ
− eE − evyB, (3.19)

m∗ dvy
dt

= −m∗ vy
τ

+ evxB. (3.20)

Here the first terms of the equations represent the scattering of electrons by
various mechanisms with a relaxation time of τ . When the electron scattering is
neglected, assuming τ →∞, the solution of the equation is

x = A cos(ωct), (3.21)

y = A sin(ωct)− E

B
t, (3.22)

where A is a constant and ωc = eB/m∗ is the cyclotron angular frequency. The
motion is a cycloid motion as shown in Fig. 3.3 (a). The center of the circular
motion of electrons moves towards the –y-direction, which is perpendicular to
both the electric field and the magnetic field, with a velocity

vd =
E

B
. (3.23)

This velocity is called the drift velocity. Equation (3.22) shows that apart from
the circular motion, electrons never move in the direction parallel to the electric
field E in a long-term average.



68 MAGNETO-TRANSPORT PHENOMENA

Fig. 3.3. Cycloid motion of an electron in the presence of a magnetic field B and a
perpendicular electric field E. (a) without scattering, (b) with scattering.

Electrical conduction in the E direction occurs by the scattering of electrons.
Namely, when the scattering takes place, the center of the cyclotron motion
jumps to a new position. As such a jump takes place randomly at every scattering,
the motion of the center coordinate is random. When the static electric field in
the x-direction is present, however, the coordinate moves to the x-direction on
average, as shown in Fig. 3.3 (b). This can be understood by obtaining the steady
state solution of (3.19) and (3.20). If we assume the left sides of these equations
to be zero taking the long time average, we obtain

σxx = σyy = −nevx
E

=
ne2τ

m∗
1

1 + (ωcτ)2

= neµ
1

1 + (ωcτ)2
, (3.24)

σxy = −nevy
E

=
ne2τ

m∗
ωcτ

1 + (ωcτ)2

= neµ
ωcτ

1 + (ωcτ)2
= ωcτσxx, (3.25)

where

µ =
eτ

m∗ (3.26)
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is the carrier mobility. In the long run, the electron moves along the electric field
in average after repeated scatterings. Thus the conduction in the direction of the
electric field occurs due to the scattering.

Equation (3.25) can be further transformed to

σxy = −ne

B
− 1

ωcτ
σxx. (3.27)

In the limit of ωcτ →∞ (3.27) leads to

σxy → −ne

B
. (3.28)

3.1.3 Quantum theory of transport phenomena in high magnetic fields
As we saw in the classical treatment discussed in the previous section, change of
the center coordinate by carrier scattering plays an important role in transport
phenomena in magnetic fields. Components of the conductivity tensor can also
be derived by quantum mechanical treatment. Quantum theory of the transport
property of carriers in magnetic fields was developed by Kubo, Miyake, and
Hashizume [2]. In the following, we survey the theory to derive the conductivity.

Suppose the magnetic field is in the z-direction, and there is a scattering
potential U(r). Using the quasi-momentum P defined by (2.21), the Hamiltonian
is given by

H = H0 + U(r), (3.29)

where

H0 =
P 2

2m
= E0 (3.30)

is the Hamiltonian representing the electron motion without the scattering po-
tential. The magnetic field causes the cyclotron motion, but the conductivity is
determined by the motion of the center coordinates (X,Y ). So that we sepa-
rate the the variables (x, y) into (X,Y ) and (ξ, η) as in (2.28). Then the kinetic
equations for Px, Py, ξ, and η can be expressed as,⎧⎪⎪⎨⎪⎪⎩

Ṗx =
(

i

h̄

)
[H, Px] = −eB

∂E0
∂Py

− ∂U(r)
∂x

,

Ṗy =
(

i

h̄

)
[H, Py] = eB

∂E0
∂Px

− ∂U(r)
∂y

,
(3.31)

ξ̇ =
∂E0
∂Px

− 1
eB

∂U

∂y
, η̇ =

∂E0
∂Py

+
1

eB

∂U

∂x
, (3.32)

ẋ =
(

i

h̄

)
[H, x] =

∂E0
∂Px

, ẏ =
(

i

h̄

)
[H, y] =

∂E0
∂Py

. (3.33)

From these relations, we can derive equations of motion for the center coordi-
nates,

Ẋ =
1

eB

∂U

∂y
,
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Ẏ = − 1
eB

∂U

∂x
. (3.34)

We can see that the center coordinates are affected by the scattering due to the
potential U and this leads to the current. The interesting point is that the motion
of the center coordinates is caused by the gradient of the potential (electric field)
in the perpendicular direction. This is because of the action of the Lorentz force
caused by the magnetic field.

The components of the conductivity tensor can be obtained by starting from
the general Kubo formula with respect to the current jµ in the µ direction,

σµν(ω) = V −1
∫ ∞

0
dte−ωt

∫ β

0
dλ < jν(−ih̄λ)jµ(t) > (µ, ν = x, y, z)

(3.35)
giving the amplitude and phase of the AC current with a frequency ω. The tensor
components for DC case (ω = 0) can be obtained as follows.

σxx =
e2

2kTV

∫ ∞

−∞
dt < ẊẊ(t) >,

σxy =
e2

2kTV

∫ ∞

−∞
dt < ẊẎ (t) >.

Here, β is 1/kT and

jµ =
∫

Ψ(r)†jµΨ(r)dr, (3.36)

with the single electron expression of the current in the µ direction jµ,

Ẋ =
∫

Ψ(r)†ẊΨ(r)dr,

Ẏ =
∫

Ψ(r)†Ẏ Ψ(r)dr. (3.37)

In the above equations, Ψ(r) is the many electron wave function in the second
quantization. Taking account of the actual potential, σxx and σxy can be calcu-
lated. As we have seen in the classical treatment (3.28), in the strong magnetic
field limit,

σxy → −ne

B
, RH =

1
ne

. (3.38)

On the other hand, σxx is calculated taking account of different scattering mech-
anisms. By using relations Ẋ = (i/h̄)[U,X], etc., it can be shown that

σxx =
2πe2

h̄V

∫ ∞

−∞
dE
(
−∂f

∂E
) ∑
NXpz

∑
N ′X′p′

z

(X −X ′)2

< |< NXpz|U |N ′X ′p′
z >|2 >s δ(E − EN (pz))δ(E−EN ′(p′

z))

. (3.39)

Replacing the term associated with the scattering by τ−1, we obtain
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σxx 	 neffe
2

kT

1
2
(X −X ′)2τ−1. (3.40)

Here <>s denotes the average over the scatters and the primes indicate the pa-
rameters after the scattering. The above formula shows that σxx is proportional
to the scattering probability τ−1 and to the square of the shift of the center
coordinate per scattering ∆X = X −X ′.

There are elastic scattering and inelastic scattering of carriers. An example of
the former case is impurity scattering. A typical example of inelastic scattering
is phonon scattering where electrons absorb or emit the energy of phonons at
every collision.

In the case of elastic scattering, the feature of the conductivity is different
depending on the extension of the potential (the force range) a relative to the
extension of the electron wave function (the magnetic length) l. As ∆X = −l2qy
(r is the Fourier component of the scattering potential), the dominant contri-
bution is given by different components of qy. For a short-range potential with
a � l, the largest contribution to the conductivity occurs for |∆X| ∼ l. There-
fore, X−X ′ in (3.39) can be approximated by l. For a long-range potential with
a � l, on the other hand, we can set |∆X| ∼ l2/a.

3.2 Shubnikov-de Haas effect

3.2.1 Shubnikov-de Haas effect in bulk semiconductors and semimetals

Equation (3.39) can be rewritten in the form

σxx ∝
∑
E

∂f(E)
∂E (X −X ′)2D(N, k)D(N ′, k′), (3.41)

where f(E) is the Fermi distribution function, D(N, k) and D(N ′, k′) are the
density of states in the initial and the final states in a scattering. If kT � EF ,
∂f/∂E shows a sharp peak at the Fermi energy EF . Therefore, σxx is proportional
to the density of states at the Fermi level EF . As the density of states diverges
when the energy is equal to the Landau level energy, the conductivity increases
divergently every time the Fermi level EF crosses the N -th Landau level EN , ie.

EF = EN . (3.42)

More specifically, if the band structure is a simple parabolic dispersion in the
three-dimensional case,

σxx ∼
∫

dE
∑
N,N ′

(
−∂f

∂E
)

LNN ′(E)
[E − (N + 1

2 )h̄ωc]1/2[E − (N ′ + 1
2 )h̄ωc]1/2

, (3.43)

where LNN ′(E) is a slowly varying function of E . For N = N ′, the integral
diverges logarithmically E = (N + 1

2 )h̄ωc. In the actual system, the Landau
levels are broadened by the scattering, so that the divergence is avoided, but the
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conductivity shows a sharp change at this point. In two-dimensional systems,
the density of states shows a delta-function-like divergence at the Landau levels.
Therefore, the conductivity shows an oscillatory change with strong peaks every
time EF crosses the Landau levels. Here again, the divergence is suppressed by
the broadening of the Landau levels due to the scattering. The oscillatory change
of the magneto-resistance with sharp peaks at the condition (3.42) is called the
Shubnikov-de Haas effect. The Shubnikov-de Haas effect is similar to the de
Haas-van Alphen effect that appears in the magnetization. However, a difference
is that the former occurs due to the dissipative phenomena involving carrier
scattering whilst the latter is a phenomenon in a thermodynamical quantity.

The condition of the Shubnikov-de Hass effect can be written as

EF =
(

N +
1
2

)
h̄ωc. (3.44)

As σxx exhibits sharp peaks, the transverse magneto-resistance ρxx shows max-
ima at the condition (3.44) from the relation (3.8). The longitudinal magneto-
resistance ρzz also shows maxima in the same condition. When the energy band
is a simple parabolic band, (3.44) can be transformed to

N +
1
2

=
m∗EF

h̄e

1
B

. (3.45)

If EF ∼= constant as is the case mostly for N � 1, the oscillation is periodic with
respect to 1/B. In the case of a non-parabolic band, maxima appear whenever
the Fermi level crosses the Landau level.

In semimetals such as Bi or graphite, the Hall conductivity σxy is almost zero
due to the cancellation of the contribution of the same amount of electrons and
holes. Therefore, from (3.8), ρxx ∼= 1/σxx. The Shubnikov-de Haas peaks thus
appear as minima in the transverse magneto-resistance [81]. As there are Landau
levels of both electrons and holes, minima appear for electron levels and hole
levels. Figure 3.4 shows experimental traces of the Shubnikov-de Haas effect in
Bi and Bi-Sb alloys with different Sb concentrations x for magnetic fields applied
parallel to the binary axis [82]. We can see spike-like drops at conditions (3.42).
It is also clear that each peak has a longer tail in the high field side, reflecting
the three-dimensional density of states of the Landau levels. In Bi, the overlap
energy E0 between the electron band and the hole band is 38.5 meV. When we
apply magnetic fields, E0 diminishes as the energy of the lowest Landau levels of
electrons and holes increase and cross each other. At a magnetic field for such a
crossing, semimetal to semiconductor transition takes place. The semimetal to
semiconductor transition in Bi for B ‖ binary axis was observed in far-infrared
transmission spectra at B = 88 T [83]. In Bi-Sb alloys, E0 decreases as the Sb
concentration is increased, and such a transition can be observed at a lower field
as the last minimum of the series of the Shubnikov-de Haas oscillation. For a
sample of x = 4.4%, there is a sharp rise in the magneto-resistance due to the
semimetal to semiconductor transition.
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Fig. 3.4. Shubnikov-de Hass effect in Bi and Bi-Sb solid solutions with different Sb
concentrations [82].

The Shubnikov-de Haas effect is also described by the semiclassical treat-
ment, which we saw in Section 2.3. The Bohr-Sommerfeld quantization condition
(2.106) for the Shubnikov-de Haas effect peak to occur is expressed as

A(EF , kz) = (N + γ)
2π
l2

= (N + γ)
eB

h̄
, (3.46)

where A is the extremal cross-section of the Fermi surface, defined by

∂A

∂kz
= 0, (3.47)

on the Fermi surface. γ is the phase factor, usually 1/2. Thus the Shubnikov-de
Haas effect is a useful means for obtaining information about the cross section
of the Fermi surface.

For observing the Shubnikov-de Haas oscillation, a low temperature is es-
sential, as a well-defined Fermi level is necessary. As temperature is elevated,
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the sharp edge of the electron distribution at the Fermi level is broadened by
thermal excitation and the oscillation is obscured. The oscillatory part of the
magneto-resistance has been studied theoretically by many authors. According
to Roth and Argyres, a detailed calculation derives an expression of the magneto-
resistance as follows [84]. The longitudinal magneto-resistance ρ‖ is:

ρ‖ ∼= ρ0

[
1 +

∞∑
r=1

br cos
(

2πEF
h̄ωc

r − π

4

)]
, (3.48)

where

br =
(−1)r

r1/2

(
h̄ωc
2EF

)1/2 2π2rkT/h̄ωc
sinh(2π2rkT/h̄ωc)

cos(πνr) exp
(−2πΓr

h̄ωc

)
. (3.49)

In (3.49), cos(πνr) is a result of the spin of the electron. The transverse magneto-
resistance ρ⊥ is:

ρ⊥ = ρ0

[
1 +

5
2

∞∑
r=1

br cos
(

2πEF
h̄ωc

r − π

4

)
+ R

]
, (3.50)

R =
3
4

h̄ωc
2EF

{ ∞∑
r=1

br

[
αr cos

(
2πEF
h̄ωc

r

)
+ βr sin

(
2πEF
h̄ωc

r

)]
− ln

(
1− e4πΓ/h̄ωc

)}
,

(3.51)
where br is given by (3.49) and

αr = 2r1/2
∞∑
s=1

1
[s(r − s)]1/2

e−4πsΓ/h̄ωc , (3.52)

βr = r1/2
r−1∑
s=1

1
[s(r − s)]1/2

. (3.53)

In (3.50) R is in practice much smaller than the first term. These expressions
are a little complicated, but if we see the fundamental frequency (r = 1), it is
clear that the resistance should oscillate with a frequency shown in (3.45) apart
from a phase factor. In (3.49) and (3.52), Γ indicates the effect of damping aris-
ing from the broadening of the Landau levels. Γ/k is called Dingle temperature.
It is a measure of the broadening and damping of the oscillation. In the above
expressions of the Shubnikov-de Haas effect, if we take notice of only the temper-
ature dependence of the fundamental frequency, we obtain the following simple
relation for the amplitude of the oscillatory part of the magneto-resistance,

∆ρ ∝ χ

sinhχ
(3.54)

with χ = 2π2kT/h̄ωc. ∆ρ is a monotonically decreasing function of χ. Using this
relation, the effective mass m∗ can be obtained from the temperature dependence
of the amplitude of the Shubnikov-de Haas oscillation.
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3.2.2 Shubnikov-de Haas effect in two-dimensional systems
As the density of states of the Landau levels are delta-function-like, the Shubnikov-
de Haas effect is more pronounced in two-dimensional systems than in three-
dimensional cases. The Shunikov-de Haas effect in a 2D system was first re-
ported by Fowler et al. for Si-MOS-FET [85,86]. Since then, many studies have
been made on the quantum transport phenomena in two-dimensional systems
and these have led to the discovery of the quantum Hall effect. The oscillatory
conductivity of the Shunikov-de Haas effect was theoretically derived by Ando
as follows [14,87,88]:

∆ρxx ∝ χ

sinhχ
exp

(
− π

ωcτ

)
cos 2π(ν − 1/2). (3.55)

As a typical example of the Shubnikov-de Haas effect of Si-MOS-FET, we
show the data by Kawaji and Wakabayashi in Fig. 3.5 [89]. Si has six valleys
as shown in Fig. 2.8. When the growth direction is along the < 100 > axis, the
quantum subbands formed in the valleys in the < 100 > and < 1̄00 > direction
(hatched valleys) have lower energies than the other valleys, because of the larger
effective mass in the direction of the quantizing potential. With normal carrier
concentration, electrons are populated only in the lowest subbands of these two
valleys. Each Landau level has a four-fold degeneracy; two by the valleys, and
two by spins. The spin degeneracy is lifted by magnetic field and the valley
degeneracy is lifted by potentials. Accordingly, the Shubnikov-de Haas peak for
each Landau level splits into four peaks. The larger splitting is due to the spin
Zeeman effect and the smaller splitting is due to the valley splitting. In Si-MOS,
the carrier concentration in the 2D channel can be controlled by the gate voltage
VG, so that instead of changing the magnetic field, we can sweep VG at a constant
magnetic field to observe the Shubnikov-de Haas effect.

In Fig. 3.5, each set of four split peaks belonging to the same Landau levels
has nearly the same height. This feature was first explained by Ando et al. [90]
analyzing the experimental data of Kobayashi and Komatsubara [91], as shown
in Fig. 3.6. According to the quantum theory of the transverse conductivity, as
discussed in Section 3.1.3, the peak height of the Shubnikov-de Haas oscillation
can be derived from an expression like (3.39),

(σxx)max ∼
e2

V
Dmax 1

τ
(X −X ′)2. (3.56)

The change of the center coordinate of the N -th Landau level at the scattering
is considered to be

X −X ′ 	 2r(N)c , (3.57)

where Dmax is the maximum of the density of the states and r
(N)
c is the cyclotron

orbit radius for the N -th Landau level,

r(N)c 	
(

N +
1
2

)1/2
l. (3.58)



76 MAGNETO-TRANSPORT PHENOMENA

Fig. 3.5. Shubnikov-de Hass effect in an n-channel inversion layer of Si-MOS-FET [89].
The measurement was carried out for a Corbino disk sample. Transverse conductiv-
ity σxx is shown as a function of the gate voltage VG which is almost proportional
to the electron concentration. ESD is the electric field across the source and drain
electrodes.

On the other hand, Dmax has a relation with the broadening of the 2D Landau
levels. For the short-range scattering as in the case of impurity scattering, Ando
showed by a self-consistent Born approximation that it is represented by the
following formula [14,92].

ρ(E) =
1

2πl2

∑
N

2
π

[
1−

(E − EN
Γ

)2]1/2 1
Γ

, (3.59)

where Γ is the line width brought about by the impurity scattering, and repre-
sented by

Γ2 ∼ 4Ni|V |2
2πl2

, (3.60)

with Ni being the density of scatters and V is the matrix element of the scat-
tering. As the total density of states in one Landau level is expressed as (2.73),
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Fig. 3.6. Shubnikov-de Haas oscillation in Si-MOS at different magnetic fields [90].

DmaxΓ ∼= 1
2πl2

. (3.61)

As we can set Γτ ∼ h̄ from the uncertainty principle, we can obtain

(σxx)max ∼
e2

V

1
2πl2

· 1
Γ
· 1
τ

(2l2)
(

N +
1
2

)
∼ 4e2

V h

(
N +

1
2

)
. (3.62)

An interesting point is that the peak height does not depend on magnetic field
nor on material parameters, which is actually observed in the experiment, as
shown in Fig. 3.6. The simple relation above well explains the peak height of the
Shubnikov-de Haas effect in Si-MOS-FET.

Another remarkable feature observed in Fig. 3.5 is that there are some ranges
where σxx is completely zero. The zero σxx can be understood by considering
the fact that the density of states becomes zero between the Landau levels. The
fraction of the number of states of a Landau level filled with electrons,

ν =
n

1/2πl2
=

n

(eB/h)
(3.63)

is called the filling factor. The zero conductivity occurs whenever the Fermi level
crosses the gap between the Landau levels. Thus the condition of zero conduc-
tivity is that the filling factor ν of the Landau level becomes an integer number.
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However, at first sight it looks strange that there are some finite ranges of the
carrier density where the conductivity is zero, as the Fermi level should always
lie on the finite density of states except for just one point even if the Landau
level is discrete. The zero σxx was explained in terms of the localized states
in the tail part on both sides of the Landau level in which the electrons are
immobile. Immobile states in the Landau levels are made by the Anderson local-
ization [93]. According to the scaling theory of Abrahams et al., two-dimensional
electron system are always localized at low enough temperatures [94]. However,
in high magnetic fields, there are some mobile states in the center of the Lan-
dau levels. Therefore, there are extended states in the central part and localized
states in the tail part in each Landau level in high magnetic fields. Such localized
states are the origin of the zero conductivity. These states are also responsible
for the quantum Hall effect, as will be discussed in the next section. Peaks of the
Shubnikov-de Haas effect are designated by labels, (N, ↑,+), (N, ↑,−), (N, ↓,+),
and (N, ↓,−), where N denotes the Landau level number, the arrows indicate
the spin direction and ± denotes the valley. We can see that at low drain-source
field ESD, the lowest peak (0, ↑,+) almost disappears. This means that the low-
est Landau level is almost localized. As ESD is increased, the peak becomes
discernible because the electrons are heated up by the bias voltage.

3.3 Quantum Hall effect

3.3.1 Integer quantum Hall effect

In 1980, von Klitzing discovered a remarkable phenomenon in the Hall effect of
Si-MOS-FET [95, 96]. Figure 3.7 shows the data of the Hall effect in Si-MOS-
FET observed by von Klitzing, Dorda and Pepper [95]. In the region where the
voltage along the current Upp is zero in the vicinity of the integer filling of the
N -th Landau level, the Hall voltage UH shows a plateau, and the Hall resistance
at the plateau is represented by

ρxy =
h

Ne2
. (3.64)

The characteristic features of the quantum Hall effect can seen in plots of σxx and
σxy, as shown in Fig. 3.8 [97]. In the vicinity of the zero σxx at an integer ν, there
are some plateau regions of the Hall voltage in some ranges of magnetic field or
the gate voltage. Moreover, at the plateau, the Hall resistance takes a constant
value which can be determined only by fundamental physical parameters, and is
not dependent on any material parameters. When the filling factor (3.63) is an
integer N ,

N =
n

(eB/h)
. (3.65)

If we assume that the above relation holds throughout the plateau region where
σxx = σyy = 0, then we obtain Eq. (3.64) from (3.27). In the data of the Hall
voltage as shown in Fig 3.7, von Klitzing et al. confirmed that the Hall resistance
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Fig. 3.7. Quantum Hall effect observed in Si-MOS [95]. UH and Upp are the Hall
voltage and the voltage along the current, respectively.

actually is constant expressed by (3.64) within an accuracy of ppm in the plateau
region. The phenomenon is called the quantum Hall effect. The value of ρxy for
N = 1,

h

e2
= 25812.807449 Ω (recommended value of 2002 CODATA). (3.66)

is called the “von Klitzing constant RK”and now adopted as an international
standard of the electrical resistance. A remarkable feature of the quantum Hall
effect is that the plateau is almost completely flat and that the above value, which
consists of only fundamental physical constants, can be determined extremely
accurately. The quantity (3.66) has a similar form to the fine structure constant,

α =
e2

h

µ0c

2
, (3.67)

so that the quantum Hall effect can also be employed for determining α very
accurately.

The quantum Hall effect was first found in Si-MOS but it has been observed
in many other two-dimensional systems. As the sample quality was improved,
very pronounced plateaus are observed. A typical example of the data of the
quantum Hall effect in GaAs/AlGaAs heterostructures is shown in Fig. 3.9 [98].
We can see that the plateau regions are very wide and ρxy rises from one plateau
to the next very steeply.
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Fig. 3.8. Quantum Hall effect observed for the four N = 0 Landau levels in σxx and
σxy in Si-MOS-FET at different temperatures [97]. By controlling the gate voltage
VG, the electron density n and the filling factor ν can be varied. In the region where
σxx = 0, plateaus in σxy are observed. A straight broken line in the upper frame is
a theoretical line expected for the classical Hall effect (ne/B).

The quantum Hall effect is now understood as a phenomenon associated
with the localized states in the Landau level. As shown in Fig. 3.10 (a), there
are localized states in the tail part of the both sides of the Landau levels (the
hatched area in (a)). As shown in (b), the diagonal conductivity σxx is zero when
the Fermi level (EF ) is in this region. In the central part of the levels there are
extended states and the conductivity σxx is finite when the Fermi level EF is in
this region. The Hall conductivity –σxy is an integer 0 or 1 in the unit of e2/h
when EF is in the localized states, and changes in between when EF is in the
extended states. For simplicity, the case for the first Landau level is shown in
Fig. 3.10. But if we convert the range of the abscissa from [0, 1] to [N−1, N ]
and that of the ordinate from [0, e2/h] to [(N − 1)e2/h, Ne2/h], a similar shape
can be obtained for the N -th Landau level.

The quantum Hall effect has been explained by several theoretical models.
Laughlin showed elegantly that the effect is explained by considering the gauge
invariance [99]. Below we introduce the argument of Laughlin on the quantum
Hall effect. The arrangement of the sample, magnetic field, and the current for
measuring the Hall effect is shown in Fig. 3.11 (a). If there is a periodic boundary
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Fig. 3.9. Quantum Hall effect observed in a GaAs/AlGaAs heterostructure [98].

condition we can connect both edges of the sample and think of a ring with a
radius r and the length w as shown in Fig. 3.11 (b). The magnetic field is applied
in the perpendicular direction to the ring surface, and the bias voltage is applied
to the axial direction of the ring (x-direction). We introduce a fictitious magnetic
flux φ inside the ring. The vector potential in the azimuthal direction due to the
flux is

Aθ = Lφ, (3.68)

where L is the circumference of the ring, L = 2πr. As discussed in Section 2.2,
if all the states are localized, the effect of magnetic flux on the electron energy
can be cancelled by converting the electron wave function

Ψ → exp (ieAx/h̄) Ψ. (3.69)

For extended states, on the other hand, from the boundary condition,

A = N · h

eL
(3.70)

is necessary. When there is an electric field along the x-axis, the electron energy
is changed by the introduction of φ. As discussed in Section 2.5.1, in the crossed
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Fig. 3.10. Density of states and the conductivity as a function of the position of the
Fermi level. The abscissa is represented in scale of the filling factor of the Landau
level ν = n/N2D = 2πl2n. (a) Density of states D(E) of the first Landau level. (b)
Conductivity σxx as a function of EF . (c) Conductivity −σxy as a function of EF .

electric and magnetic field as shown in Fig. 3.11 (b), the energy of the electrons
is

Ek,N =
(

N +
1
2

)
h̄ωc +

m∗

2

(
E

B

)2
− eEX, (3.71)

and the momentum in the y-direction is

h̄ky = −eBX −m∗ E

B
. (3.72)

The vector potential in the presence of a static field perpendicular to the sample
surface is

A = (0, Bx, 0). (3.73)

Addition of a flux ∆φ causes a change in A by ∆A in the y-direction,

A → (0, Bx + ∆A, 0) =
(

0, Bx +
∆φ

L
, 0
)

, (3.74)

so that it gives rise to a shift of X

X → X − ∆A

B
. (3.75)
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Fig. 3.11. (a) Ring after rolling a sample and connecting both edges. The bias electric
field is applied parallel to the axis of the ring (x-direction). The Hall current is
induced in the azimuthal direction of the ring. The external magnetic field is per-
pendicular to the surface of the ring. The radius of the ring is r. Fictitious magnetic
flux Φ is introduced in the ring. (b) View from the top of the sample in the normal
direction along the external magnetic field.

The shift of the center coordinate (3.75) gives rise to the change of energy

∆E = eE
∆A

B
. (3.76)

When we increase a flux by a unit flux ∆φ = h/e,

∆A =
∆φ

L
=

h

Le
, (3.77)

and
∆X =

∆A

B
=

h

LeB
. (3.78)

∆X is equal to the spacing between the center coordinates of neighboring states,
as shown in (2.71) in Section 1.1. Therefore, the addition of the unit flux corre-
sponds to the shift of the electrons to the neighboring states. If all the extended
states are occupied, the energy change by this shift is equal to that for the move
of integer number (n) of electrons from one electrode to the other over a potential
V , and is written as

∆U = neV. (3.79)

As the Hall current I is considered to be a derivative of the energy with respect
to the flux,

I =
∆U

∆φ
= n

e2

h
V. (3.80)

Therefore, we can obtain the quantized Hall conductivity,
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σxy =
I

V
= n · e2

h
. (3.81)

Since the energy of the localized states does not change by a change of A, the
above argument holds even if there are localized states. In this way, Laughlin’s
explanation showed that the quantum Hall effect is a result of a very fundamental
quantum phenomenon described by the gauge invariance under the condition
that σxx = 0 holds due to the Anderson localization.

The quantum Hall effect was also explained by an analysis based on the Kubo
formula by Aoki and Ando [100]. They showed that if the states at the Fermi
level EF are localized σxy is constant, and is −Ne2/h when EF is in the localized
states between the N -th and N+1-th Landau level.

In the quantum Hall regime, the current path is quite peculiar because the
Hall angle is almost 90◦, and the current is pushed towards the edges of the
current. Near the edges of the sample, the energy of the Landau levels is increased
due to the potential near the edge, and the electrons display a skipping motion,
as shown in Fig. 2.14. If there are N Landau levels below the Fermi level, there
are N states which conduct current. The current paths by these edges states
are called edge channels. The quantum Hall effect is also explained by the edge
current which flows through the edge channels. Figure 3.12 (a) shows energies
of Landau levels with a finite width as a function of the center-coordinate of
the cyclotron motion X, and Fig. 3.12 (b) shows the edge currents in a Hall
bar sample with six contacts in the quantum Hall regime. Electrons in the edge
channels at the same edge conduct a motion in the same direction, and the
velocity in the j-th channel is given by

Fig. 3.12. (a) Energy of edge states in a sample with a finite width as a function of the
center-coordinate of the cyclotron motion. (b) Edge currents in a Hall bar sample
in the quantum Hall effect regime. A case when there are two channels is depicted.
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vj(k) =
1
h̄

∂Ej(k)
∂k

, (3.82)

where Ej(k) is the energy of the edge states at the center coordinate X = −l2k
(see Eq. (2.58)). The total current through the edge channels is then

J =
−e

h̄

1
2π

q∑
j=1

∫ kmax
j

kmin
j

dk
∂Ej(k)

∂k
= − e

h

q∑
j=1

[Ej(kmaxj )− Ej(kminj )
]
, (3.83)

where kmaxj and kminj are the maximum and minimum wave vector component
of the edge states occupied by electrons, and q is the number of edge channels
below the Fermi level. In the presence of the current J , there is a difference in
the chemical potential between the left and right electrodes in Fig. 3.12 (a), and
this difference gives the Hall voltage VH . The Hall voltage is considered to be
the average of the energy differences of the edge states in both the left and the
right edges, so that

−eVH =
1
q

q∑
j=1

[Ej(kmaxj )− Ej(kminj )
]

= −1
q

Jh

e
, (3.84)

From (3.83) and (3.84), we obtain the Hall resistivity,

ρH = ρxy =
VH
J

=
h

e2
1
q
. (3.85)

Thus the Hall effect is quantized with an integer q. More detailed treatment
including the mixing of the bulk states and the edge states as well as the many
electrodes, the quantum Hall effect in terms of the edge states is explained by
using the Landauer formula [101].

In the quantum Hall regime, the diagonal conductivity σxx is zero, but in-
creasing the temperature, a certain number of electrons are thermally excited
to higher Landau levels and from the fully occupied Landau level. Thus from
the temperature dependence with a form σxx = σ0 exp(−∆/2kBT ), we can ob-
tain the energy gap ∆. For an even quantum number, ∆ is h̄ωc, and for an odd
quantum number, ∆ should be the spin splitting g∗µBB. In GaAs, the effective
g-factor is very small (–0.44), so that for the odd quantum number, ∆ should
be very small. In reality, however, such an excitation energy should be larger
than expected from the g-factor of a single electron [102,103]. This is due to the
exchange interaction between different spin states. Due to the exchange interac-
tion, when spins are excited from the ground state, several spins are collectively
reversed to form a smoothly changing spin state rather than a reversal of just
a single spin. Such an excitation is called Skyrmion. The Skyrmion excitation
was observed not only in transport measurements but also in nuclear magnetic
resonance (NMR) experiments [104] and magneto-optical experiments [105].
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Fig. 3.13. The data of the fractional quantum Hall effect first observed by Tsui,
Störmer, and Gossard in a GaAs/AlGaAs heterostructure [106]. Plateaus are ob-
served in ρxy and minima in ρxx at fractional filling factors.

3.3.2 Fractional quantum Hall effect

As shown in the previous section, the quantum Hall effect discovered by von
Klitzing is characterized by a vanishing σxx and a plateau of σxy at an integer
filling factor. In 1982, a similar phenomenon was discovered at a fractional filling
factor in a GaAs/AlGaAs heterostructure by Tsui, Störmer and Gossard [106].
Figure 3.13 shows the data of ρxx and ρxy in GaAs/AlGaAs reported by Tsui
et al. [106]. The plateaus were observed at filling factors ν = 1/3 or 2/3, and
simultaneously σxx shows sharp drops. Later it was found that the phenomenon
takes place generally at a fractional filling with odd numbers of denominator
such as 1/3, 2/3, 2/5, 3/5, 3/7, 4/7, · · · in two-dimensional electron systems. This
effect is now called the “fractional quantum Hall effect”(FQHE), as distinguished
from the “integer quantum Hall effect”which occurs at an integer filling. The
FQHE is generally observed in high quality samples at low temperatures (usually
below T < 1 K). As the quality of the samples of GaAs/AlGaAs was improved,
many more structures corresponding to different fractions were observed as an
extremely sharp drop of σxx [107–109]. An example of such structures of σxx is
shown in Fig. 3.14 [108]. The dip of σxx shows an activation behavior as
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Fig. 3.14. The fractional quantum Hall effect observed in a high mobility
GaAs/AlGaAs system at T = 30 mK by Du et al. [108]

ρxx ∝ exp (−∆/kT ) , (3.86)

indicating the existence of some energy gap.
An explanation of the origin of the FQHE was also given by Laughlin [110] in

terms of electron-electron interaction. As described in Section 2.1, electron wave
function of the ground state (N = 0) in a magnetic field is written as

Ψ0m = |0,m >=
1

(2πl22mm!)
1
2

(z

l

)m
exp

(
−|z|

2

4l2

)
, (3.87)

in the symmetric gauge, where we put

z = x + iy. (3.88)

If we assume that the sample is a disk with a radius of R, the maximum value
M of m is determined by

(2M + 1)
1
2 l = R, (3.89)

so that

M 	 1
2

(
R

l

)2
. (3.90)

Setting l a unit of length (l = 1), the wave function of a single electron in
the ground state is generally written as

Ψ(z) = C exp
(
−1

4
|z|2

)
f(z). (3.91)
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From (3.87), f(z) is a polynominal of M -th order at most, so that (3.91) can be
written as

Ψ(z) = C exp
(
−1

4
|z|2

) M∏
m=1

(z − zm). (3.92)

zm can be considered as a kind of vortex, since the phase is changed 2π by
a rotation around it. Since the maximum value of m is M , the density of the
vortices nvor is

nvor =
M

πR2
=

1
2πl2

=
B

φ0
=

eB

h
. (3.93)

The density of electrons ne, on the other hand, is

ne =
ntotal
πR2

. (3.94)

The filling factor is

ν =
ntotal
M

=
ne

nvor
=

B

φ0
=

eB

h
. (3.95)

Laughlin considered that the ground state of the many electron wave function
for a filling factor of ν = 1/m should be written as

Ψm =

⎡⎣∏
i>j

(zi − zj)m

⎤⎦ exp

(
−1

4

∑
k

|zk|2
)

. (3.96)

As the sign of the wave function should be reversed by commuting the two
particles i and j, m in (3.96) should be an odd integer. The above wave function
was derived by a superb intuition and analogy, but it was shown that it really
represents the lowest energy of an interacting many electron system in a magnetic
field. The state is a new type of quantum liquid. The many electron system
represented by a wave function (3.96) is called the Laughlin state. Thus when
the filling factor is 1/m with an odd integer, the fractional quantum Hall state is
realized. For ν = 1− 1/m such as 2/3, 4/5, · · ·, holes in the Landau level forms
the Laughlin states, so that the FQHE occurs.

When ν deviates slightly from 1/m or 1 − 1/m, the state consists of the
Laughlin state with 1/m and some quasi-particles (quasi-electrons or quasi-holes)
excited from the Laughlin state. As the number of quasi-particles is increased,
the quasi-particles form a new Laughlin state, and the system forms a Laughlin
state of electrons plus a Laughlin state of quasi-particles when

ν =
1

m± 1
m1

. (3.97)

When ν deviates further from (3.97), the quasi-particles excited from the state
forms a new Laughlin state. In this way, many daughter states appear as sub-
structures of a hierarchy represented by



QUANTUM HALL EFFECT 89

Fig. 3.15. Hierarchy of the fractional quantum Hall effect starting from the ν = 1/3
(left) and ν = 2/3 (right).

ν =
1

m +
α1

m1 +
α2

m2 +
α3

m3 + · · ·

, (3.98)

where mi (i =1, 2, · · · ) is an even integer and αi is 0 or ±1. The hierarchy of
structures originating from ν = 1/3 and 2/3 is shown in Fig. 3.15. Thus not only
the 1/m or 1 – 1/m peaks, but also other observed FQHE peaks were successfully
explained by the Laughlin theory [111–113].

Later, it was found that the FQHE can also be interpreted in terms of a dif-
ferent model, called “composite Fermion”. In very high mobility samples, many
sharp minima are observed for ρxx, as shown in Fig. 3.14. When we carefully
inspect the data such as Fig.3.14, we find that the graph shows almost a mirror
symmetry with respect to ν = 1/2. Moreover, the strength of the peaks is not
in the order of the hierarchy as shown in Fig. 3.15. Based on these observations
Jain proposed a composite Fermion model [114,115]. According to this model, a
heavy Fermion is composed of an electron and associated with even number of
unit fluxes Φ0 = h/e. In the composite Fermion model, when a total magnetic
flux density B is applied to an electron system of the concentration of n, we con-
sider that an even number 2p quantum fluxes are accompanying each electron to
form a composite Fermion, and that the remaining flux is an effective field for
composite Fermions as shown in Fig. 3.16. Defining the number of unit flux q in
a flux density B, we obtain

B = qΦ0. (3.99)

If we define the number of the unit flux q0 and the flux density B0 corresponding
to a filling factor ν = 1/2N (N = 1, 2, · · · ),

q0 = 2Nn. (3.100)

B0 = q0h/e. (3.101)

The FQHE is regarded in this model as the Shubnikov-de Haas effect or the
integer quantum Hall effect of composite Fermions for an effective field B∗ =
|B − B0|. As discussed in Section 3.2, peaks of the Shubnikov-de Haas effect or
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Fig. 3.16. Composite Fermion model. The case for p = 1 (two flux quanta attached
to one electron) is shown.

the quantum Hall plateaus occur when a certain number of the Landau levels
are completely filled with electrons. For composite Fermions, this condition for
the p-th peak is given by

pN2D(B∗) = p
e

h
B∗ = n, (3.102)

and then
p|q − 2Nn| = n. (3.103)

Thus we obtain a filling factor for the p-th peak in the Shubnikov-de Haas effect
of composite Fermions as

ν =
n

q
=

p

2pN ± 1
. (3.104)

The above argument implies that the condition for the integer quantum Hall
effect of composite Fermions is that for the FQHE of electrons. For instance, the
FQHE of electrons at ν = 1

3 ,
2
5 corresponds to the integer quantum Hall states of

ν = 1, 2 (N = 1). Related to the composite Fermion model, Willet et al. found
an anomalous change of the velocity and the attenuation of the surface acoustic
wave at ν = 1/2 [116,117]. Similarities of electrons for B to composite Fermions
for B∗ are also found. Kang et al. observed the geometrical resonance in the
transport of antidot superlattices at ν = 1/2 which is similar to the resonance
at B = 0 [118]. The mean free path l of composite Fermions is found to be ∼2
µm, in comparison to ∼50 µm for electrons. From the temperature dependence
of the amplitude of Shubnikov-de Haas effect oscillation, the effective mass of
composite Fermions in GaAs has been determined [88, 108]. It was found that
the composite Fermion mass is more than ten times larger than that of electrons.
Figure 3.17 shows the effective mass of composite Fermions m∗

cf as a function
of the filling factor ν, obtained from such an analysis [108]. It shows a large
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Fig. 3.17. Upper graph: Effective mass of composite Fermions determined from the
temperature dependence of the Shubnikov-de Haas effect oscillation. Lower graph:
Energy gap determined from the temperature dependence of the activation en-
ergy [108]. Negative values of the energy represent the broadening factor. The
horizontal axis stands for the effective magnetic field for composite Fermions
B∗ = B −B0.

enhancement at ν =1/2. From the linear dependence of the energy gap on B∗,
m∗
cf is also obtained by assuming that it scales h̄ωc = h̄eB∗/m∗

cf . The evaluated
values of m∗

cf is 1.0 m (for B∗ > 0) and 0.82 m (for B∗ < 0) which are consistent
with the range of masses obtained from the Shubnikov-de Haas effect analysis. In
recent experiments with very high quality samples, the minima of σxx emanating
from ν = 1/6 and 1/8 (N = 3 and 4 series in (3.102)) as well as ν = 1/2 and
1/4 [109].

The fractional quantum Hall state is considered to be an incompressible liquid
consisting of the interacting electrons which appears at low temperatures and it
is different from the normal electron gas. When the density of electrons is small
enough, the potential energy due to the Coulomb interaction between electrons
becomes more important than the kinetic energy and electrons are considered
to form a kind of solid crystal called a Wigner crystal [119, 120]. The Wigner
crystal is considered to be more easily realized for two-dimensional (2D) systems
than for the 3D case and is actually observed in electrons trapped on liquid
He surface [121, 122]. Low density electrons in 2D systems (low ν number) are
expected to form a Wigner crystal at high magnetic fields when the temperature
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is sufficiently low [123, 124]. The Wigner crystal itself should carry an infinite
current as a superconductor, but it should be pinned by imperfections of the
host crystal, so that the Wigner crystal should exhibit an insulating behavior.
Many investigations have been made to explore Wigner crystals in 2D systems
at high magnetic fields and low temperatures, and there is some evidence that
Wigner crystals have been observed. Jiang et al. found that ρxx vanishes at ν
= 1/5, and shows an activated behavior with elevating temperature indicating
that the Laughlin quantum liquid state forms the ground state. However, they
observed a diverging increase of ρxx at ν slightly higher than 1/5 and at lower ν
with decreasing temperature [124].

3.3.3 Measurement of quantum Hall effect in pulsed magnetic fields

Integer and fractional quantum Hall effects can be measured in pulsed magnetic
fields. As the resistance change is very large including both a large resistance and
almost zero resistance in the quantum Hall region, transient phenomena arising
from the stray capacitance of the coaxial cables for the transmission of the signal
sometimes distort the wave form of the signal. Therefore we have to be careful of
the wave-form distortion. In order to reduce the effect of the stray capacitance
of the cables, Takamasu, Dodo and Miura used an active shielding circuit by a
voltage follower-type preamplifier for each contact of the sample, and succeeded

Fig. 3.18. Quantum Hall effect of GaAs/AlGaAs heterostructure observed in pulsed
high magnetic fields [125]. The inset shows an example of data without using the
active shielding circuit.
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Fig. 3.19. Breakdown phenomena of the quantum Hall effect observed in pulsed high
magnetic fields [125]. (a) Upper panel: Voltage V between the contacts for ρxx as a
function of the current I. Lower panel: Derivative of V with respect to I to see the
non-linear V −I characteristics more clearly and define the critical electric field Ecr.
B = 24 T (corresponding to ν = 1). (b) Critical field E (V/cm) as a function of B
for a different sample (Sample 1). Ecr I is determined from the peak in dVx/dI and
Ecr II is from the plateau width. Both results show a reasonably good agreement.

in measuring the quantum Hall effect avoiding such spurious signals [125].
Figure 3.18 shows the data of the quantum Hall effect in a GaAs/AlGaAs

heterostucture measured in pulsed high magnetic fields. The data without the ac-
tive shielding show a large distortion of the graphs of both ρxx and ρxy, whereas
the main frame data show fine curves of the two quantities without such a dis-
tortion. The sharp minimum of ρxx at 26 T corresponds to a fraction ν = 2/3,
and thus we can study the fractional quantum Hall effect in pulsed fields.

One of the interesting aspects of the quantum Hall effect is the breakdown
of the quantum Hall states. At sufficiently high bias current, the quantum Hall
state breaks down and ρxy starts to deviate from the quantized value (3.64). At
the same time, ρxx starts to increase from a minimum value. The breakdown
phenomenon of the quantum Hall effect has been studied by many researchers,
and explained by different models:
(1) an abrupt increase of scattering rate such as Cherenkov type emission of
phonons by electrons moving faster than sound velocity [126–128];
(2) inter-Landau level transitions in the presence of a static potential [129];
(3) electron heating by applied electric field via the energy balance of the electron
system [130,131].

A good correspondence between the quantum Hall effect of electrons and
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composite Fermions suggests that there should be a breakdown of the FQHE at
high electric field as of the integer quantum Hall effect. Takamasu, Dodo and
Miura observed a breakdown of the FQHE at ν = 1

3 ,
2
3 , as well as at integer

ν [125]. Figure 3.19 shows their experimental data of the breakdown. A sharp
rise of the voltage along the current direction above the critical current is seen.
The critical electric field Ecr corresponding to the critical current has a magnetic
field dependence. For the IQHE, the Ecr increases linearly with increasing B.
For the FQHE peaks at ν = 2/3 and 1/3, it should be noted that the Ecr fits
well with the lines drawn from B0 (ν = 1/2) suggesting that it is determined by
B∗ = |B −B0|.

3.4 Magneto-tunneling phenomena

3.4.1 Magneto-tunneling in tunnel diodes

Since the first discovery in a heavily doped p − n Ge junction (Esaki diode)
by Esaki [132], tunneling phenomena in semiconductors have been investigated
in many different quantum heterostructures by many researchers. The simplest
example is tunneling through a single quantum barrier, as shown in Fig. 3.20.
We can fabricate such a tunneling diode, for example, from a GaAs/AlGaAs
heterostructure. Assuming that the electronic states are those of free electrons
in the regions I and III, the electron wave functions are represented as

ΨI = A exp(ikx) + B exp(−ikx),
ΨII = C exp(−αd),
ΨIII = D exp(ikx). (3.105)

The transmission probability is then

TT ∗ = |D/A|2 =
[
1 +

1
4

V 2
0

E(V0 − E)
sinh2(αd)

]−1
, (3.106)

Fig. 3.20. Energy profile of a single barrier tunneling device. A potential barrier layer
II exists in between the regions I and III.
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Fig. 3.21. (a) Structure of a double barrier resonant tunneling diode. (b) Energy
diagram when the bias voltage V is applied between the emitter and collector elec-
trodes. (c) Schematic voltage-current characteristics of a double barrier diode. The
inset shows the energy profile when the emitter-collector voltage is applied.

where T denotes the probability amplitude of the tunneling. The tunneling cur-
rent from the emitter electrode in the left to the collector electrode in the right
through the barrier layer is represented as

JL→R =
∑
k

vzfL(1− fR)TT ∗

=
2e

(2π)3h̄

∫ ∫
d2k‖dkz

(
∂Ez
∂kz

)
fL(1− fR)TT ∗, (3.107)

where fL and fR denote the electron distribution function in the region I and
region III.

A double barrier resonant tunneling diode has a structure as shown in Fig. 3.21
(a). In such a structure, a quantum well layer is sandwiched between the barrier
layers, and heavily doped emitter and collector layers are put on both sides for
contacts. In such a structure, quantum levels are formed in the quantum well,
which are lying in higher energies than in the emitter or collector layers. How-
ever, by applying a bias voltage V0 across the diode, the relative positions of the
energy levels in each region can be varied as shown in Fig. 3.21 (b). Thus the
levels in the quantum well can be tuned to those in the emitter. Electrons in
the emitter layer can tunnel into the well layer when they can find an energy
level with the same energy in the well layer. The tunneling process taking place
between energy levels which are equalized is called resonant tunneling. Once the
electrons tunnel into the well layer, they can tunnel out to the collector layer
if there are empty states in the emitter layer. Therefore, the tunneling current
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flows under the condition that the emitter states have the same energy as those
in the quantum well.

In terms of the wavelength of the electron wave packet, electrons in the energy
state confined in the well have a wavelength corresponding to the standing wave
between the barriers. Electrons in the emitter layer which have energy equal
to those in the standing wave in the well have the same wavelength. Therefore
the above resonant tunneling condition can be expressed in such a way that
the tunneling occurs when the electrons which have the same wavelength as the
standing wave in the well can pass through the structure just like the Fabry-
Pérot interference filter. The tunneling probability in double barrier tunneling
diodes can be calculated as in the single barrier structure, and it can be shown
that the tunneling probability is 1 under the resonant condition.

The voltage-current characteristics of a double barrier tunneling diode are
shown in Fig. 3.21 (c). At zero bias, the current is zero because the energy
states in the emitter are lower than in the well. As the bias voltage is increased,
the energy gradient increases. The current takes an extremum when the emitter
levels reaches the confined energy level in the well, The current increases as the
bias is further increased because more levels become available for the tunneling.
The non-linear V − I characteristics can be employed for switching circuits etc.

3.4.2 Magneto-tunneling for B ⊥ barrier layers

When we apply magnetic fields to such double barrier tunneling diode, many in-
teresting phenomena take place depending on the direction of the magnetic field
relative to the layers. First let us consider the case where the field is perpendic-
ular to the layers (B ⊥layers). For this field direction, oscillatory conductivity
is observed due to the Landau level formation. The behavior is different de-
pending on the nature of the electron system in the emitter states; whether it is
three-dimensional or two-dimensional. First let us consider the three-dimensional
emitter states. In the emitter, electron states are quantized as shown in the left
side of Fig. 3.22. Their energy is represented as

Ee =
(

Ne +
1
2

)
h̄ωc(e) +

h̄2k2z
2m∗ . (3.108)

The energy in the well layer is fully quantized and given by

Ew =
(

Nw +
1
2

)
h̄ωc(w) + E0 − eV, (3.109)

where E0 is the energy difference of the lowest energy between the emitter states
and the layer states without the field. The electron tunneling from the emitter
states to the states in the well layer (well states) is allowed only when their
energies and the Landau quantum numbers coincide with each other. Namely,
the condition of the tunneling is

Ee = Ew,
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Fig. 3.22. Quantized energy levels in the emitter (left) and the well layer (right) when
the magnetic field B is applied perpendicular to the layers and the bias voltage of
V is applied.

Ne = Nw. (3.110)

Thus when we tune the energy by the bias V , the conductivity shows a step-wise
change. The steps appears at a condition

EF = E0 + (N + 1)h̄ωc(w)− eV. (3.111)

Such oscillatory magneto-tunneling current was first observed by Mendez, Esaki
and Wang [133].

When the emitter states are quantized by the triangular potential cause by
the band bending due to doping, the emitter states are also two-dimensional.
Then the tunneling occurs between the 2D states. In such an occasion, the al-
lowed transition is between the states with the same Landau quantum number;
Ne = Nw as above. However, the resonant tunneling also occurs as weaker for-
bidden transition for Ne �= Nw as well. Therefore, when V or B is varied, a
current peak is observed every time the Landau levels coincide with each other.
Figure 3.23 shows a typical example of the oscillatory current as a function of
magnetic field in a GaAs/AlGaAs double barrier resonant tunneling diode [134].

Applying a large bias voltage above the negative differential resistance region
(see Fig. 3.21), we usually observe subsidiary structures due to the longitudinal
optical (LO) phonon-assisted tunneling [135–138]. When a LO phonon is emitted
at the tunneling from the emitter state to the quantum well state, the conser-
vation rule (3.110) is violated and tunneling from the N -th Landau level of the
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Fig. 3.23. Oscillatory magneto-tunneling current in a GaAs/AlGaAs double barrier
resonant tunneling diode as a function of magnetic field applied perpendicular to
the layers [134].

emitter to the N ′-th Landau level of the quantum well becomes possible. The
condition for the resonance transition is then

Ee0 = Ew0 + (N −N ′)h̄ωc + h̄ωo, (3.112)

where ωo is the angular frequency of the LO phonon and Ee0 and Ew0 are the
bottoms of the emitter states and quantum states, respectively. These peaks were
actually observed in the experiments. In addition, a weak peak is observed arising
from the nonresonant tunneling transition involving elastic scattering from the
N -th Landau level in the emitter to the N + 1-th Landau level in the well [137].

3.4.3 Magneto-tunneling for B ‖ barrier layers
When the magnetic field is applied parallel to the layers, the cyclotron orbits
are interfered by the barrier potentials and suffer the reflection by the barrier
walls. The energy of the Landau levels involving the skipping orbits becomes a
function of the center coordinate of the cyclotron orbits forming the edge states
as described in Chapter 2. Thus the Landau levels in the emitter layer EL, the
well layer EW , and the collector layer ER are as shown in Fig. 3.24. Here only the
ground state in each region is shown as a function of the center coordinate X. In
the emitter and the collector regions, the levels are flat independent of X when X
is sufficiently far away from the barrier. As X approaches the barrier, however,
the levels tend to the edges states and the energy is increased. The level EW
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Fig. 3.24. Electron orbit (upper figure) and the energy levels (lower figure) in a double
barrier tunneling diode when the magnetic field B is applied parallel to the layers.
The horizontal axis stands for the center coordinate X of the cyclotron orbits. The
ground state levels originating from the emitter EL, the well layer EW and the
collector ER are shown together.

(traversing orbit) depends on X everywhere if the cyclotron orbit is larger than
the well width. Figure 3.25 shows the calculated results of the Landau levels (EL,
EW , and ER) in a GaAs/AlGaAs double barrier tunneling diode in the presence
of bias voltage between the emitter and the collector when the magnetic field B
is applied parallel to the layers [134]. These levels are obtained by numerically
solving the Schrödinger equation

[
− h̄2

2m∗
∂2

∂x2
+

e2B2

2m∗ (x−X)2 + U(x) + eEx

]
Φ(x) = EΦ(x), (3.113)

where U(x) is the quantum potential of the barrier layer and E is the electric
field due to the bias voltage.

The tunneling of electrons from the emitter states to the well states takes
place from one of the edge states originating from the emitter states to those
in the well states through their crossing points. Therefore, in order for the tun-
neling to occur, the crossing points should be below the Fermi level. When we
increase either bias voltage or magnetic field, the crossing points are shifted to-
wards the higher energy side. When the crossing points cross the Fermi level, a
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Fig. 3.25. Calculated Landau levels in a GaAs/AlGaAs double barrier tunneling diode
when the magnetic field B is applied parallel to the layers, and the bias voltage Ve
is applied between the emitter and the collector [134]. (a) B = 20 T, Ve = 0.3 V.
(b) B = 40 T, Ve = 0.3 V.

Fig. 3.26. The field dependence of Vth of a double barrier tunneling diode of Al-
GaAs/GaAs/AlGaAs [134]. The well width is 15 nm. The magnetic field is applied
parallel to the layers. The solid and broken lines are the calculated results assuming
the tunneling from the emitter states to the well states and to the collector states
directly, respectively. The inset shows the V − I characteristics.
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Fig. 3.27. Oscillatory magneto-tunneling current in a AlGaAs/GaAs/AlGaAs double
barrier tunneling diode (well width = 50 nm) as a function of magnetic field applied
parallel to the layers [139].

discontinuous change occurs in the transmission probability which gives rise to
an oscillatory conductivity change.

Usually, only a few emitter states are occupied by electrons in high magnetic
fields, so that it readily reaches the quantum limit. If there are not so many
levels below the Fermi level, no conspicuous oscillation is observed. On the other
hand, the threshold voltage Vth in the V − I curve as defined in the inset of
Fig. 3.26 shows a large magnetic field dependence [134]. As the field is increased,
Vth increases. There are two possibilities: (1) tunneling from the emitter states
to the well states first and then to the collector states (the solid line), (2) direct
tunneling from the emitter states to the collector states (the broken line). The
calculated curves were obtained from the cross of the Fermi level with the crossing
points of the Landau levels as mentioned above. As is clear from Fig. 3.26 (b),
the experimental data are in good agreement with the former assumption [134]

In contrast to a narrow quantum well, for samples with a wide quantum well,
the level spacing in the layer is small, so that many peaks are observed. Fig-
ure 3.27 shows a trace of the oscillatory conductivity in an AlGaAs/GaAs/AlGaAs
double barrier tunneling diode with a wide well layer (50 nm) for a parallel
magnetic field. The peak positions are in good agreement with the calculation.
Osada, Miura and Eaves found that the well states are classified into two differ-
ent regimes depending on the B and V . They are skipping orbit, which has a
reflection at one of the barrier walls, and traverse orbit, which has reflections at
the both barriers [139].

Another interesting feature for the geometry of B ‖ layers is that we can
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obtain the dispersion of the energy bands. The tunneling from the emitter states
to the well states involves a shift of the center coordinate of the cyclotron motion
X. In Chapter 2, we learnt that the center coordinate of the cyclotron motion
X is related to ky with a relation

X = − h̄

eB
ky (3.114)

The tunneling from the emitter states to the well states can be regarded as
the shift of the center coordinate ∆X = s at the transition of electrons between
the two regions, where s is the distance between the center of the emitter states
and the well states. If the tunneling is considered to occur at the crossing points
as shown in Fig. 3.24, the selection rule is ∆ky = 0. If we consider, however,
that the tunneling is between the two states at the center of each region, we
can consider that the emitter state with ky = 0 would tunnel to the well state

Fig. 3.28. (a) Peak positions in the V − I characteristics of the p-type
AlAs/GaAs/AlAs double barrier tunneling diode sample with a well width of 4.2
nm on a V −B plane [141]. B ‖< 001 > (k‖ along < 010 >). (b) Theoretically cal-
culated energy dispersion of AlAs/GaAs/AlAs quantum well (valence band). Solid
curves are for k‖ along < 010 > and broken curves are for k‖ along < 011 >.
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with ky = ∆ky = −seB/h̄. If we measure the tunneling current by varying
magnetic field B and the bias voltage V , the resonant tunneling peaks appear at
the positions where the energies of the states in the two regions with the above
relation of ky coincide. In other words, we can sweep ky by magnetic field and
the energy by the bias voltage.

Hayden et al. measured the magneto-tunneling for the p-type samples of
an AlAs/GaAs/AlAs tunneling diode and obtained the energy dispersion of the
valence band in the quantum well of GaAs [140–142]. In the V −I characteristics
of the p-type sample with a well width of 4.2 nm, several peaks were observed
corresponding to the hole tunneling to the light hole band (LH), heavy hole
band (HH) and the split off band (SO) in the well at different magnetic fields.
A plot of the peak position as a function of magnetic field is shown in Fig. 3.28
(a). The vertical axis and the horizontal axis correspond to just the energy and
ky, respectively, with some numerical factors. Thus we can obtain the energy
dispersion of the band directly, which is difficult to obtain by any other methods.
Hayden et al. obtained a detailed information of the level crossing between the
heavy hole and the light hole bands [140]. By changing the crystal orientation
of the layers, the dispersion for different k vector directions can be obtained.
Comparing with (b), we can see that the valence band dispersion thus obtained
is qualitatively in good agreement with theoretical calculation.

3.4.4 Chaotic behavior for tilted magnetic fields

When the magnetic field is applied with a tilted angle θ from the normal to the
layers, a complicated oscillation is observed in the magneto-tunneling current,
because of the energy levels in the quantum well. Figure 3.29 represents the
energy profile of a double barrier tunneling diode [143]. Considering the electron

Fig. 3.29. Left: Energy profiles of a double barrier tunneling diode and the direction of
magnetic field [143]. Right: (a) Projection in x−y plane of closed orbit for θ = 20◦.
(b) Chaotic orbit when the initial velocity is changed by 0.1% from the case of (a).
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orbits in the quantum well, we can see that the Landau level structure must be
very complicated. In a semiclassical picture, when electrons are injected from
the emitter into the quantum well, electrons are bent by the Lorentz force and
bounced at the barrier layers and conduct a back and forth motion. The electron
motion is periodic only when the initial velocity, the magnetic field, and its angle
satisfy some special conditions. Figure 3.29 (a) shows one of the examples of such
periodic orbits. Projection in x− y plane is shown for a tilt angle θ = 20◦, B =
11.4 T and the electric field E = 2.1 × 10 6 V/cm. Although the electron motion
is bent by the Lorentz force before the reflection, the track is periodic. When θ
is changed just by 0.1%, however, the orbit becomes completely different, as the
electron never comes back to the same orbit at multiple reflections. That is to
say, the electron motion is chaotic. The situation resembles the stadium billiard
problem [144].

Quantum mechanically, the Hamiltonian is expressed as

H =
1

2m∗
[
p2x + (py + exB sin θ − exB cos θ)2 + p2z

]
+ eE

(
1
2
d− x

)
, (3.115)

with a vector potential

Fig. 3.30. Second derivative of the magneto-tunneling current in GaAs/AlGaAs tun-
neling diode for tilted magnetic field with different angles [143]. Well width is 120
nm. B = 11.4 T. Insets show periodic orbits associated with resonant structure.
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A = (0, exB sin θ − exB cos θ, 0), (3.116)

where d is the well width. The Schrödinger equation with this Hamiltonian can-
not be solved analytically as the motion perpendicular and parallel to the mag-
netic field cannot be separated in the presence of the quantum potential of the
barrier layers. The equation can only be solved numerically, and it results in non-
uniform spacing. Thus the system is really characterized as a chaos. A similar
quantum mechanical chaotic system has also been found in the high Rydberg
number states of hydrogen atoms in a magnetic field, for which the Coulomb
potential and magnetic field potential are not separable [145]. The chaotic sys-
tem in double barrier tunneling diodes was extensively studied by the groups of
Eaves [143,146,147] and Boebinger [148].

For a tilted magnetic field, the oscillatory tunneling current shows a drastic
change depending on the bias voltage, the magnetic field, and the tilted angle. A
typical example is shown in Fig. 3.30 [143]. For θ = 0◦, the oscillation is rather
periodic. For θ = 20◦, the oscillation is more complicated and classified into two
series t and s as shown as insets. When θ is increased to 50◦, the oscillation
becomes more irregular. The corresponding orbit is such as shown in the figure.
For larger angles the oscillation period becomes larger and similar to the one
shown in Fig. 3.27 reflecting the skipping orbit.

When we calculate the Poincaré section for such orbits, we can show that the
motion is really chaotic for a tilted angle [146]. Actually, the system has various
chaotic characteristics. An interesting feature has been found in higher magnetic
fields, where the separation of the complicated Landau levels becomes sufficiently
large. Figure 3.31 shows the experimentally observed oscillatory behavior in a
double barrier tunnel diode with a well width of 22 nm when a magnetic field
of 37 T was applied with a tilted angle of 40◦ [147]. Although the level scheme
should be very complicated and populated densely in the well, the peaks appear
quite regularly. By comparison with the calculation, it was found that the peaks
appear only when the electron orbit yields to a periodic motion. The wave func-
tion corresponding to such a motion is called “scarred wave function”where the
probability amplitude of the wave function is concentrated along nearly a single
line forming some shape looking like a scar. Figure 3.31 shows the probability
amplitude and the electron orbits of scarred and non-scarred wave functions.
The scarred wave function is characterized by a number of nodes of the proba-
bility amplitude ν. The current peaks are observed in the order of ν as shown in
Fig. 3.31 (b). The reason why the current peak appears only for the scarred wave
function is obvious. From the emitter to the well, the resonant tunneling would
occur more efficiently for the scarred case as the electron states are concentrated
in a small region, as is clear from the comparison between Fig. 3.31 (c) and (d).
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Fig. 3.31. Left: Magneto-tunneling current for a magnetic field of 37 T applied with
a tilted angle of 40◦ from the normal to the layer. Width of the quantum well is 22
nm. (a) Experimental trace of dI/dV . (b) Calculated tunneling current. The curve
in the middle shows the current due to the tunneling to the states with scarred
wave function. The bottom curve shows the current due to the other states. The
top curve shows the current due to all the transitions. The peaks correspond to ν =
7, 8, 9. Right: Comparison between calculated scarred wave function and unscarred
wave function. Width of the quantum well is 120 nm. B = 11.4 T. V = 100 mV. The
vertical lines on both sides indicate the barrier layers. (c) An unscarred function θ=
20 ◦. The energy is Ew = 141 meV. (d) An unscarred wave function (ν = 17). θ=
40 ◦. Ew = 97 meV. The solid lines represent the classical orbits. (First published
in [147].)

3.5 Magnetophonon resonance

3.5.1 Magnetophonon resonance in bulk semiconductors
In semiconductor crystals, there is a significant interaction between conduction
electrons and longitudinal optical (LO) phonons. LO phonons have a nearly
flat energy dispersion near the Γ-point of the Brillouin zone. LO phonons with
small wave vector q have a strong interaction with conduction electrons or holes
through the electrostatic potential produced by a macroscopic polarization due
to the lattice displacement. In polar semiconductors, the strength of the electron-
LO phonon interaction is characterized by a non-dimensional coupling constant
called the Fröhlich constant [149],



MAGNETOPHONON RESONANCE 107

α =
e2

h̄

(
m∗

2h̄ωo

) 1
2
(

1
ε∞

− 1
ε0

)
. (3.117)

Here h̄ωois the LO phonon energy and ε∞ and ε0 are optical and static dielectric
constants. Using α, the perturbation Hamiltonian of the interaction is given by

H′
e−p =

∑
q

ih̄ωo
q

(
h̄

2m∗ωo

)(
4πα

V

)1/2 (
aqeiq·r + a†

−qe−iq·r
)

, (3.118)

where q is the wave vector of the LO phonon, and a†
−q and aq are the creation

and annihilation operators of the LO phonon with q. The interaction almost
dominates the carrier scattering in II-VI or III-V semiconductors at relatively high
temperatures. It also has the effect of increasing the effective mass of electrons,
as electrons move around together with phonon cloud. Such a quasi-particle com-
prising an electron and phonon cloud is called a polaron. The mass of polarons
is obtained from H′

e−p as

m∗
p ∼ m∗ 1

1− α
6
∼ m∗(1 +

α

6
). (3.119)

In other words, the polaron mass is heavier than the bare mass of electrons by
a fraction α

6 .
The unique character of LO phonon scattering is that it is an inelastic scat-

tering with a constant energy change h̄ωo. When the spacing of the Landau levels
nh̄ωc (n is an integer) becomes equal to h̄ωo, electrons are scattered resonantly
by absorbing or emitting an LO phonon and this resonance induces a large effect
in electronic transport properties as shown below. Gurevich and Firsov were the
first to predict a large increase of the transverse magneto-resistance under the
condition

nh̄ωc = h̄ωo. (3.120)

Such a resonance in the Landau levels involving LO phonons is called magne-
tophonon resonance. From the quantum transport theory as described in Section
3.1.3, Gurevich and Firsov derived an expression for the conductivity tensor com-
ponent when the LO phonon scattering is dominant as [150]

σxx ∝
∫

dE
∑
NN ′

GNN ′(E)f(E)[1− f(E + h̄ωo)]√
E − h̄ωc(N + 1

2 )
√
E + h̄ωo − h̄ωc(N ′ + 1

2 )
, (3.121)

where GNN ′(E) is a slowly varying function of E . The integral diverges when
the two square roots in the denominator simultaneously become zero. From this
condition, the relation (3.120) is easily derived.

The magnetophonon resonance was actually observed in n-InSb by Firsov et
al. [151,152]. They found the maxima at the resonance in the transverse magneto-
resistance and minima in the longitudinal magneto-resistance. The condition of
the magnetophonon resonance (Eq. (3.120)) can be rewritten as
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1
B

= n · e

m∗ωo
. (3.122)

This equation indicates that the oscillation is periodic as a function of the inverse
of magnetic field, which is similar to the Shubnikov-de Haas effect . However,
a large difference in the oscillation between the Shubnikov-de Haas effect and
the magnetophonon resonance is the temperature dependence of the oscillation
amplitude. The Shubnikov-de Haas oscillation amplitude is increased as the tem-
perature is decreased. In the case of magnetophonon resonance, the oscillation
amplitude is decreased at very low temperatures, while it also decreases at very
high temperatures because of the broadening of the Landau levels. The reason
for the decrease of the oscillation at low temperatures is due to the decrease
of the number of LO phonons or electrons which have the same energy as the
LO phonons. These are conditions needed for the absorption or emission of LO
phonons by electrons. In usual semiconductors, the oscillation amplitude of the
magnetophonon resonance becomes maximum at about 100–200 K [153]. Many
investigations have been made on the magnetophonon resonance. It is a power-
ful means to study the effective mass of electrons, phonon modes and electron-
phonon interaction. Excellent reviews of the work in early days are found in
articles by Harper, Stradling and Hodby [154] and by Nicholas [155].

As an example of the experimental data for transverse magnetophonon reso-
nance, we show in Fig. 3.32, data for the transverse magneto-resistance in n-type
GaAs [156]. As σxx becomes the maximum at the magnetophonon resonance
condition (3.120), the transverse magneto-resistance ρxx also takes maximum at
these points from the relation (3.8). As the magneto-resistance is accompanied
by a large background which is nearly proportional to magnetic field B, the os-
cillatory part is more easily seen by subtracting a linear function of B from the
magneto-resistance. We can see that the amplitude becomes maximum at about
100 K. It is also clear that the amplitude is decreased exponentially as the field
is decreased. Stradling and Wood derived an empirical formula [153]

∆ρ ∝ exp
(
−γ

ωo
ωc

)
cos

(
2π

ω0
ωc

)
. (3.123)

Here, γ is an attenuation coefficient. This relation was verified by Barker theo-
retically [157].

From the magnetophonon resonance, we can obtain the carrier effective mass
using a relation (3.120), if the LO phonon frequency is known. This is an alterna-
tive way to determine the effective mass to cyclotron resonance. On the contrary
if the effective mass is known, the LO phonon energy involved in the scattering
can be obtained. Moreover, information about the electron phonon interaction
or carrier scattering mechanisms is obtained from the attenuation coefficient γ in
(3.123). To determine the carrier effective mass, we have to take account of the
fact that the magnetophonon effective mass m∗

MPR obtained from (3.120) is gen-
erally larger than the carrier effective mass. The polaron effect makes the mass
heavier than the bare electron effective mass by a factor α

6 as shown in (3.119).
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Fig. 3.32. Magnetophonon resonance oscillation in bulk n-type GaAs. In order to see
the oscillation clearly, a linear function of B is subtracted from the data.

In the magnetophonon resonance, the resonant polaron effect takes place as will
be discussed in Section 4.5. Therefore, the magnetophonon mass m∗

MPR is even
larger than m∗

p. According to Parmer, the following equation holds [158],

m∗
MPR =

(
1 +

0.83α
3

)
m∗
p =

(
1 +

0.83α
3

)(
1 +

α

6

)
. (3.124)

This relation is experimentally confirmed by the group of Stradling [153,159,160].
The numerical analysis of the magnetophonon mass is also made by Nakayama
[161]. In addition to the polaron effect, the band non-parabolicity effect is sig-
nificant in the magnetophonon mass, as it is measured in the high energy range.
Therefore, the correction of both the polaron effect and the band non-parabolicity
is indispensable to obtain the bare band edge mass from the magnetophonon res-
onance.

The magnetophonon resonance is a powerful technique for obtaining informa-
tion about electron effective mass, especially, for investigating the temperature
dependence in a wide temperature range, as the phenomena are observed even
in a relatively high temperature range [159,162,163]. As the energy band gap Eg
changes with temperature, the effective mass should show temperature depen-
dence. Such temperature dependence of the effective mass on temperature was
theoretically discussed by Ehrenreich [164], Lang [165], and Ravich [166]. The
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temperature dependence of Eg consists of two parts; a dilational change and a
change due to the electron-phonon interaction. The temperature dependence of
Eg at a constant pressure is expressed by(

∂Eg
∂T

)
p

= −3αB

(
∂Eg
∂p

)
T

+
(

∂Eg
∂T

)
V

, (3.125)

where α is the linear expansion coefficient and B is the bulk modulus. The first
term arises from the electron-phonon interaction and the second term from the
dilation. Lang and Ravich found that not only the former but also the latter effect
should contribute to the temperature dependence of the effective mass in narrow
gap semiconductors. Stradling and Wood obtained the temperature dependence
of the effective mass of InSb, InAs and GaAs from the magnetophonon resonance
in the temperature range 40–300 K [159]. They found that the dilational change
of the band gap alone explains the temperature dependence of the effective mass
very well in the case of InSb, but for InAs and GaAs, its contribution was nearly
a factor two smaller than the experimental values, whereas the consideration of
the total gap change gives too large a change. The temperature dependence of the
carrier effective mass is still a controversial problem in semiconductor physics.

Besides the determination of effective mass, magnetophonon resonance is also
useful for obtaining information about LO phonons involved in the resonance. As
an example of the coupling of different phonons, we show a magnetophonon res-
onance of Te, where anisotropic phonon coupling was observed. Te has a peculiar
crystal structure with helical chains and the band structure is very complicated
and anisotropic. As there are three atoms in a unit cell, there are altogether
six optical modes of phonons. Near the zone center, there are three infrared ac-
tive modes, A2, El, and Eh, which have net electric polarizations. An interesting
question is which phonon would be coupled with electrons in the magnetophonon
resonance. Figure 3.33 shows the transverse magnetophonon resonance oscilla-
tion in p-type Te [167]. While the magnetic field B was applied perpendicular
to the c-axis, the direction of the current J was either parallel (upper trace, J ‖
c ) or perpendicular (lower trace, J⊥ c ) to the c-axis. In both cases, J ⊥ B
(transverse magneto-resistance). It is found that there is a large difference in the
oscillation period between the two traces for different current directions, in spite
of the fact that the Landau levels are common. This is due to the coupling of dif-
ferent phonons. From the discussion mentioned in Section 3.1.3, it can be readily
shown that for J ‖ c, the LO phonons which have the polarization vector paral-
lel to the c-axis (A2 phonons) are predominantly responsible in magnetophonon
resonance, whereas for J ⊥ c, those with the polarization vector perpendicular
to the c-axis (E phonons) are responsible. Among E-modes, the El modes are
more strongly coupled, as their population is larger due to the smaller energy.

The valence band structure of Te is known to have a camel’s back struc-
ture along the c-axis, as shown in Fig. 3.34. The energy dispersion along the
kz-direction has double maxima, while it is an ordinary parabolic shape in the
perpendicular direction. For the magnetic field perpendicular to the kz-direction
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Fig. 3.33. Transverse magnetophonon resonance oscillation in p-type Te [167]. The
upper and lower graphs stand for the oscillatory part of the transverse mag-
neto-resistance for the current parallel and perpendicular to the c-axis, respectively,
while the magnetic field was applied commonly perpendicular to the c-axis.

Fig. 3.34. Left: The dispersion of the two uppermost valence bands in p-type Te. The
valence band top comprises two maxima at kz = km and kz = −km forming the
camel’s back structure. Right: Landau level energies as a function of magnetic field
and possible transitions for B⊥c [167]. Taking the energy of holes, the sign of the
energy (vertical axis) is reversed from the left panel.

.

(B ⊥ c-axis), the Landau level structure is very complicated, as shown in the
right figure of Fig. 3.34 [167,168]. The Landau levels show non-linear field depen-
dence involving a splitting at the energy corresponding to δ (see in the figure),
due to the magnetic breakthrough. The spacing between the Landau levels is
non-uniform. Such a Landau level strucure was confirmed by experiments of cy-
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Fig. 3.35. Energy dispersion in the valence band of Te along the field direction when
a magnetic field is applied parallel to the c-axis, and possible magnetophonon tran-
sition (a− f) [167]. Due to the inversion asymmetry, there is a difference in energy
Gµ0B between +km and −km (not shown in the figure).

clotron resonance [169,170] and magneto-abosrption [171]. The peaks of the mag-
netophonon resonance actually comprise several different transitions as shown by
vertical arrows in the figure. Taking account of all these involved transition en-
ergies, an excellent agreement was obtained between the experimental data and
the calculation for both J ‖ c and J ⊥ c [167]. Note that such Landau levels
formed in the energy band with a camel’s back structure are similar to those in
the conduction band of GaP, as we will study in detail in Section 4.10.1.

For B ‖ c, an interesting situation arises because of the peculiar energy dis-
persion of the Landau levels along the field direction (kH) as shown in Fig. 3.35.
If we include the effect of the inversion asymmetry, there occurs a splitting of
the two valleys by Gµ0B (G is a constant). When the magnetic field is parallel
to the c-axis, we can expect to observe various transitions as shown in the fig-
ure (a − f). Below T = 30 K, resistivity minima were observed at 2.85 T and
4.52 T [167]. These minima were identified as the transition of type f caused
by acoustic phonons (LA phonon and TA phonon) which have the wave vector
equal to the separation of the two valleys 2km.

In contrast to the magnetophonon resonance in the transverse magneto-
resistance, the case of longitudinal magnetophonon resonance is more compli-
cated. The longitudinal magneto-conductivity is represented as

σzz =
e2h̄2

2πm∗2
∑
N

∫
dkz

∂f(E)
∂E k2zτ(N, kz). (3.126)
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From this equation, it is clear that though the resonance occurs by the diver-
gence of the density of states of Landau levels at kz = 0, the electron wave vector
component which contributes to the current is also kz. Therefore the divergence
at the resonance should be very weak, and the resonance should be explained
by some second order effect. Gurevich and Firsov explained the longitudinal
magnetophonon resonance by taking account of both the inelastic scattering by
LO phonons and the elastic scattering by acoustic phonons simultaneously. On
the other hand, Peterson introduced a concept of pseudoresonance to account
for the longitudinal magnetophonon resonance showing by numerical calculation
that the minima occurs at the resonance position as kinks where the derivative
of the resistance has discontinuity [172]. The magnetophonon resonance in the
longitudinal magneto-resistance in the Ohmic condition is not totally understood
yet. Experimentally, it is known that the longitudinal magneto-resistance takes
a minimum near the resonance condition, but the field position deviates slightly
from the exact resonance. Experimentally, the longitudinal magnetophonon res-
onance is usually observed as resistance minima, but their field positions are
slightly lower than the resonance condition (3.120) [173]. In n-GaAs and n-InAs,
the minima appear at about 2% lower fields, but in n-InP, n-CdTe and c-CdSe,
the deviation is much larger.

Another remarkable feature of the longitudinal magnetophonon resonance is
the two-phonon process. By absorbing or emitting two LO phonons simultane-
ously the resonant conductivity change occurs at field positions satisfying the
following condition:

2h̄ωo = Nh̄ωc. (3.127)

Apparently, the peaks for odd N are observed in between the normal magne-
tophonon resonance. They are very weak but are observed at relatively high
temperatures, as expected from the larger phonon population [153,174,175].

3.5.2 Magnetophonon resonance in two-dimensional electron systems and
superlattices

The magnetophonon resonance is observed not only in bulk crystals but also in
heterostructures and two-dimensional systems. The magnetophonon resonance
of two-dimensional electron systems was first observed by Tsui et al. in GaAs
heterostructures [176]. Kido et al. extended the measurement to higher magnetic
fields to observe the entire magnetophonon resonance series down to N = 1 peak.
Figure 3.36 shows the data of the magnetophonon resonance in GaAs/AlGaAs
heterostructures by Kido et al. [177]. As shown in the inset, the resonance field
shifts to higher fields as the angle between the magnetic field and the normal of
the 2D plane θ increases. The resonance field BN (θ) for the angle θ is expressed
as

BN (θ) cos θ = BN (0). (3.128)

This relation indicates that only the magnetic field component normal to the 2D
plane is effective to the quantization of the energy levels, which is characteristic
of the 2D electron system.
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Fig. 3.36. Magnetophonon resonance oscillation in a GaAs/AlGaAs heterostructure
for different magnetic field orientations [177]. The background B-linear mag-
neto-resistance was subtracted from the raw data to extract the oscillatory part.
The inset shows the raw data of the magneto-resistance for θ = 0.

In the two-dimensional case, the conduction band edge is already higher than
the bulk band edge by the subband energy due to the quantization. Therefore,
the increase of the magnetophonon effective mass is more significant than in the
bulk case, and the magnetophonon peaks in 2D systems appear in higher fields.

Two-dimensional carriers in GaAs/AlGaAs heterostructures are localized in
the interface, where carriers can interact with bulk LO phonons of both GaAs
and AlGaAs, as well as interface phonons. It is an interesting question which
phonons are responsible for the magnetophonon resonance effect. So far, it has
been found that in the case of GaAs heterostructures, LO phonons in GaAs
rather than AlGaAs are responsible for bringing about the magnetophonon reso-
nance. Brummell, Nicholas and Hopkins compared the effective masses obtained
from cyclotron resonance and magnetophonon resonance. After the necessary
corrections, they concluded that the bulk LO phonon energy involved in magne-
tophonon resonance is smaller than that in cyclotron resonance [178].

Magnetophonon resonance is also observed in the perpendicular transport in
superlattices. In short period superlattices of GaAs, a mini-band with a narrow
band width is formed in the growth direction (perpendicular to the superlattice
layers, z-direction). When a current is supplied to the z direction, a characteristic
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Fig. 3.37. (a) Dispersion relation and the density of states (DOS) of a short period
superlattice in magnetic fields applied perpendicular to the superlattice layers [179].
Eb is the mini-band width. (b) magnetophonon resonance spectra for short period
superlattice of GaAs with different mini-band width Eb whose values are indicated
on the right side of each graph [179].

property of the mini-band conduction is observed. When the magnetic field is in
the current direction, the mini-band is quantized to the Landau levels, and the
energy is represented as

E(kz) = Ez(kz) +
(

N +
1
2

)
h̄ωc, N = 0, 1, 2, · · · , (3.129)

where Ez(kz) is the subband energy. Figure 3.37 (a) shows the energy diagram
of the Landau levels. The resonant absorption of LO phonons occurs only when
both the initial states and the final states can find the density of states in the
mini-bands. The condition is

h̄ωo − Eb < nh̄ωc < h̄ωo + Eb, (3.130)

where Eb is the mini-band width. Noguchi et al. found in short period super-
lattices of GaAs with different Eb that the magnetophonon spectra remarkably
depend on Eb [179]. They controlled Eb by varying the superlattice period. Fig-
ure 3.37 (b) shows the magnetophonon resonance spectra of GaAs/AlGaAs su-
perlattices with different Eb. As Eb is decreased, the magnetophonon resonance
amplitude is increased and a plateau is observed in the minimum region between
the magnetophonon resonance peaks. The increase of the amplitude is explained
as a more pronounced quantization of the energy levels as the system approaches
a two-dimensional electron system. The plateau between the N = 1 and N = 2
peaks appears in the region

(h̄ωo + Eb)/2 < h̄ωc < h̄ωo − Eb, (3.131)

because there are final states in the phonon absorption process.
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3.5.3 Hot electron magenetophonon resonance
When the temperature is lowered, the magnetophonon resonance disappears as
mentioned above due to the decrease of the number of LO phonons to be ab-
sorbed or the electrons which have a sufficiently high energy to emit LO phonons.
However, when we supply a sufficiently high electric field, the magnetophonon
resonance appears even at low temperatures. This is because electrons acceler-
ated by the high electric field populate in energy states higher than those in the
thermal equilibrium determined by the lattice temperature. These electrons are
called hot electrons, and we can define the electron temperature Te that is higher
than the lattice temperature Tl. When the magnetophonon resonance condition
is satisfied, the scattering of electrons by LO phonons is resonantly increased
and it is effective to cool the hot electron temperature. Since the electron mo-
bility depends on temperature in general, such resonant cooling of Te gives rise
to the magnetophonon resonance oscillation [154,155]. The hot electron magne-
tophonon resonance is caused by the energy relaxation whereas magnetophonon
resonance under the Ohmic condition is caused by the momentum relaxation
as mentioned in the previous subsection. As the origin of the oscillation is the
change of the electron temperature, the hot electron magnetophonon resonance
can be observed similarly in both transverse and longitudinal magneto-resistance,
without the mass shift.

Figure 3.38 shows experimental traces of the hot electron magnetophonon
resonance in n-type InP observed at T = 20 K at different electric field E [154].
When E is low (0.2 V/cm), peaks “X” whose spacing is irregular are observed.
These peaks originate from shallow impurity states but the details are not known.
When E is sufficiently high (12 V/cm), a series of well-defined peaks is observed.
It was found that in the hot electron magnetophonon resonance, the peaks are
usually due to the electron transition from the Landau levels to the shallow
impurity states (donor or acceptor states). Electrons or holes excited up to higher
excited Landau levels (N) emit LO phonons and fall into the donor states (in
the case of n-type samples) or acceptor states (in the case of p-type samples),
The resonance condition of such a process is written as

Nh̄ωc = h̄ωo + Ed(B), (3.132)

where Ed(B) is the depth of the impurity states in the magnetic field B. Hot
electron magnetophonon resonance is actually observed in many semiconduc-
tors. Another feature of the hot electron magnetophonon resonance in InP is
the peaks denoted as “2T, 3T, · · ·” in Fig 3.38 (E = 2.4 V/cm). These peak
positions are different from the series expressed by (3.132) with a larger period
implying a participation of smaller excitation energy. Stradling et al. explained
the peak series as the process of simultaneous emission of two TA (transverse
acoustic) phonons at the X-point [180]. Namely, if electrons in the higher Lan-
dau levels make transition to a lower Landau level by emitting two TA phonons
with an energy h̄ωTA and wave vector q and –q simultaneously, the momentum
conservation rule is not violated. The resonance condition is
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Fig. 3.38. Experimental traces of hot electron magnetophonon resonance in n-type
InP at various electric field shown on the right of each graph. (First published
in [154].)

2h̄ωTA = Nh̄ωc. (3.133)

The transition probability should be very small, but because of the flat dispersion
of the TA mode near the X-point and the small energy, it becomes visible at an
intermediate electric field range.

When the electric field becomes very high, a reversal of the peak polarity is
observed. Very high electric fields can be applied by applying a voltage between
the electrodes across a thin film sample. Eaves, Guimaraes, and Portal measured
the magneto-resistance in short channel n+nn+ devices of a single crystal thin
film of GaAs and InP with a thickness of a few µm [181]. In such a shape of the
sample, the Hall voltage does not show up as it is shortened, so that the magneto-
resistance is proportional to σxx. Therefore the magnetophonon resonance peaks
appear as the magneto-resistance minima. Eaves et al. found that the resonance
peaks are converted from minima to maxima as the electric field is increased
higher than a few tens of kV/cm−1. The data for GaAs are shown in Fig. 3.39
(a). At low current level (low electric field), conductivity maxima appear at
the resonance positions as a normal magnetophonon resonance. However, as the
current is increased, a hollow like structure appears on top of each resonance
maximum and develops to eventually become an large minimum.

The sign reversal of the peaks was explained by the non-vertical transition as
shown in Fig. 3.39 (b) based on a model of QUILLS (quasi-elastic inter-Landau
level scattering) [181,182]. The magnetophonon resonance transition probability
of electrons in the N -th Landau level to the ground state is proportional to the
square of a matrix element
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Fig. 3.39. (a) Examples of the experimental traces for magnetophonon resonance in
n-type GaAs at various current level as shown on the right [181]. The channel length
is 1 µm. T = 300 K. (b) Energy levels and wave function of the Landau levels with
high electric field and the electron transition between N= 1 and 0 levels emitting
an LO phonon [183] .

M = 〈0, X, kz| exp(iq · r)|N,X ′, k′
z〉, (3.134)

where exp(iq · r) represents the wave of the LO phonons. As magnetophonon
resonance occurs in the vicinity of q = 0, M is described by an overlap integral
between the two wave functions of Landau levels, 〈0, X, kz|N,X ′, k′

z〉. As overlap
integrals between different harmonic oscillator wave functions of the Landau
levels are zero for a common center coordinate (X = X ′), the transition occurs
only between states which have slightly different center coordinates (X �= X ′).
Figure 3.39 (b) shows the magnetophonon resonance transition in high electric
fields. For a low electric field, the X-dependence of the Landau levels is small,
so that the transition between shifted X states takes place at fields only slightly
shifted from the resonance condition. In a high electric field, however, the electron
energy is significantly altered by E. The energy difference between the position
X and X ′ is eE∆X by a shift of the center coordinate X − X ′ = ∆X. The
magnetophonon resonance condition is thus expressed as
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Fig. 3.40. (a) Theoretical curves of the oscillatory part of the magneto-conductivity in
crossed magnetic and electric field for InP at different electric fields indicated on the
right. (b) The experimentally observed magnetophonon resonance peak positions for
N = 1 and N = 2 transitions [183]. Solid lines were theoretical curves numerically
calculated from (3.137).

Nh̄ωc ± eE∆X = h̄ωo. (3.135)

This implies that the magnetophonon resonance peaks appear on both sides of
the magnetophonon resonance peak determined by (3.120). Hence apparently
the resistivity minima are observed in the field positions represented by (3.120).

In InP, which has a larger effective mass and the larger LO phonon energy,
magnetophonon resonance with the same harmonic number N occurs at higher
fields than in GaAs. Yamada et al. measured the magnetophonon resonance
in a short channel n+nn+ device of InP [183]. Fine magnetophonon resonance
oscillation and the sign reversal of the peaks were observed. The results are
in good agreement with the theoretical curve calculated following the formula
obtained by Mori et al. [182],

∆σxx =
∞∑
r=1

1
r

exp(−2πrγ){cos[2πr(ωo + ∆ω)/ωc] + cos[2πr(ωo −∆ω)/ωc]}
(3.136)

∆ω =
3eEl

2h̄
[(ωo + ωc)/ωc]1/2. (3.137)

which is shown in Fig. 3.40 (a) for InP. The electric field dependence of the N =
1 and N = 2 peak positions are plotted in Fig. 3.40 (b). The experimental data
are in good agreement with the theoretical curves calculated by using (3.137).
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3.5.4 Magnetophonon resonance in multi-valley semiconductors

In multi-valley semiconductors such as n-type Si and Ge, the magnetophonon
spectra are very complicated as the intervalley scattering take place as well as
the intravalley scattering. These crystals are mono-polar, so that there are no
polar optical phonons, but the magnetophonon resonance is still possible via the
deformation potential coupling. In Si, for example, there are six valleys located
in the < 100 > and equivalent directions as shown in Fig. 2.8. In the case of Ge
there are four valleys in the < 111 > directions. In each valley, the intraband
magnetophonon resonance occurs under the condition Eq. (3.120). In multi-valley
semiconductors, there is also a possibility of intervalley transition. In the case of
intervalley transition, depending on the magnetic field direction relative to the
symmetry axis of each valley, different Landau level series are formed between
the valley of the initial state and that of the final state. In such a situation, the
magnetophonon resonance condition is written as

(
N +

1
2

)
h̄ωc1 −

(
M +

1
2

)
h̄ωc2 = h̄ωo, (3.138)

Fig. 3.41. Hot electron magnetophonon resonance spectra in n-type Si [187]. The mag-
netic field was applied parallel to the < 110 > axis. J ‖ B. (a) Raw data of the
oscillatory part of the magneto-resistance. The upper two curves represent the sec-
ond derivative of the resistance with different bias voltages and the bottom curve
represents the oscillatory part derived from the subtraction of the monotonic mag-
neto-resistance. T = 80 K. The vertical lines indicating the resonance positions of
the intervalley transition with different quantum numbers. (b) Fourier transforma-
tion of the d2R/dB2.
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where N , M , h̄ωc1, and h̄ωc2 are the Landau quantum numbers and the Landau
energy spacings in valleys 1 and 2, and h̄ωo is the involved LO phonon energy,
respectively. Detailed studies of magnetophonon resonance have been made in n-
type Ge [184] and n-type Si [185,186]. The magnetophonon resonance oscillation
is very complicated because of the complexity in the combination of the sets
of Landau levels and phonon branches. Figure 3.41 shows an example of the
magnetophonon resonance spectra in n-Si observed in pulsed high magnetic fields
up to 40 T [187]. The measurement was done in the longitudinal resistance and in
the hot electron regime. The raw data of the oscillatory part is very complicated.
Such complicated spectra involving oscillations with multiple frequencies can
be analyzed by Fourier analysis with respect to 1/B. The Fourier spectra for
B ‖< 110 > axis are shown in Fig. 3.41 for different bias voltages. From the
peaks in such Fourier spectra, the fundamental frequencies of different types of
transitions can be obtained. The dominant series of the oscillation peaks are
assigned as the intervalley transitions with the lighter electron mass by emitting
a f110-Σ3 phonons.

3.6 Angular dependent magneto-oscillation

As another type of quantum oscillation in high magnetic fields, the angular de-
pendent magneto-oscillation (AMRO) is an important phenomenon which is use-
ful for investigating the Fermi surface. The AMRO was first discovered by Kajita
et al. and Kartsovnik et al. in an organic conductor θ-(BEDT-TTF)2I3 [188,189].
This material has a quasi-two-dimensional structure and its Fermi surface is rep-
resented as a warped cylinder. Kajita et al. found that when the magnetic field
direction is changed from the symmetry axis by an angle θ, the conductivity
changes as a function of θ. A remarkable feature of this phenomenon is that
the oscillatory structure does not depend on the magnetic field. This is a com-
pletely different feature from the Shubnikov-de Haas effect. The oscillation was
explained by Yamaji considering the warping of the Fermi surface which has
a quasi-two-dimensional character [190, 191]. If the system is completely two-
dimensional, the Fermi surface has a cylindrical shape, as shown in Fig. 3.42.
When the magnetic field is applied with an angle θ from the cylinder axis, the
extremal cross section of the cylinder perpendicular to the magnetic field has an
area

Sk = πk2F
1

cos θ
. (3.139)

Sk does not depend on kz. As shown in Section 2.3.2, the semiclassical quanti-
zation yields to the condition

Sk = (N + γ)
2π
l2

, (3.140)

where N is an integer and γ is a phase factor. As Sk depends on θ, the above
quantization condition changes with θ. However, the change is just monotonic. If
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Fig. 3.42. (a) Cross-section of the Fermi surface of a two-dimensional system and the
cross section perpendicular to the magnetic field applied with a tilted angle θ. (b)
In the case of warped Fermi surface.

the system is quasi-two-dimensional with a small dispersion along the z-direction,
the energy is represented as

E =
h̄2

2m∗
(
k2x + k2y

)− 2t cos(ckz), (3.141)

then the extremal cross section is

Sk =
1

cos θ

[
πk2F + 4πm∗t cos(ck(0)z )J0(ckF tan θ)

]
, (3.142)

where J0 is the Bessel function of the zero-th order. Thus Sk has the k
(0)
z -

dependence. In other words, the quantized energy depends on k
(0)
z . If the last

term vanishes, however, with a condition,

J0(ckF tan θ) = 0, (3.143)

Sk does not depend on k
(0)
z any more and all the electrons on the Fermi surface

obeys the same quantization condition. Under this condition, σxx or ρxx would
show oscillation. As the Bessel function is approximated as

J0(z) ∼ (2/πz)1/2 cos(N − π/4), (3.144)

the condition (3.143) can be rewritten as

tan θ =
π

ckF
N − π

4ckF
. (3.145)

It was found that this condition almost coincides with the position where the
conductivity maxima are observed [190].
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Fig. 3.43. Angular dependence of the second derivative of the magneto-resistance in
(TMTSF)2ClO4 [193]. The let inset shows the Fermi surface. The peaks are denoted
by fractions p/q.

A similar warped cylinder-shaped Fermi surface can be made in semicon-
ductor superlattices. Yagi et al. observed the same kind of AMRO in doped
AlGaAs/GaAs superlattices [192].

A different type of AMRO was observed in a quasi-one-dimensional organic
conductor (TMTSF)2ClO4 [193]. Figure 3.43 shows experimental traces of AMRO
in (TMTSF)2ClO4. The quasi-one-dimensional band of this crystal is represented
as

E(k) =
h̄2k2x
2m∗ − 2tb cos(bky)− 2tc cos(ckz). (3.146)

When the magnetic field is applied in the ab plane with an angle θ from the
c-axis, the Hamiltonian is given by

H =
h̄2k2x
2m∗ − 2tb cos(Gb + bky)2tc cos(Gcx− ckz), (3.147)

where
Gb =

beB

h̄
cos θ, Gc =

ceB

h̄
sin θ. (3.148)

We can see that when a condition

Gb
Gc

=
q

p
(p, q= integer), (3.149)
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holds, the motion in the y, z-direction is periodic. Under such a condition, the
magneto-conductivity should show maxima. This is exactly the phenomena ob-
served in the experiment [193]. In organic conductors that have highly anisotropic
Fermi surfaces, different types of AMRO have also been observed [194,195].
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CYCLOTRON RESONANCE AND FAR-INFRARED
SPECTROSCOPY

4.1 Fundamentals of cyclotron resonance

Cyclotron resonance is a powerful tool to determine the effective mass of carriers,
and to study energy band structure, electronic states, electron interactions with
other elementary excitations, and electron-electron excitations. There are two
ways to observe cyclotron resonance. One is by fixing the magnetic field constant
and varying the wavelengh of the incident eletromagnetic radiation. The other
method is to sweep the magnetic field at a constant wavelength. The latter is
particularly suitable for pulsed high magnetic fields, since the magnetic field
is automatically swept and hits the resonance when a monochromatic light is
incident on a sample. High magnetic fields are advantageous in many ways for
cyclotron resonance. Firstly, as the necessary condition of the cyclotron resonance
h̄ωc > 1 can be satisfied even in low mobility substances, the effective masses
and the band structure can be accurately determined. Moreover, the cyclotron
energy h̄ωc can exceed various excitation energies in semiconductors, such as LO
phonons, plasmons, the energy band gap, or artificial quantum potentials, etc.,
which allows us to study new interesting problems. Very high magnetic fields
also cause the breakdown of the effective mass theory or new phenomena which
arise from electron-electron interaction.

In high magnetic fields, the frequency for the resonance in most semicon-
ductors is in the range 0.3–10 THz (teraherz), corresponding to the wavelength
30–1000 µm. Hence the far-infrared or teraherz spectroscopy technique is nec-
essary. In this chapter, basic principles of the cyclotron resonance and different
examples are presented, focusing on the effects of high magnetic fields.

4.1.1 Observation of classical cyclotron resonance

Cyclotron resonance in semiconductors was first observed by Dresselhaus, Kip,
and Kittel in 1953 [196] and by Lax et al. in 1954 [197] for Ge and Si. When
subjected to magnetic fields B, conduction electrons with effective mass m∗

conduct cyclotron motion in the plane perpendicular to B with angular frequency

ωc =
eB
m∗ . (4.1)

If electromagnetic radiation is incident, the cyclotron motion resonantly absorbs
the energy when the angular frequency of the radiation ω coincides with ωc. This
is the phenomenon called cyclotron resonance, which can be described well by
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a classical dynamics of electrons in static magnetic fields and electromagnetic
radiation. The motion of electrons in a magnetic field B and an electric field E
is represented by the following classical equation of motion,

m∗ dv

dt
+

m∗v
τ

= −eE − e(v ×B), (4.2)

where the effect of the scattering of electrons is taken into account by the second
term in the left side with relaxation time τ . Let us consider the case where a
static magnetic field B is parallel to the z-direction, and the electromagnetic
wave with an angular frequency ω propagates also along the z-direction. Then
in most cases, the electric vector E is perpendicular to the z-axis. The carrier
velocity vx and vy are obtained as follows,

vx =
eτ

m∗

[
1 + iωτ

1 + (ω2c − ω2)τ2 + 2iωτ

]
Ex +

ωc
(ω − i/τ)2 − ω2c

Ey, (4.3)

vy = − ωc
(ω − i/τ)2 − ω2c

Ex +
eτ

m∗

[
1 + iωτ

1 + (ω2c − ω2)τ2 + 2iωτ

]
Ey. (4.4)

As the current is given by
J = nev, (4.5)

the conductivity tensor is obtained as

σ =
σ0
τ

⎛⎜⎜⎜⎜⎜⎝
−i(ω − i/τ)

(ω − i/τ)2 − ω2c

ωc
(ω − i/τ)2 − ω2c

0

−ωc
(ω − i/τ)2 − ω2c

−i(ω − i/τ)
(ω − i/τ)2 − ω2c

0

0 0
−i

ω − i/τ

⎞⎟⎟⎟⎟⎟⎠ . (4.6)

The diagonal conductivity is therefore

σ =
jx
Ex

=
Nevx
Ex

= σ0

[
1 + iωτ

1 + (ω2c − ω2)τ2 + 2iωτ

]
, (4.7)

where σ0 is the DC conductivity,

σ0 =
Ne2τ

m∗ . (4.8)

Equations (4.6) and (4.7) well known as the Drude model.
As the radiation proceeds in an absorbing medium in the z-direction, the

intensity decreases with a dependence exp(−αz). Here, α is called the absorption
coefficient. When the radiation of intensity I0, is incident to a semiconductor
plate with a thickness d, the intensity I of the transmitted radiation through the
plate is expressed using the above α in the following form,

I ≈ I0(1−R)2 exp(−αz), (4.9)

where R is the reflectivity of the surface of the plate.
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Fig. 4.1. Cyclotron resonance line-shape for at different values of ωτ . (a) Linear po-
larization. (b) Circular polarization.

The power absorption of the radiation per unit volume and per unit time is
equal to the real part of J ·E. When the electric vector E is linearly polarized
in the x-direction, it is proportional to

�(σxx) = σ0
1 + (ωτ)2 + (ωcτ)2

[1 + (ω2 − ω2c )τ2]2 + 4(ωτ)2
, (4.10)

where � denotes the real part. The absorption coefficient α is proportional to
the power absorption, so that it is also proportional to �(σxx). It is depicted
as a function of ωc/ω in Fig. 4.1 (a) for the case of linear polarization. We
can see that the absorption has a peak at ωc/ω = 1, and the width of the
peak is decreased as ωτ is increased. The peak is visible only for ωτ > 1. This
is the necessary condition for observing cyclotron resonance. The condition is
equivalent to the requirement that the carriers should complete at least one
cyclotron orbit between scattering.

The shape of the absorption curve in Fig. 4.1 (a) has a general background
which decreases as the ωc/ω increases. The background is more conspicuous for
small ωτ . When we use the circularly polarized radiation, the peak is more clearly
visible, because the fundamental propagation mode of the electromagnetic wave
in magnetic fields is the circularly polarized one. The electric field of the circularly
polarized radiation and the corresponding velocity of carriers are represented by

E± = Ex ± iEy, (4.11)
v± = vx ± ivy. (4.12)
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Here the + and − signs denote the right and left circular polarizations. The
conductivity σ+, σ− for both circularly polarized radiation is obtained from an
equation similar to (4.7), which is for the linear polarization,

σ± = σxx ∓ σxy = σ0

[
1

1 + (ω ∓ ωc)2τ2
− i

(ω ∓ ωc)τ
1 + (ω ∓ ωc)2τ2

]
. (4.13)

The absorption of the radiation is proportional to the real part of the conduc-
tivity. For electrons, ωc is positive (because we define the charge of electrons as
−e), so that the resonance takes place for the right circularly polarized radiation
for ωc = ω as the denominator takes the minimum. When we sweep the mag-
netic field fixing the photon energy h̄ω of the radiation, the resonance occurs at
a magnetic field Br which satisfies,

ωc =
eBr
m∗ = ω. (4.14)

From the magnetic field of the peak Br, we can obtain the effective mass by

m∗ =
eBr
h̄ω

. (4.15)

The curve has a Lorenzian shape as shown in Fig. 4.1 (b), and the half width of
the half maximum ∆B is represented by

∆B

Br
= (ωcτ)−1 =

1
µB

, (4.16)

Here µ = eτ/m∗ is the mobility of carriers. Using this relation, we can obtain
information about the carrier scattering or mobility from ∆B. For holes, ωc is
negative (because e is negative for holes), and the resonance occurs for the left
circular polarization. Therefore, from the sign of the polarization for which the
resonance occurs, we can know whether the carriers are electrons or holes. Thus
the right or left circular polarizations are often called “electron-active” or “hole-
active” polarization, respectively. For both electrons and holes, the non-active
polarization gives just a monotonic absorption spectrum. The origin of the back-
ground for the linear polarization as shown in Fig. 4.1 (a) is this non-active
component, since the linear polarization is a sum of left and right circular po-
larizations. When ωcτ is not much larger than 1, the absorption is more clearly
seen if we use a circular polarization. Therefore, the use of circular polarization
is more advantageous than linear polarization. As the ωcτ becomes large, the
absorption curve for the linear polarization approaches that for circular polar-
ization because the contribution of the non-active component to the absorption
becomes smaller.

4.1.2 Quantum theory of cyclotron resonance
Cyclotron resonance is regarded as a transition of electrons between Landau
levels absorbing the energy of photons of the radiation. When the energy of one



FUNDAMENTALS OF CYCLOTRON RESONANCE 129

photon h̄ω becomes equal to the spacing between Landau levels, resonant electron
transition gives rise to the absorption of radiation. The transition probability
of the resonance is calculated treating the electric field of the electromagnetic
radiation

ER = E0 exp[i(ωt + q · r)], (4.17)

as a perturbation. ER is represented in terms of a vector potential

ER = −∂AR

∂t
. (4.18)

The magnetic field B is also represented by another vector potential AB ,

B = rotAB . (4.19)

The Hamiltonian is given by

H =
1

2m
[p + e(AB + AR)]2 + U(r)

∼ 1
2m

(p + eAB)2 + U(r) +
e

m
(p + AB) ·AR. (4.20)

The first two terms of the right side compose the base Hamiltonian which forms
the Landau levels. The third term can be treated as the perturbation which gives
rise to the transition between the Landau levels. The absorption coefficient α is
given by

α =
2h̄ωµ0
ncE20V

W, (4.21)

where n is the refractive index, E0 is the electric vector of the incident radiation.
W is the transition probability between the n-th and the k-th Landau levels,
which can be calculated by Fermi’s golden rule,

Wnk =
2π
h̄
|< k|H′|n >|2 δ(Ek − En). (4.22)

The matrix element is

< k|H′|n > = < k| e
m

(p + eAB) ·AR|n >

= < k| e

m∗ AR ·mdr

dt
|n >

=
i

h̄
AB(Ek − En) < k|r|n > . (4.23)

According to the effective mass approximation, the wave functions of the n-th
and k-th Landau levels are represented by

|n >= Cnuν0fn, |n >= Cnuκ0fn, (4.24)
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where uν0 etc. are the Bloch function at k = 0 and fn etc. are the envelope
functions. Thus the matrix element in (4.23) is

< k|r|n > =
∫

C∗
ku

∗
κ0f

∗
krCnuν0fn

∼ C∗
kCn

[∫
cell

u∗
κ0ruν0dr

∫
crystal

f∗
kfndr

+
∫
cell

u∗
κ0uν0dr

∫
crystal

f∗
krfndr

]
. (4.25)

To derive the second relation here, we used properties of the wave functions;
namely, us are rapidly oscillating functions, whilst fs are slowly varying func-
tions. The first term in the bracket is the interband term which is zero within
the same band (κ = ν). The second term is the intraband term which gives the
contribution to cyclotron resonance. The selection rule is then obtained from the
condition that

∫
f∗
krfndr is non-zero. When the Landau levels are represented

by harmonic wave functions as in (2.60), the selection rule is obtained as

∆N = ±1 (Landau level), (4.26)
∆s = 0 (spin). (4.27)

From this selection rule, we can see that the carriers can undergo transition only
to the adjacent Landau level. When there is a non-parabolicity, however, the
Landau levels have some components of different harmonic oscillator functions,
and there is some probability of transitions between remote levels, so that the
above selection rule sometimes breaks down.

Quantum treatment of the Landau levels is important in the case where the
spacing between the Landau levels is non-uniform due to the non-parabolicity
or the degeneracy of the bands.

4.1.3 Cyclotron resonance in anisotropic bands

When the band extrema in the k space are located at points other than the
Γ point, the effective mass is generally anisotropic even in cubic crystals. Good
examples are Ge and Si, in which the conduction band minima are at the L-point
and the ∆-point. In a band whose equi-energy surface is a rotational ellipsoid,
the energy dispersion is represented by

E =
h̄2

2m∗
t

(k2x + k2y) +
h̄2

2m∗
l

k2z , (4.28)

where the longitudinal mass m∗
l is usually much larger than the transverse mass

m∗
t . In such an anisotropic band, different effective mass is observed in the cy-

clotron resonance, depending on the direction of the magnetic field. Dresselhauss,
Kip, and Kittel derived an expression of the apparent effective mass m∗

c observed
in the cyclotron resonance for arbitrary directions of the magnetic field [196].
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When magnetic field B is applied in the direction tilted from the z-direction by
an angle θ in the x− z plane,

B = B(sin θ, 0, cos θ), (4.29)

the effective mass m∗
c is represented by an equation(

1
m∗
c

)2
=

cos2 θ

m∗2
t

+
sin2 θ

m∗
lm

∗
t

. (4.30)

For B parallel to the z-direction, the effective mass is m∗
c = m∗

t and for B
parallel to the x- or y-direction, it is m∗

c =
√

m∗
tm

∗
l .

In Ge, whose conduction band consists of four valleys, the principal axis of
the ellipsoids (z-axis in Eq. (4.28)) is directed towards the < 111 > direction, so
that each curve should be calculated by different coordinate conversion to obtain
the θ dependence. Four different curves are obtained in the general direction of
B. However, for the B direction in the (110) plane, two valleys are equivalent,
so that three curves are obtained.

When the anisotropy is particularly large, the selection rule against the cir-
cular polarization is relaxed for magnetic fields applied in the direction off the
axial symmetry axis, because then the cyclotron orbit has an ellipsoidal form
rather than a perfect circle. In other words, the electron cyclotron resonance is
also observed for “hole-active” polarization (left circular polarization) to some
extent and vice versa. Let us assume that the magnetic field is applied in the
x-direction for the conduction band with a dispersion represented by (4.28). The
equation of motion in the y − z plane is

m∗
t

dvy
dt

+
m∗
t vy
τ

= −eEy − evzB, (4.31)

m∗
l

dvz
dt

+
m∗
l vz
τ

= −eEz − evyB. (4.32)

(4.33)

For circular polarization,

E± = Ey ± Ez, (4.34)
v± = vy ± vz. (4.35)

Therefore, for electrons, v+ is obtained from the above equation of motion as

v+ =
1

i(ω − ω̃c) + 1/τ

⎡⎣ 1
2 (iω + 1

τ )( 1
m∗

t
+ 1
m∗

l
) + iω̃c√

m∗
tm

∗
l

i(ω + ω̃c) + 1
τ

eE+

⎤⎦ (4.36)

+

[ 1
2 (iω + 1

τ )( 1
m∗

l
− 1
m∗

t
)

i(ω + ω̃c) + 1
τ

eE−

]
, (4.37)
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Fig. 4.2. Cyclotron resonance in n-Si for electron-active and hole-active circular po-
larizations. B ‖< 100 >. The wavelength is 119 µm. T = 300 K.

where
ω̃c =

eB√
m∗
tm

∗
l

. (4.38)

The absorption is proportional to the real part of the conductivity σ = Nev/E.
The ratio of the absorption for the left and right circular polarizations is

� (σ(E+))
� (σ(E−))

∼
∣∣∣∣∣
1
m∗

t
+ 1
m∗

l

1
m∗

l
− 1
m∗

t

∣∣∣∣∣ =
m∗
t + m∗

l

m∗
l −m∗

t

. (4.39)

An example is shown in Fig. 4.2 for n-type Si for right circular polarization
(r.c.p.) and left circular polarization (l.c.p.) at a wavelength of 119 µm [198].
When we apply magnetic fields to the < 100 > direction, two resonance peaks are
observed corresponding to the two inequivalent valleys with effective cyclotron
masses m∗

t and
√

m∗
lm

∗
t , respectively, for the electron active mode (r.c.p.). The

peak with m∗
t is not discernible for l.c.p. because the cyclotron orbit is circular,

whilst the peak of
√

m∗
lm

∗
t is observed even for l.c.p., although the intensity is

smaller than for r.c.p. This is because the cyclotron orbit is ellipsoidal.
In some crystals, effective masses are all different for three principal axes (no

rotational symmetry), and expressed by

E(k) =
h̄2k2a
2m∗

a

+
h̄2k2b
2m∗

b

+
h̄2k2c
2m∗

c

. (4.40)

In such a case, the effective mass observed in cyclotron resonance is(
1

m∗

)2
=

1
m∗
am

∗
bm

∗
c

(m∗
aα
2 + m∗

bβ
2 + m∗

cγ
2), (4.41)
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Fig. 4.3. Cyclotron resonance in p-type black phosphorus [200]. (a) Experimental
traces at different angles when the ac-plane is rotated around the c-axis set per-
pendicular to B. Besides the main peak of hole cyclotron resonance, a small peak
corresponding to the electron cyclotron resonance (indicated by arrows) is observed.
(b) Angular dependence of the resonant field for the peak CR1 (hole) and CR2 (elec-
tron).

Table 4.1 Effective masses of electrons and holes in black phosphorus (in units
of m.

B ⊥ ab B ⊥ bc B ⊥ ac Photon energy Reference
m∗
ab m∗

bc m∗
ac (meV)

holes 0.436 0.166 0.238 10.4 [200]
electrons 0.380 0.120 0.330

holes 0.427 0.146 0.222 1.3–3.2 [199]
electrons 0.362 0.103 0.291

m∗
a m∗

b m∗
c

holes 0.625 0.304 0.091 10.4 [200]
electrons 0.436 0.166 0.238

holes 0.648 0.280 0.076 1.3–3.2 [199]
electrons 1.03 0.128 0.083

where (α, β, γ) is a direction cosine of the magnetic field against the a, b, and
c-axes. Black phosphorus is an example of such crystals. It is a rhombohedral
layered structure stacked in the direction of the b-axis. Cyclotron resonance was
measured by Narita et al. [199] in the low field range up to 7 T. Takeyama
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et al. extended measurements to higher fields up to 40 T, and determined the
anisotropic effective masses [200]. Figure 4.3 shows the experimental traces of
the cyclotron resonance in black phosphorus and the angular dependence of the
effective mass [200]. The measurement was performed for p-type crystals grown
under high pressure. As the samples also contain small n-type regions even in a
p-type sample, two peaks were observed corresponding to holes (CR1 peak) and
electrons (CR2 peak). Table 4.1 lists the effective masses of black phosphorus
obtained from the cyclotron resonance experiments for all three directions.

4.1.4 Cyclotron resonance in two-dimensional systems

The extreme case of the anisotropic system is the two-dimensional (2D) electron
systems in quantum wells or MOS-FET. The first cyclotron resonance exper-
iments were reported by Allen, Tsui, and Dalton [201] and by Abstreiter et
al. [202] for Si MOS-FET. The ground state of the two-dimensional electrons in
Si MOS-FET fabricated on a [100] surface is quantized in such a way that the
effective mass in the two-dimensional plane is the transverse mass m∗

t . There-
fore, when we apply a magnetic field perpendicular to the plane, we can expect
that the effective mass should not be very different from the value for the three-
dimensional (3D) sample, m∗

t = 0.1905m. Actually, the observed mass for Si
MOS-FET was 0.20m [201] and 0.21m [202] which are very close to the 3D
values.

However, in the case of 2D systems, many different features are expected to
occur in the cyclotron resonance. In fact, in more detailed studies, it has been
revealed that the non-parabolicity, the polaron effect, the spin split cyclotron
resonance, etc. all show properties different from the 3D case, Furthermore, the
electron-electron interaction should be enhanced in the 2D systems at relatively
low carrier densities since the interaction is more enhanced in 2D systems. Many
experiments have been performed to explore the new effects in the cyclotron
resonance of 2D carriers since the early days. Figure 4.4 shows the carrier density
dependence of the cyclotron mass m∗

c for Si MOS-FET measured by Abstreiter
et al. [203]. It was found that as the electron density ns is decreased to below 1×
1012 cm−3, m∗

c starts increasing. With further decreasing ns below 5×1011 cm−3,
m∗
c shows a drastic decrease. The first increase of the mass seems to arise from

the electron-electron interaction. The large drop of the mass at very low carrier
density is due to the localization of the carriers [203]. A similar increase of the
effective mass with decreasing carrier concentration below 1012 cm−2 was also
observed by Pan and Tsui [204].

Wilson, Allen, and Tsui investigated the cyclotron resonance at low elec-
tron densities while searching for the Wigner crystal [205]. In 2D systems, we
can expect that the ground state of electrons in sufficiently high magnetic fields
and low temperatures should be the Wigner crystal [119, 206]. Although the
electron-electron interaction effect should not show up in the cyclotron reso-
nance according to Kohn’s theorem, as will be discussed in Section 4.4.1 [207],
the rule is relaxed if the translational symmetry of the system is broken. Consid-



FUNDAMENTALS OF CYCLOTRON RESONANCE 135

Fig. 4.4. Dependence of the cyclotron mass and the resonance magnetic field on the
carrier density for different samples of Si-MOS-FET [203].

erable modification of the cyclotron resonance spectra will be observed if there
are impurity potentials in a Wigner crystal [208]. Wilson et al. found that the
cyclotron mass m∗

c and the line-width show significant changes near the filling
factor ν crosses unity. The experiment in the low electron density, however, is
difficult in the sense that the effect of the electron localization that becomes sig-
nificant in the low densities obscures the effect of electron-electron interaction.
Therefore, no conclusive result has been obtained regarding the Wigner crystal-
lization. As regards the electron-electron interaction and its effect on cyclotron
resonance, discussion will be made again in Section 4.4.

4.1.5 Impurity cyclotron resonance and impurity transition

In the quantum limit regime with high magnetic fields and low temperatures, we
often observe subsidiary absorption peaks arising from the transitions between
impurity states in the vicinity of cyclotron resonance absorption. As mentioned
in Section 1.3.1, the donor states have hydrogen atom-like states such as 1s,
2s, 2p, 3s 3p, 3d, · · ·. The absorption associated with the 1s → 2p transition
is fairly strong at low temperatures when electrons are captured in the donor
states. The 2p state shows a Zeeman splitting to form 2p−, 2p0 and 2p+ states
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Fig. 4.5. Experimental traces of cyclotron resonance in n-type ZnSe at different tem-
peratures [209].

in the low field range, and the transition occurs between the 1s state to 2p−

and 2p+ states. In the high field range, the 2p+ state tends to the (010) state
which is associated with the N = 1 Landau level. Both the 1s state and the 2p+

state are almost parallel to the N = 0 and N = 1 Landau levels, respectively,
but the binding energy of the 1s state is larger than the 2p+ state, because
the wave function extension is smaller. Therefore the 1s → 2p+ transition peak
always appears in the low field side of the cyclotron resonance peak, and is often
called the “impurity cyclotron resonance”. As an example of such absorption
peaks, we show in Fig. 4.5 cyclotron resonance spectra in n-type ZnSe [209].
Besides the cyclotron resonance peak, the impurity cyclotron resonance peak
(1s → 2p+ or (000) → (010) transition) is seen in the low field side. Figure
4.6 (a) shows schematically the transitions of the cyclotron resonance and the
impurity cyclotron resonance. Due to the very high field, the system is already
in the high field range (γ ∼ 10). At low temperatures, the impurity cyclotron
resonance peak dominates the spectra because of the carrier freeze-out into the
donor state, whilst the free carrier cyclotron resonance becomes prominent as the
temperature is raised. From the temperature dependence of the intensity of the
impurity cyclotron resonance peak as shown in Fig. 4.6 (b), we can determine
the magnetic field dependence of the donor binding energy Ed [209].
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Fig. 4.6. (a) A schematic diagram of the transitions of cyclotron resonance (CR)
and the impurity cyclotron resonance (ICR) [209]. (b) Temperature dependence of
the integrated intensity of the cyclotron resonance absorption in ZnSe. The solid
and the open circles indicate the data at wavelengths of 10.6 µm and 16.9 µm,
respectively. The solid and broken lines stand for the best curve fitting with a
function, exp(–Ed/2kT ).

As already mentioned in Section 2.8.1, the 1s → 2p transition is a useful
means for studying the central cell correction or chemical shift among different
spiecies of donor or acceptor impurities, and hence for characterizing high purity
samples [59–61].

Another structure oberved in the far-infrared magneto-optical spectra in con-
nection with impurity states is the absorption from the D− state. The neutral
shallow donor can accommodate a second electron to form a negatively charged
ion, similar to the H− state. This is called the D− state [210]. The binding energy
of the D− state is very small. In the case of H−, the binding energy is 5.5% of
the Rydberg energy. Najda et al. observed the transition from the D− state to
a series of Landau levels in far-infrared magneto-photoconductivity for GaAs,
InP, and InSb [211]. The binding energy of the D− state was determined as a
function of magnetic field.

4.2 Non-parabolicity and spin splitting

4.2.1 Cyclotron resonance in non-parabolic bands

As discussed in Section 2.4, the energy dispersion of electronic energy bands is
parabolic only in the vicinity of their extrema, and as the energy becomes large,
it deviates from the k2 dependence. Generally, the effective mass increases with
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Fig. 4.7. (a) Landau levels and cyclotron resonance transitions in a non-parabolic
band in InSb. (b) Spin-split cyclotron resonance in n-InSb at wavelengths of 10.7
µm and 9.5 µm [213]. T = 300 K.

increasing energy. The simplest case is the energy dispersion derived by the two-
band model as discussed in Section 2.4.1. Based on the two-band model, the
effective mass at m∗ at an energy E is obtained from (2.123) as follows,

1
m∗ =

1
m∗
0

(
1− 2(N + 1)h̄ωc(0)

Eg

)
. (4.42)

Equation (4.42) indicates that as the energy of the carriers increases and be-
comes non-negligible in comparison to the band gap, the increase of the effective
mass is significant. The transitions between Landau levels (0 → 1, 1 → 2, · · · )
are observed at different magnetic fields with a given h̄ω. The non-parabolicity
appears also in the spin splitting. As is evident in Eqs. (2.125) or (2.127), the spin
splitting is larger for the N = 0 Landau level than for the N = 1 level. Therefore,
as shown in Fig. 4.7 (a), the transition of (0+) → (1+) occurs at lower magnetic
field than that of (0–) → (1–) for a given h̄ω. The non-parabolicity in InSb and
GaAs at very high magnetic fields was studied in cyclotron resonance by Her-
lach, Davis, and Schmidt [212] and Miura, Kido, and Chikazumi [213] in early
days of the actual application of megagauss fields to semiconductor physics. Fig-
ure 4.7 (b) shows the experimental data for InSb obtained by Miura et al. The
cyclotron resonance comprising two peaks due to transitions of different spins is
clearly seen. Such a splitting between the transitions with different spin direction
is sometimes called ∆g splitting.

In the case of a two-dimensional electron system, the non-parabolicity is
larger than in the three-dimensional case because the Landau levels are formed
in the higher energy range due to the subband energy. In the actual band struc-
tures in Si or III-V, the valence bands are degenerate and the effect of other
remote bands is significant. Therefore, the two-band model is not necessarily a
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good approximation to describe the conduction band. The three level model tak-
ing account of the degenerate valence bands or five level model taking account of
the higher lying conduction bands in addition becomes necessary. Furthermore,
the polaron effect also affects the non-parabolicity as will be discussed in the next
section. To obtain a simple expression in spite of these effects, a non-dimensional
parameter K is introduced to represent the non-parabolicity. Using the param-
eter K, the cyclotron resonance mass m∗

c corresponding to the transition from
the N = 0 to the N = 1 Landau level is given by

1
m∗
c

=
1

m∗
0
[1 +

2K
Eg
{(N + 1)h̄ωc+ < T >z}], (4.43)

where < T >z is the kinetic energy in the z-direction (along the magnetic field)
from the bottom of the energy band [214]. In three-dimensional systems, the
density of states diverges at kz = 0, so that < T >z = 0. In two-dimensional
electron systems confined in quantum wells, < T >z is regarded as the subband
energy. In systems confined in a triangular potential as in Si MOS-FET, < T >z
depends on the distance from the interface so that becomes a function of the
electron density ns.

The parameter K is different depending on substances. In the ideal two-band
model, K = –1 irrespective of substances, as shown in (4.42). In bulk GaAs, K =
−0.83 derived from the three-level model [215], and values K = −1.1 or –1.5 were
obtained according to the five level model [216]. From the cyclotron resonance
in GaAs heterostructures at 119 µm wavelength, a value of K = −1.4± 0.1 was
obtained [217]. In the case of two-dimensional systems, we have to keep in mind
that m∗

c depends on < T >z.

4.2.2 Spin-split cyclotron resonance

In the case of GaAs, the g factor is a small negative value. Therefore, the spin
splitting (∆g splitting) is so small that it is not easily observed except by high
resolution experiments or by experiments in very high magnetic fields. Sig et al.
measured the cyclotron resonance of GaAs in a magnetic field up to 15 T and
found that the spin splitting is larger than expected from the k·p theory based
on the valence bands and the conduction band [218]. Normally, when we consider
the band structure of zinc blende-crystals, we take account of three bands: the
conduction band (Γ6 band), the valence band (Γ8 band), and the split-off valence
band (Γ7 band). However, when we measure cyclotron resonance in very high
magnetic fields, the Landau levels are formed in the high energy range, so that
the interaction with higher lying bands (Γ7c and Γ8c) has some significant effect.

Such an effect was actually observed in the cyclotron resonance in the mega-
gauss range. Figure 4.8 (a) shows cyclotron resonance traces for bulk n-type
GaAs at a CO2 laser wavelength at different temperatures [219]. At low tem-
peratures, four split peaks are observed. They correspond to the free carrier cy-
clotron resonance and the impurity cyclotron resonance as shown in Fig. 4.8 (b).
In other words, the two peaks in the lower field side correspond to the transition
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Fig. 4.8. (a) (Left) Cyclotron resonance traces in bulk n-type GaAs (epitaxial film)
at different temperatures. (b) (Right) The Landau levels and the impurity states
and the electron transitions responsible for the four observed absorption peaks.

between the donor states and the two peaks in the higher field side correspond to
the real cyclotron resonance in the conduction band. Both transitions split due to
the energy dependence of the g factor arising from the non-parabolicity. As the
temperature is elevated, the impurity cyclotron resonance peaks diminish due to
the decrease of the thermal population. Also, the peak of the spin up transition
(lower field peak) is larger than that of the spin-down transition (higher field
peak) due to the difference in the thermal population. From such measurements,
we can obtain the dependence of the g-factor on energy and magnetic field. It was
concluded that the k·p calculation with three bands (three-level model) is not
enough. The five-level model including two higher lying conduction bands (Γ7c
and Γ8v bands) as shown in Fig. 4.9 (a) is necessary to explain the magnitude
of the ∆g splitting.

Figure 4.9 (b) shows the magnetic field dependence of the g-factor for the N
= 0 and N = 1 levels for two different directions of magnetic field in GaAs. As
discussed in Section 2.4.2, the g-factor of the conduction band is a small value
of -0.44 in GaAs, but it shows a change towards a positive value. It should tend
to the free electron value g = 2.0 in the high field limit. The interesting point is
that it crosses zero at some high magnetic field. In a high field where the sign
of the g factor of the N = 0 level becomes positive, the spin splitting is larger
in the N = 0 level than in the N = 1 level. Then the lower field peak among
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Fig. 4.9. (a) Five-level model. Not only the three levels (Γ6, Γ8v, and Γ7v bands) but
also the higher-lying conduction bands Γ7c, Γ8c are included. (b) Magnetic field
dependence of the g-factor of the N = 0 and N = 1 levels in GaAs for B ‖< 100 >
and < 110 > direction.

the spin split peaks should become larger than the higher field peak. This was
actually observed in the cyclotron resonance in very high magnetic field around
B = 240 T using a CO laser and the electromagnetic flux compression as shown
in Fig. 4.10 [220]. Only three peaks are observed as the peaks for the spin-down
cyclotron resonance are merged with the spin-up impurity cyclotron resonance.
However, we can see that the lower field peak is smaller than the higher field
peak. From the analysis of such spin-split cyclotron resonance using the five-level
model, not only the momentum matrix element between the conduction band
|S >-like function and the valence bands |X >-like function, P0 ∼< S|px|Xv >,
but also the matrix elements associated with the higher-lying conduction bands,
P1 ∼< S|px|Xc > and Q ∼< Xv|py|Zc > were obtained [220].

4.3 Resonance line-width

As discussed in Section 4.1.1, the classical treatment of the cyclotron resonance
predicts that the half width ∆B of cyclotron resonance gives the carrier scatter-
ing time τ through the relation (4.16). Since early days, many studies have been
made on the cyclotron resonance line-width to investigate the carrier scattering
mechanism. The relaxation time τ is determined by various scattering mecha-
nisms, such as acoustic phonon scattering, LO phonon scattering, ionized impu-
rity scattering, neutral impurity scattering [221], carrier-carrier scattering [222],
etc. In the low field range τ obtained from cyclotron resonance is usually in
agreement with those obtained from the DC transport measurement, and thus
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Fig. 4.10. Cyclotron resonance in the conduction band of GaAs at different tem-
peratures in very high magnetic fields generated by electromagnetic flux compres-
sion [220]. Two different samples A and B were measured. The photon energy is
224 meV. The inset shows the data at a lower photon energy of 130.5 meV, where
four peaks were resolved.

∆B does not depend on Br. As regards the acoustic phonon scattering, Baggu-
ley, Stradling, and Whiting showed that in n-type Ge and Si, the line-width is
proportional to T− 3

2 in the temperature range 30–100 K [223,224]. This temper-
ature dependence is the same as the temperature dependence of the DC mobility
when the acoustic phonon scattering is the dominant scattering mechanism.

In high magnetic fields when the quantum limit condition h̄ωc > kT holds,
however, a quantum mechanical treatment of the line-width becomes necessary.
Fink and Braunstein measured the cyclotron resonance in n-Ge up to 11 T where
the condition h̄ωc ≥ kT is satisfied, and found that there is scattering in addition
to the acoustic phonon scattering in a classical form [225]. As regards the acoustic
phonon scattering in the quantum limit, Meyer derived a quantum mechanical
expression of the line-width of cyclotron resonance [226]. The relaxation time τ
which determines the line-width is given from Fermi’s golden rule by

1
τ

=
2π
h̄

∫
|< N = 1, kz|H′|N = 0, kz − q >|2 δ(E1 ± h̄ωq − E0)dq, (4.44)
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Fig. 4.11. Electron relaxation time< τ > deduced from cyclotron resonance line-width
in n-Ge in very high magnetic fields [231]. The magnetic field was applied parallel
to the < 111 > axis. Data for two samples with different carrier concentrations are
shown. Circle: 2.7 × 1016 cm−3, Square: 2.2 × 1015 cm−3. T = 300 K.

where k and q denote the wave vectors of electrons and phonons, and the matrix
element is taken only between the N = 0 and N = 1 Landau levels. Taking the
deformation potential for electron-phonon interaction as H′, (4.44) is reduced to

1
τ

=
E21

(2π)2

∫
q

ρvs

r2cq
2
⊥

2
exp

(
−r2cq

2
⊥

2

)
×
(

Nq +
1
2

)
δ

(
h̄ωc +

h̄2

2m∗ [k2z − (qz + kz)2]
)

dq, (4.45)

where vs is the sound velocity, ρ is the density, rc is the cyclotron radius and E1 is
the deformation potential constant. In high magnetic fields where the condition
h̄ωc � kT � ( 12m

∗v2s h̄ωc)
1
2 is satisfied, we can obtain

1
τ
∝ T (h̄ωc)

1
2 . (4.46)

Ito, Fukai, and Imai investigated the line-width of the cyclotron resonance in n-
Ge both theoretically and experimentally, and found that the line-width shows
a T−3/2 dependence in relatively high temperature and low frequency range,
but it deviates from this dependence for h̄ωc > 1 [227]. They showed that the
experimentally observed line-width in the quantum limit is in good agreement
with a theory based on the phonon induced transitions between Landau levels.

As regards the quantum calculation for the acoustic phonon scattering, Suzuki
and Dunn [228, 229], and Kobori, Ohyama, and Otsuka [230] also obtained for-
mula a little different from the results of Meyer.

Figure 4.11 shows the resonant photon energy dependence of the relaxation
time in n-type Ge at room temperature in high magnetic fields [231]. It was

found that < τ > is almost proportional to ω
− 1

2
c in good agreement with the

theory of Meyer.
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Fig. 4.12. Cyclotron resonance traces for InAs/AlSb quantum wells measured by using
the single-turn coil technique [238]. The wavelength was 10.6 µm. T = 16 K. (a) As
a function of time t. The magnetic field has nearly a sinusoidal form starting at t
= 0 and has a maximum at about t ∼ 3 µs. The sweep speed of the magnetic field
is varied by changing the maximum magnetic field. (b) The same data replotted as
a function of magnetic field.

In semiconductors containing appreciable concentrations of impurities, such
as InSb, the ionized impurity scattering plays a predominant role in the cyclotron
resonance width. The cyclotron resonance line-width arising from the ionized
impurity scattering has been a controversial problem for many years, and there
have been many reports [232–237].

4.3.1 Spin relaxation

As will be described in Chapter 7, the single turn coil technique provides a means
to generate very high pulsed magnetic fields above 100 T. The rise time to the
peak is 2–3 microseconds and the decay time is about 4 microseconds, and we can
obtain signals twice on both slopes of the magnetic field (see Fig. 7.10 in Section
7.1.3). The short pulse duration is usually an obstacle for the experiments, as we
need a fast detection technique. However, sometimes we can exploit the rapid
variation of the magnetic field in a short time for studies of electron relaxation
process. As an example of such a study, we show below the relaxation process of
spin states in quantum wells.

Figure 4.12 shows cyclotron resonance traces for quantum wells of InAs/AlSb
[238] measured by using the single-turn coil technique. Two spin-split-cyclotron
resonance peaks are observed corresponding to the spin up transition (|0 ↑>→
|1 ↑>) and the spin down transition (|0 ↓>→ |1 ↓>). As the thermal population
of electrons in the spin up state |0 ↑> (plus-spin state) is larger than in the
spin down state |0 ↓> (minus-spin state), the peak corresponding to the spin up
transition (the peak at the lower field side) is always larger than the other peak.
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Fig. 4.13. (a) Integrated absorption intensity in the up-sweep as a function of the
sweep rate (time from 12.5 T to the resonance field of each spin in the cyclotron
resonance) in InAs/AlAs quantum well [238]. (b) Experimental and calculated car-
rier concentration of each spin in the up-sweep as a function of the sweep rate. The
solid (dashed) line is the value of the carrier concentration of the plus (minus) spin
calculated from the rate equation assuming τl = 1µs.

However, we can see in Fig. 4.13 that there is a large hysteresis between the
up sweep and the down sweep. There is a difference in the relative absorption
intensity of the two peaks between the up and the down traces. The hysteresis
is nothing to do with the artifact such as an insufficiently fast response time
of the detection system, the heating of the carrier temperature, etc., because in
most other systems, traces in the up sweep and the down sweep almost perfectly
coincide. The intensity in the down trace is considered to reflect the equilibrium
thermal population of carriers in the initial states of the transition. However,
the intensity of the up trace shows inequilibrium carrier population depending
on the sweep rate. Figure 4.13 (a) shows the integrated intensity of the plus-spin
peak and the minus-spin peak in the up-sweep as a function of the sweep rate.
Here the sweep rate is varied by changing the maximum field. The horizontal
axis represents the sweep speed in terms of the time from the 12.5 T to the
resonant field of each peak. The hysteresis was ascribed to the slow relaxation
time between the states with different spins. As the magnetic field is increased,
the spin splitting is increased, and the electrons in the down spin state |0 ↑>
should relax to the spin down state |0 ↓>. The relaxation occurs via the electron-
multiphonon interaction that takes a relaxation time of the order of 0.1–1 µs.
Figure 4.13 (b) shows the carrier concentration of each spin in the up sweep. The
population was obtained from the rate equation

df−
dt

= −f−(1− f+)
τl

, (4.47)
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where τl is the spin-flip relaxation time and f+ (f−) is the filling factor of the
plus- (minus-) spin states. As shown in the figure, the theoretical curves assum-
ing τl = 1µs are in good agreement with the experimental curve [238], This
value is in good agreement with a theoretical value of the spin-flip relaxation
time [239]. Such slow spin relaxation time was observed in the spin-flip Raman
scattering [240] or photoluminescence experiments using circularly polarized ra-
diation [241]. A similar slow relaxation time was also revealed in the cyclotron
resonance in HgTe [242].

4.4 Electron-electron interaction

4.4.1 Kohn’s theorem

As mentioned in Section 4.1.4, many studies have been made on the many
body interaction among electrons in two-dimensional systems by cyclotron res-
onance. As regards the electron-electron interaction, however, there is a well-
known Kohn’s theorem that states that it should not appear in cyclotron res-
onance [207]. The Hamiltonian for the electron system under magnetic field is
given by

H =
1

2m

N∑
i=1

P 2i +
∑
i,j

u(ri − rj), (4.48)

where
P i = p i + eAi = [pix, piy + eBxi, pzi], (4.49)

and u(ri − rj) is the Coulomb potential between electrons. If we take the mo-
mentum operator for all the electrons,

P =
N∑
i=1

P i, (4.50)

the equation of motion for P is represented by a commutation relation with H,
and we obtain

dP

dt
=

i

h̄
[H,P ] = − e

m
P ×B. (4.51)

It does not contain u(ri − rj). It implies that the electron-electron interaction
does not show up in cyclotron resonance. That is to say, the effective mass
observed in cyclotron resonance does not depend on electron-electron interaction,
as the cyclotron resonance sees just the center of mass motion, in which the
internal force of electron-electron interaction does not have any effect. This is
called Kohn’s theorem. In fact, in organic conductors, it was found that the
effective mass measured by cyclotron resonance is much less than that measured
by the Shubnikov-de Haas effect [243], as the latter is affected by electron-electron
interaction whereas the former is independent of it.

According to Kohn’s theorem, it seems that the cyclotron resonance is useless
for studying the effect of electron-electron interaction. However, Kohn’s theorem
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holds for electrons moving in a potential with perfect translational symmetry. If
there is an impurity potential, non-parabolicity, or electron-phonon interaction,
or when there are two different kinds of carriers such as in the case of spin-
split cyclotron resonance, the electron-electron interaction effect can be observed.
Actually, many of electron-electron interaction in cyclotron resonance have been
observed in different systems.

4.4.2 Mode coupling in spin-split cyclotron resonance

In spin-split cyclotron resonance, the effect of the coupling between the two
cyclotron resonance modes of the spin up and down transitions is observed.
Summers et al. [244], Nicholas et al. [245] and Engelhardt et al. [246] found
that the intensity and peak positions of the spin-split cyclotron resonance of a
GaAs/AlGaAs heterostructure at low temperatures show large dependences on
temperature and the filling factor. The relative absorption intensity of the spin
up and spin down transitions is not in agreement with that expected from the
thermal population in the initial states, and the peak positions show a shift as
a function of temperature and the filling factor. This phenomenon was studied
theoretically by many authors, and it was revealed that the two cyclotron res-
onance modes with different spin directions are coupled together and form new
modes. In other words, the cyclotron resonances of spin up electrons and spin
down electrons interact with each other, and depending on temperature, mag-
netic field and relative carrier population, the position and the relative intensity
change keeping the integrated intensity constant. Cooper and Chalker calculated
the cyclotron resonance spectra in the case of the Wigner crystal, and obtained a
good agreement with the experiments of Summers et al. for ν < 1/6 [247]. They
showed that the degree of the spin polarization is obtained from the center of
gravity of the spectrum. However, the theory is valid only at T = 0 K and for
ν � 1.

Asano and Ando made a numerical calculation by exact diagonalization of the
finite system [248,249]. The results are applicable for finite temperatures and ar-
bitrary filling factor. According to their results, the absorption spectra (which are
proportional to the conductivity) change as a function of the parameter Ec/h̄∆,
where Ec is the magnitude of the interaction e2/εl (l is the magnetic length),
and h̄∆ is the energy difference between the up and down spin levels. There are
three cases depending on the relative filling factors: (1) Positive mode repulsion;
with increasing Ec/h̄∆, the up spin peak (higher energy peak) is pushed away to
the higher energy side and the intensity is gradually concentrated into the down
spin peak (lower energy peak), (2) Motional narrowing; with increasing Ec/h̄∆,
the two peaks come close together, (3) Negative mode repulsion; with increasing
Ec/h̄∆, the down spin peak is pushed away to the lower energy side and the
intensity is gradually concentrated into the up spin peak. For example, in the
case of ν < 1, the spectra are that of positive mode repulsion, and in the case of
ν > 1, they are either that of motional narrowing or negative mode repulsion.

In early days, a slightly different type of mode coupling was reported in the
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cyclotron resonance in Si-MOS [250]. The conduction band minima in Si are
located near the X points as shown in Fig. 2.8, and two inequivalent valleys
should give two different cyclotron masses when we apply magnetic fields in
the < 100 > direction. As the A valleys have a larger effective mass in the
< 100 > direction (parallel to the confinement potential), the ground state of
the A valleys is about 20 meV lower than that of the B valleys. Therefore, the
effective mass observed in the cyclotron resonance is usually that of the A valleys.
By increasing the electron density, the B valleys should be populated, so that
the cyclotron resonance in the B valleys should be observable in heavily doped
Si-MOS. However, the resonance corresponding to the B valleys has never been
observed. This was attributed to the mode interaction between the valleys.

In very high magnetic fields in the megagauss range, a very prominent ef-
fect of the electron-electron interaction was observed in the cyclotron resonance
of two-dimensional electrons in GaAs [251]. Figure 4.14 (a) shows experimental
traces of cyclotron resonance in GaAs/AlGaAs multi-quantum wells with dif-
ferent electron concentrations n [251]. Clear cyclotron resonance peaks and the

Fig. 4.14. (a) Cyclotron resonance traces for four different samples of GaAs/AlGaAs
multi-quantum wells with different electron concentrations in very high magnetic
fields up to 300 T [251]. The well width is 10 nm. The photon energy is 224 meV. T =
5–25 K. (b) Top: Electron concentration dependence of the cyclotron effective mass
of 2D electrons at photon energies of 224 meV (open circles) and 134 meV (closed
circles). Bottom: Magnitude of spin splitting as a function of electron concentration.
The broken lines denote the data for bulk GaAs samples.
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spin splitting were observed. Here the higher field peak (– spin) is larger than
the lower field peak (+ spin) because of the very large photon energy, simi-
larly to the 3D case as shown in Fig. 4.10. A surprising result is that the spin
splitting increases dramatically in a sample with a high electron concentration
of 1.8×1012 cm−2. The electron concentration dependence of the spin splitting
∆m∗/m is shown in Fig. 4.14 (b) together with the averaged effective mass.
It was found that the averaged mass is a slowly decreasing function of n. We
can see that the spin splitting has a prominent n-dependence. The ∆m∗/m− n
curves take minima at around n ∼ 6×612 cm−2 for 224 meV at a slightly lower
n for 134 meV. The electron concentration 6×612 cm−2 corresponds to the fill-
ing factor ν ∼ 0.13. The pronounced electron concentration dependences of the
spin splitting and the average mass are certainly a manifestation of some kind
of electron-electron interaction. The temperature range of the experiment, 5–25
K, is much higher than the Wigner crystal regime, but there may by some kind
of new phase. Michels et al. proposed a new liquid-like state for ν > 1/10 in the
high temperature range [252]. They assert that this phase is adjoining fractional
quantum Hall liquid phase with a phase boundary near ν ∼ 1/6 which is close
to the above value of ν ∼ 0.13. On the other hand, Engelhardt et al. suggested a
transition from a bulk-like phase to a system with hybridized resonances caused
by the effect of field-induced localization [246].

In InAs/AlAs quantum wells, prominent effects of the mode coupling were
observed in the spin-split cyclotron resonance. Figure 4.15 shows the tempera-
ture dependence of the cyclotron resonance in InAs/AlAs quantum wells [238].
Both the plus-spin (up-spin) peak (lower field peak) and the minus-spin (down-
spin) peak (higher field peak) show the temperature dependence. The plus-spin
states are lower in energy than the minus-spin, so that the intensity of the plus-
spin state should be always larger. As the temperature is increased, the electron
population in the minus-spin states is increased, and thus the intensity of the
minus-spin peak is increased. However, the experimentally observed increase of
the minus-spin absorption intensity with temperature is much larger than ex-
pected from the level population, as shown in Fig. 4.15 (b). A remarkable result
is that the minus-spin peak becomes even larger than the plus-spin peak at high
temperatures. This anomalous temperature dependence is ascribed to the mode
coupling. The difference from the case of GaAs system is that the effect is ob-
served up to high temperatures. The major differences between InAs and GaAs
are those in the spin splitting h̄∆ and the coupling constant Ec/h̄∆. In InAs, h̄∆
is very large, and therefore Ec/h̄∆ is small in comparison to GaAs. Therefore,
the effect of the mode coupling can be observed up to room temperature.

Unusual temperature dependence of the cyclotron effective mass similar to
the case of InAs/AlAs quantum well has also been observed in heavily doped
InAs/GaSb quantum wells [253]. The InAs/GaSb system is known to be a type-
II quantum wells, and electrons and holes usually coexist in the structure. In
heavily n-doped samples (> 1012 cm−2), however, electrons are the dominant
carriers, so that the electron CR is the only feature in magneto-optical spectra.
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Figure 4.16 shows CR spectra for an InAs/GaSb quantum well, whose width is
15 nm. The total electron concentration is 3.56 × 1012 cm−2. In this sample, not
only the first subband but also the second subband is populated, so that four
peaks are observed altogether. A surprising result is that the lowest field peak
corresponding to the plus-spin transition of the first subband around 43 T is very
weak. The tendency is more prominent as the doping is increased. Furthermore,
the spin-splitting increases as the doping is increased. It should also be noticed
that the peaks are shifted to the higher field side as the temperature is increased.
This is in contrast to the ordinary cyclotron resonance in InAs where the effective
mass should decrease as the temperature is increased due to the decrease of the
band gap.

The effect of the mode coupling has also been observed in a p-type system
as well. Cole et al. observed the effect in p-GaAs/AlGaAs heterojunctions as a
significant decrease of the effective mass with increasing temperature [254].

4.4.3 Filling factor dependence of effective mass and line-width

Besides the remarkable effect in the spin-split cyclotron resonance, the electron-
electron interaction effects are generally observed as the variation of the effective
mass and the line-width as a function of the filling factor in 2D electron systems.

Fig. 4.15. Cyclotron resonance traces for InAs/AlSb quantum wells [238]. The well
width is 15 nm, and the electron concentration is 1011 cm−2. (a) Experimental
traces of the transmission at different temperatures. (b) Temperature dependence
of the absorption intensity of the two peaks. The total intensity shows a slight
increase with temperature due to the slight increase of the electron concentration.
The solid and broken lines are theoretical lines for the plus-spin and the minus-spin
resonances calculated from the electron population of the states.
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As described in Section 4.1.4, the effective mass should vary as a result of the
formation of the Wigner crystal in the limit of ν � 1.

For ν ≥ 1, the observed effective mass varies as a function of the position
of the Fermi level relative to the Landau levels. Abstreiter et al. found that the
cyclotron resonance peak in a Si-MOS-FET contains a small oscillating structure
and the peak position of the small oscillation corresponds to the field where the
Fermi level coincides with the Landau levels [203]. The phenomenon is similar to
the Shubnikov-de Haas oscillation. An interesting point is that the peaks appear
as maxima in the low field side of the main cyclotron resonance peak and as
minima as in the high field side. This phenomenon was explained by Ando in
terms of the oscillatory change of the Landau level width which depends on
the position of the Fermi level [255]. In two-dimensional systems, the impurity
scattering is screened by the presence of the carriers, the screening is varied
depending of the position of the Fermi level. The oscillatory structure within the
cyclotron resonance peak [203] is for the case when the resonance line-width is
fairly large and contains several transitions from different Landau levels.

When the line-width is narrower, the cyclotron resonance peak contains just
one initial state N just below the Fermi level and one final state N + 1. In the
GaAs system, such a condition is fulfilled in high magnetic fields. Englert et al.
found that the line-width ∆B for the cyclotron resonance in GaAs heterostruc-

Fig. 4.16. Cyclotron resonance in heavily doped InAs/GaSb quantum well at different
temperatures. The well width is 15 nm and the carrier concentration is 3.56 ×1012

cm−3. The photon energy is 117 meV [253].
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Fig. 4.17. Dependence of the cyclotron resonance line-width on the filling factor in
p-GaAs/AlGaAs teterostructure for 2 different samples 1669 and 1658 [257]. The
wavelength of the measurement is shown for each point.

tures shows an oscillation as a function of the electron density ns [256]. The
width takes peaks at filling factors ν = 2 and 4. The origin of the oscillation is
the screening of the impurity potential by free carriers which becomes maximum
at the maximum density of state of the Landau levels. The factor 2 is due to
the two spin states, which are almost degenerate. A similar oscillation of the
line-width was also observed in a p-channel of the GaAs system by Staguhn,
Takeyama, and Miura, as shown in Fig. 4.17 [257].

Kaesen et al. observed the oscillation of the effective mass extracted from
the resonance frequency as a function of the filling factor in Si-MOS [258]. Fig-
ure 4.18 shows the experimental results obtained by Kaesen et al. The effective
mass takes prominent maxima filling factors ν = 4n, as the field and the gate volt-
age varied. It implies that the maxima occur when the Fermi level lies between
distinct Landau levels in Si-MOS. The effect was ascribed to the impurity medi-
ated electron-electron interaction. Similar oscillations of the cyclotron resonance
effective mass have been observed in GaAs/AlGaAs [259–262], InAs/AlGaSb sys-
tems [263], CdTe/CdMgTe [264], and Si/SiGe [265]. In most cases, the oscillation
was also observed for the line-width.

Figure 4.19 shows the effective mass deduced from the cyclotron resonance in
a high mobility Si/SiGe quantum well [265]. The effective mass showed maxima
of the effective mass appeared at filling factors ν ∼ 2 (not shown in the figure)
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Fig. 4.18. Change of the effective mass as a function of magnetic field and the gate
voltage observed by Kaesen et al. [258]. The effective mass takes maxima at filling
factors ν = 4n.

Fig. 4.19. Magnetic field dependence of the effective mass deduced from cyclotron
resonance in Si/SiGe quantum well [265]. The well width = 10 nm. The carrier
density and DC mobility are 2.0 × 1011 cm−2, and 5.0 × 104 cm2/V·s at 20K.

and 1, and a remarkable increase at higher fields. The effective mass at 30 T is
0.1942 m which is about 2.2% larger than at the low field limit 0.1900 m. The
mass increase was found to persist in higher fields almost linearly up to 60 T.
The band gap at the ∆ point is 4 eV, so that the mass increase at 30 T by non-
parabolicity is only 0.9% at most. Therefore, the observed mass enhancement at
ν <1 is considered to be due to the electron-electron interaction [265].



154 CYCLOTRON RESONANCE AND FAR-INFRARED SPECTROSCOPY

4.5 Polaron effects
The non-parabolicity of energy bands is brought about not only by the k·p in-
teraction between the bands but also by the electron-phonon interaction. As
mentioned in Section 3.5, electrons interact strongly with LO phonons in polar
crystals such as II-VI or III-V semiconductors, and move as polarons which have
heavier mass than bare electrons. In relatively low magnetic fields, the effective
mass which is measured by cyclotron resonance is this polaron mass, which is
larger than the bare mass m∗ by a factor of about 1+α/6. When h̄ωc approaches
h̄ωo in high magnetic fields, the interaction between electrons and LO phonons
resonantly increases and a large break takes place in the magnetic field depen-
dence of the energy of the Landau levels. The effect of the large electron-LO
phonon interaction near the resonance condition is called the resonant polaron
effect, and was first observed by Johnson and Larsen in n-type InSb in which
such a resonance can be readily achieved due to the low effective mass. The
energy of the Landau levels can be calculated as the second order perturbation
energy for the Fröhlich Hamiltonian (3.118). Larsen derived the energy of the N
= 0 and N = 1 Landau levels as follows for the phonon emitting process

E(0) =
1
2
h̄ωc − α(h̄ωo)2

2π2
P
∫

dk
∑
N

|H′
N0(k)|2

(N + 1
2 )h̄ωc + h̄ωo + h̄2k2

z

2m∗ − E(0)
, (4.52)

E(1) =
3
2
h̄ωc − α(h̄ωo)2

2π2
P
∫

dk
∑
N

|H′
N1(k)|2

E(0) + Nh̄ωc + h̄ωo + h̄2k2
z

2m∗ − E(1)
, (4.53)

where H′
N0 and H′

N0 denote the matrix element for the interaction of the N =
0 and N = 1 Landau levels with the N -th Landau levels, and are given by

|H′
N0|2 =

ro
N !

(ak⊥)2N
e−a2k2

⊥

k2
, (4.54)

|H′
N1|2 =

ro
N !

(N − a2k2⊥)2

(ak⊥)2−2N
e−a2k2

⊥

k2
. (4.55)

Here the parameters a and r0 are defined to represent the cyclotron orbit radius
and polaron radius, respectively, with the following relation,

a =
(

h̄2/2m∗

h̄ωc

)1/2
=

l√
2
, (4.56)

ro =
(

h̄2/2m∗

h̄ωo

)1/2
,(ro

a

)2
=

h̄ωc
h̄ωo

. (4.57)

The energies of the N = 0 and N = 1 Landau levels are shown in Fig. 4.20.
We can see that under the resonance condition h̄ωc= h̄eB/m∗ = h̄ωo, there is a
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Fig. 4.20. Landau levels of N = 0 and N = 1 for a polar crystal. Broken lines show
the unperturbed Landau levels with or without addition of LO phonon energy.

large splitting in the N = 1 Landau level. This resonant effect can be regarded,
in other words, as the anti-cross-over effect between the N = 0 Landau levels
with one LO phonon and the N = 1 Landau level with no LO phonon.

The resonant polaron effect was first observed by Dickey, Johnson, and Larsen
[266] for n-InSb and analyzed in detail by Larsen [267]. In n-InSb, the effect
is small because of the relatively small coupling constant α. The effect of the
resonance is also observed in many other transitions [268] and the broadening of
the line-width of the resonance peak near h̄ωc≈ h̄ωo. In III-V crystals with larger
effective mass and larger phonon frequency, higher magnetic fields are necessary.
The resonant polaron effect was investigated in GaAs [219] and InP [269] using
a very high magnetic fields generated by the single turn coil technique.

In II-VI compounds, α is significantly larger than in III-V compounds, and
the resonant polaron effect can be seen more conspicuously, although higher
magnetic fields are needed to achieve the resonance condition due to the larger
effective mass and the larger LO phonon energy in general. High magnetic fields
are also useful for measuring the resonance in II-VI crystals with low mobility.
Miura, Kido, and Chikazumi first observed a large resonant polaron effect in
n-type CdS and CdSe [270, 271]. Figure 4.21 demonstrates the cyclotron reso-
nance traces observed in II-VI compounds at very high magnetic fields [272]. In
spite of relatively low mobilities in II-VI compounds, we can observe well-defined
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Fig. 4.21. Cyclotron resonance traces in II-VI compounds at high magnetic fields [272].

resonance peaks in very high magnetic fields. Figure 4.22 shows resonant pho-
ton energy as a function of B in n-ZnSe as compared with the theoretical curve
calculated from (4.52) and (4.53). In Fig. 4.22, we see various characteristic fea-
tures of the polaron cyclotron resonance: firstly, the effective mass observe in
cyclotron resonance (cyclotron mass) m∗

c is larger than for the bare mass m∗ in
the low field range (h̄ωc � h̄ωo), as is evident from the smaller gradient of the
h̄ω–B curve. This mass corresponds to the polaron mass m∗

p = (1 + α/6)m∗. As
h̄ωc approaches h̄ωo, the effective mass becomes larger and larger, and finally
the h̄ω–B curve is flattened near h̄ωc = h̄ωo. In the higher energy range, there
appears another branch, where the m∗

c is smaller than m∗
p. In the vicinity just

above h̄ωo, the effective mass becomes very small due to the resonance effect.
As the energy h̄ωc is further increased, m∗

c tends to approach the bare electron
mass. The mass around this range is larger than the band edge mass due to
the band non-parabolicity. The decrease of m∗

c for h̄ωc> h̄ωo can be explained
by considering the role of the phonon cloud in the polaron effect. Electrons are
moving in crystals accompanying the phonon cloud. That is the reason why the
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Fig. 4.22. Resonant photon energy as a function of B for n-type ZnSe [209]. Closed
points and open points indicate the cyclotron resonance and impurity cyclotron
resonance, respectively. The solid line and the broken line show calculated lines
using the second order perturbation theory with and without non-parabolicity.

polaron mass is larger than the bare mass. In the high field region where h̄ωc>
h̄ωo holds, the cyclotron motion of electrons is so fast that the phonon cloud
cannot follow the motion of electrons, and the observed mass becomes the bare
mass.

By choosing proper values of m∗ and α, we can obtain a good agreement
between the experimental results and the calculation. In the calculation, we
have to take into account the band non-parabolicity as it becomes significant
in the high energy region. From such a comparison between experiments and
calculation, we can obtain m∗ and α for the crystals. Table 4.2 lists the values
of m∗ and α of typical II-VI compounds in such a manner [272,273].

In the calculation of the polaron Landau levels, the second order perturba-
tion theory provides only a rather crude approximation, when α is not small.
However, it is difficult to obtain more accurate results by any other theoretical
methods. The above results obtained by the second order perturbation method
are considered to be reasonable. Larsen considered the problem by using a vari-
ational method [267].

In alkali-halide crystals, α is even larger, usually more than 1, so that large
polaron effects should be observed. Experiments of the cyclotron resonance in
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Table 4.2 The bare mass m∗, polaron mass m∗
p and the coupling constant α in

typical semiconductors

Material m∗/m m∗
p/m m∗

CR/m α h̄ωo Br
(117meV) (meV) (T) Reference

ZnO 0.25 0.286 280 [274]
ZnS (ZB) 0.200 0.221 0.188 0.630 31.4 54.3 [275]

ZnSe 0.137 0.1451 0.141 0.420 43.4 51.4 [209]
CdS (B ‖c) 0.168 0.188 0.162 0.514 37.8 54.9 [270,271]
CdS (B ⊥c) 0.159 0.180 0.157 0.555 37.8 51.9 [270,271]
CdSe(B ‖c) 0.118 0.130 0.118 0.419 26.2 26.7 [270,271]

CdTe 0.092 0.098 0.104 0.4 21.3 18.0 [276,277]

KCl, KBr, KI, RbhCl, AgCl, AgBr and TlCl have been performed by Hodby et
al. [154,278–280]. As the carrier concentration in alkali-halides is very small, they
excited carriers by repeated pulses of a flash lamp and the resulting transient
currents were measured.

In polar crystals, phonon assisted cyclotron resonance is sometimes observed.
The resonance occurs at

h̄ωc = h̄ω + Nh̄ωo (4.58)

in addition to the main peak at the usual cyclotron resonance. Such a series of
resonance was observed in InSb [281,10].

Figure 4.23 shows a cyclotron resonance in ZnS [275]. A phonon assisted
cyclotron resonance peak for N = 1 is observed as a shoulder in the low field
side of the main cyclotron resonance peak.

In two-dimensional electron systems, the polaron effect is different from the
three-dimensional case because the electron-phonon interaction takes place in a
space with different dimensions. According to Das Sarma, the polaron mass of
two-dimensional electrons is [282],

m∗
p = m∗

b

(
1 +

πα

8
+

9πα

64
ωc
ωo

)
, (4.59)

For low magnetic field range where h̄ωc� h̄ωo, (4.59) tends to

m∗
p = m∗

b

(
1 +

πα

8

)
. (4.60)

Comparing this expression with (3.119), we can see that the polaron effect is
about 2.3 times larger than in the three-dimensional case. In two-dimensional
electrons, however, the screening effect by electrons is larger, so that the polaron
effect becomes smaller than expected from (4.60).

In 2D GaAs systems, however, the carrier screening effect of the electron-
phonon interaction is important, and therefore the polaron effect is obscured [178,



TEMPERATURE DEPENDENCE OF EFFECTIVE MASS 159

[t]

Fig. 4.23. (a) Cyclotron resonance in n-type ZnS at a wavelength of 10.6 µm at room
temperature [275]. The absorption spectrum consists of two components as shown
by dashed lines (Lorentzian curve). (b) Photon energy of the resonance peaks as a
function of magnetic field. The solid line is calculated by the Brillouin-Wigner per-
turbation theory. The open points denote the phonon-assisted cyclotron resonance.
The dashed line is a guide for the eyes representing h̄ω = h̄ωc + h̄ωo.

283]. In GaAs with high electron concentration, m∗
c is increased with increasing

electron density ns. This is because < T >z becomes larger as ns increases.
At high temperatures above 100 K, m∗

c decreases with increasing temperature
due to the temperature dependence of the effective mass. It should be noted
that m∗

c decreases with decreasing temperature below 100 K. This is because
the screening of the polaron effect by electrons becomes more efficient as the
temperature is lowered and the Lanudau level width is decreased.

4.6 Temperature dependence of effective mass
As already mentioned in Section 3.5.1, the carrier effective mass m∗ has generally
a significant temperature dependence as the band gap varies with temperature.
In most semiconductors, as the temperature is increased, the band gap decreases
so that the effective mass decreases. For example, the bare mass at the band edge
of InSb and GaAs decreases from 0.0133m and 0.0665m at low temperatures of
40–60 K to 0.0121m and 0.0636m at nearly room temperature [159]. Such a
temperature dependence has been observed in many semiconductors.

In Pb chalcogenides, PbTe, PbSe, and PbS, the band gap shows an anoma-
lously large increase with increasing temperature contrary to normal semicon-
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Fig. 4.24. (a) Cyclotron resonance absorption spectra in n-type PbTe [285]. Magnetic
field was applied parallel to the < 111 > axis. (b) Temperature dependences of the
light and heavy effective masses of in PbTe at a wavelength of 9.6 µm (h̄ω = 129
meV). B ‖< 111 >. Different data marks correspond to different samples. Solid and
broken lines represent theoretical calculation by the six-band model taking account
of total change of the band gap and only dilational part of the band gap change,
respectively. P and H denote calculations using the parameters of Pascher et al. [286]
and Hewes et al. [287]

ductors [284]. The temperature dependence of the carrier effective masses is
actually very large in these crystals. It is an intriguing problem how this anoma-
lous temperature dependence of the band gap affects that of the effective mass.
Figure 4.24 (a) shows the cyclotron resonance spectra for an energy of 129 meV
at different temperatures [285] when a magnetic field is applied parallel to the
< 111 > direction. Two sharp resonance peaks are observed corresponding to
a light electron valley whose principal symmetry axis is directed towards the
magnetic field and three degenerate heavy electron valleys which are oriented in
a oblique direction relative to the magnetic field by about 70◦. Both peaks shift
to higher fields with increasing temperature. The effective mass increase between
T = 15 K and 300 K amounts to nearly 50%. As the band gap of PbTe shows a
dramatic increase with increasing temperature, the large change of the effective
mass is partly explained as due to the increase of the band gap. In Fig. 4.24 (b),
the experimental points are compared with the theoretical lines calculated by
the k·p theory and the band parameters determined by Pascher et al. [286] and
Hewes, Adler, and Senturia [287]. The experimental data show a much larger
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temperature dependence than the theoretical lines. A similar anomalously large
temperature dependence of the effective mass was also observed in the valence
band of PbTe and in both the conduction and the valence bands on PbSe [288].
The large temperature dependence of the effective mass in Pb chalcogenides is
not fully understood, but the possibility of the contribution of the temperature
dependences of the momentum matrix elements and the spin orbit interaction
was suggested [285].

4.7 Spin resonance and combined resonance

The selection rule of cyclotron resonance is such as shown in Eq. (4.27) for the
electric dipole transition. So the spin resonance or combined resonance as shown
in Fig. 4.25 which requires ∆s = ±1 are forbidden for the electric dipole tran-
sition. However, the wave function of a Landau level of the conduction band
with a certain spin contains some component of the opposite spin through the
mixing with the valence band due to the spin-orbit interaction. Therefore, a
small transition probability exists for the electric field-excited spin resonance
and combined resonance. McCombe et al. were the first to observe the com-
bined resonance in InSb [289, 290]. The resonance was observed by the electric
field polarization parallel to the magnetic field (E ‖B ). They found that the
absorption intensity is proportional to the square of the field, and concluded
that the non-parabolicity is the dominant mechanism of the resonant transition.
The electric dipole-excited spin resonance was also observed by McCombe and
Wagner [291]. The resonance was observed by the cyclotron resonance-inactive
circular polarization. These transitions are ordinarily forbidden transitions, so
that the intensity is very weak.

In Pb chalcogenides, a different type of combined resonance was observed
prominently in the cyclotron resonance spectra [292]. At a wavelength of 16.9
µm (73.4 meV), two resonance peaks were observed corresponding to the light
hole valley (L) and the heavy hole valley (H) for a magnetic field parallel to
< 111 > direction. At higher photon energies, however, a new peak was observed.
Figure 4.26 shows cyclotron resonance spectra for p-type PbTe in very high

Fig. 4.25. Cyclotron resonance (CR), spin resonance (SR), and combined resonance
(CB) between the spin split Landau levels.
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Fig. 4.26. New type of combined resonance observed in p-type PbTe [292]. (a) Cy-
clotron resonance spectra for B ‖< 111 > at different wavelengths. T = 21 K. (b)
Model of the transitions causing the resonance peak.

magnetic fields at various wavelengths near 10 µm. In addition to the two peaks
L and H, we can see a new peak “X”in between. In the figure, the peak L is
seen at 36 T, but it is very small because of the small population in the valley
responsible to the peak. On the other hand, the peak X is a strong feature
and grows with increasing photon energy (shorter wavelengths). It exceeds even
the main cyclotron resonance line H for λ ≤ 9.6 µm. The strikingly intense
absorption at the combined resonance condition is ascribed to the mixing of the
wave functions of the |1 ↓> and the |1 ↑> levels due to the large spin-orbit
interaction. According to the six band model calculation using the existing band
parameters, the two levels approach very close to each other at about 100 T,
and repel in higher fields. As a result, a strong mixture and the interchange of
the character of the energy levels take place near the crossing point. Therefore,
the peak “X”becomes the dominant cyclotron resonance line in magnetic fields
higher than the crossing point.

4.8 Structural phase transitions

Lead chalcogenides SnTe, GeTe, SnSe, and GeSe are known to be unstable
against the structural phase transition. At high temperatures above the criti-
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cal field Tc, they have a NaCl type (cubic) crystal structure. Below Tc, they
undergo a phase transition to an As type (rhombohedral) structure. In alloys
doped with Sn or Ge to PbTe, Pb1−x(Sn,Ge)xTe, the structural phase transition
is also expected to occur if x is sufficiently high (x > 0.5 at. % in the case of Ge
and x > 35 at. % in the case of Sn [293]). As the structural phase transition is
caused by the zero center TO phonon softening [294, 295] which is governed by
the interband interaction, we can expect a large effect of the magnetic field to
the structural phase transition. The renormalized TO phonon frequency ω̃TO is
given by

ω̃2TO = ω2o + ω2A(T )− 2
MNa2

∑
k

|Ξcv(k, k)|2 fv(k)− fc(k)
Eck − Evk , (4.61)

where ωo is the uncoupled TO phonon energy, ωA(T ) is the anharmonicity
term representing the phonon-phonon interaction. The third term represents
the electron-phonon interaction, where M , N , a and k are the reduced mass of
the ion pair, the number of atoms in the unit cell, the lattice constant and the
wave-number. Ξcv(k, k), fv,c(k) and Eck are the interband optical deformation
potential, the Fermi distribution function, and the band energy, respectively.

PbTe is a crystal for which high quality crystals have been grown and the band
structures are well known. We can also obtain good alloy crystals, (PbGe)Te and
(PbSn)Te, which show structural phase transitions. It is an interesting question
how the phase transition should be modified by high magnetic fields. Figure 4.27
(a) show the experimental traces of cyclotron resonance for p-type Pb1−xGexTe
(x = 0.0096) in a magnetic field parallel to the < 111 > direction [296]. The
term ωA(T )2 contributes positively to ω̃2TO, but the third term is negative and
the structural phase transition takes place when ωA(T )2 becomes zero. In PbTe,
the band gap is small and the energy denominator in the third term is small.
Moreover, as the energy spectrum is modified drastically due to the small ef-
fective mass, we can expect that the transition temperature should be changed
drastically by the external magnetic field. Moreover, the magnetic field-induced
structural phase transition can be expected even in crystals with small x which
do not show the phase transition in zero field. Actually, in PbGeTe and PbSnTe
which exhibit the structural phase transitions at finite temperatures, it was found
that the transition temperature is varied by magnetic fields [294,295].

Figure 4.27 shows the cyclotron resonance spectra in p-type Pb1−xGexTe
(x=0.0096) at different temperatures [296]. As mentioned in the previous sub-
sections, two cyclotron resonance peaks are observed for B ‖< 111 >. The peaks
1 (L) and 2 (H) in Fig. 4.27 (a) correspond to these two peaks. The peak X corre-
sponds to the combined resonance as discussed above. As can be seen in Fig. 4.27
(b), the effective masses increase significantly as the temperature increases. It
was found that the temperature gradient of the effective masses changes abruptly
at T = 42 K and 48 K for the light mass peak (Peak 1) and the heavy mass
peak (Peak 2), respectively. These temperatures are regarded as the transition
temperature Tc where the structural phase transition occurs. In this sample, we
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Fig. 4.27. (a) Experimental traces of cyclotron resonance of p-type Pb1−xGexTe (x =
0.0096) [296]. The photon energy is 134 meV. (b) Temperature dependence of the
effective mass measured by the cyclotron resonance.

found that Tc = 34 K at zero magnetic field, but it was increased as the mag-
netic field was increased. The transition is the second order and the change of
displacement of the atomic arrangement is not so large that the phase transition
shows up not as a sudden change of the effective masses but as the change of the
temperature coefficient. By extrapolating such magnetic field dependence of Tc
as a function of x, we can predict that even in pure PbTe which does not show
any structural phase transition at zero field, the transition should occur at about
400 T. In the rhombohedral phase below Tc, the crystals show ferroelectricity.
Thus such a structural phase transition caused by magnetic field can be called
the magnetic field-induced ferroelectric transition, which is one of the unique
effects of high magnetic fields.

Such a phenomenon has been explored by means of cyclotron resonance in
n-type PbTe [251]. Figure 4.28 shows the experimental traces of cyclotron reso-
nance in n-type PbTe at a photon energy of 224 meV (λ = 0.553 µm). At low
temperatures below 40 K, many prominent absorption peaks were observed in
the low magnetic field range. These peaks are due to the interband magneto-
absorption. As the photon energy exceeds the band gap at low magnetic fields,
the interband transitions become possible. It is interesting that both interband
transition and cyclotron resonance (intraband transition) are observed in one
spectrum. The absorption jumps up at some field as the band gap opens up in
the high field. Then, with further increasing field, the traces at low temperatures
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Fig. 4.28. Cyclotron resonance in n-type PbTe in very high magnetic fields at different
temperatures [251]. The photon energy is 224 meV. B ‖< 111 >.

show a gradual decrease. The decrease tends to saturate around nearly 100 T.
The cyclotron resonance peak is observed after this saturation of the absorption
at around 217 T, and the position does not change much between 7 K and 19 K.
The effective mass is estimated as 0.112m from the resonance field. This mass
is corresponding to the heavy mass for B ‖< 111 >. It is much larger than
the value 0.0723m at 117 meV. The difference is due to the non-parabolicity.
Unfortunately, it was not easy to obtain any evidence of the structural phase
transition in PbTe at low temperatures from this experiment. However, a num-
ber of intriguing new phenomena were observed in this experiment using very
high magnetic fields; the decrease of the transmission below 100 T, the splitting
of the cyclotron resonance absorption peak at 40–120K, etc. The origin of these
phenomena are not totally known yet.
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4.9 Cyclotron resonance in valence bands
4.9.1 Hole cyclotron resonance in bulk crystals
As discussed in Section 2.4.3, the Landau levels in the valence band in crystals
with diamond or zinc blende structure, such as Si or GaAs, have complicated
dispersions because of the degeneracy of the bands at the Γ point. For small
Landau level quantum numbers N , the spacing of the adjacent Landau levels
is not uniform and each Landau level is not expressed by a single harmonic
oscillator function but contains multiple functions. Therefore, in the cyclotron
resonance for p-type samples of these crystals, many different transitions are al-
lowed between different levels with different intervals. Thus cyclotron resonance
often shows complicated spectra comprising many peaks under nearly a quan-
tum limit condition kT < h̄ωc at low temperatures and high magnetic fields. At
high temperatures or in low magnetic fields, on the other hand, holes are pop-
ulated up to large N levels. Then most of the electron transition for cyclotron
resonance occurs between the uniformly spaced Landau levels with large N .
Two absorption peaks are observed corresponding to the heavy holes and light
holes [196]. Cyclotron resonance under the latter condition is called “classical
cyclotron resonance”being distinguished from the former case called “quantum
cyclotron resonance”.

The quantum effect in hole cyclotron resonance was first observed for Ge
by Fletcher, Yaeger, and Merritt [297]. Subsequent experiments by Hensel and
Suzuki for p-Ge revealed many features of quantum cyclotron resonance [298].
Many absorption peaks are observed and spectra show a large dependence on the
factor η = h̄ω/kT (h̄ω is the photon energy for the measurement) representing
the thermal population of carriers in the Landau levels. Further complexities
occur in quantum cyclotron resonance due to the “kH effect”(kH is the k-vector
along the field direction). In the case of usual cyclotron resonance, the transition
occurs mostly near kH = 0 as the density of states is the largest there. However,
the low lying Landau levels have a complicated kH dependence so that the joint
density of states sometimes takes an extremum at a finite kH . Therefore, in
order to obtain the absorption peak position theoretically, we have to calculate
the transition probability over the entire range of kH .

Figure 4.29 shows the cyclotron resonance absorption spectra observed for
p-type Ge in pulsed high magnetic fields [299]. The values of η = h̄ω/kT for
the three traces in each figure are about the same. Although the wavelength
of the radiation has a large variation, the spectra show nearly the same shape
for η = h̄ω/kT . There is a tendency that for greater resonance energy h̄ω, the
mass m∗ at the peaks is larger. This dependence is due to the interaction of the
valence band with the conduction band and the split-off band.

Figure 4.30 shows the spectra of the quantum cyclotron resonance of p-type
GaSb at different temperatures [299]. In each field direction, three absorption
peaks were resolved (A, B and C in the figure). Comparing Fig. 4.29 and Fig.
4.30, we can see that there is a similarity in the spectra between Ge and GaSb.
For example, for B ‖< 111 >, the peaks B and C for GaSb seem to correspond to
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Fig. 4.29. Cyclotron resonance in the valence band of Ge at different photon ener-
gies [299]. B ‖< 100 >. The abscissa is scaled by the effective massm∗/m = eB/ωm
to stand for the magnetic field in order to compare the peaks for different ω. The
data for 5.57 mm, 337 µm and 119 µm are by Hensel [300], by Bradley et al. [301]
and by Suzuki and Miura [299], respectively.

the peaks in Ge with effective mass 0.125m and 0.250m, respectively. Moreover,
the temperature dependence of the absorption intensity of each corresponding
peak also shows a similarity. On referring to a detailed analysis of Ge [300], the
peaks B and C for GaSb can be assigned as the allowed transitions 10 → 21 and
32 → 43 at kH = 0, respectively. Once the assignment is done we can obtain
the Luttinger parameters and the classical masses of heavy and light holes. The
values are listed in Table 4.3. The classical masses and the Luttinger parameters
deduced from the quantum cyclotron resonance are in reasonably good agreement
with those obtained from the classical cyclotron resonance [302] and the theory
of Lawaetz [12].

4.9.2 Hole cyclotron resonance in two-dimensional systems

In two-dimensional systems the Landau level structure is even more complicated
than in bulk systems because of the presence of quantum potentials. Cyclotron
resonance spectra should show features different from the three-dimensional case.
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Fig. 4.30. Cyclotron resonance in p-type GaSb [299]. B ‖< 100 >.

Table 4.3 Comparison of the values of the valence band parameters in
GaSb [299]

Band parameter Quantum Classical Theory [12]
cyclotron resonance [299] Cyclotron resonance [302]

m∗
lh/m 0.046± 0.002 0.052 ± 0.004 0.046

m∗
hh/m < 111 > 0.43± 0.12 0.36 ± 0.03 0.529

m∗
hh/m < 100 > 0.29 ± 0.05 0.26 ± 0.04 0.321

γ1 12.4 ± 0.4 11.80
γ3 5.4 ± 0.2 5.26

γ3 − γ2 1.5 ± 0.1 1.23
κ 3.2 ± 0.1 3.18

Cyclotron resonance of holes in two-dimensional systems was first measured by
Kotthaus and Ranvaud for p-type Si MOS-FET [303]. They observed cyclotron
resonance on the three high symmetry surfaces (< 100 >, < 110 >, and < 111 >)
of Si at a wavelength of 333 µm. The effective masses increased as the carrier
concentration was increased in magnetic fields up to 6 T. They found that the
effective masses for all the directions obtained by the cyclotron resonance were
in good agreement with the data of the Shubnikov-de Haas effect [304] and the
theory [305,306].
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Fig. 4.31. Cyclotron resonance in the valence band of two different samples of
GaAs/AlGaAs quantum well [307]. (a) Lz = 5.0 nm, p = 9.8×1011cm−2. (b) Lz
= 12.3 nm, p = 1.1×1012 cm−2.

Fig. 4.32. Cyclotron resonance energy as a function of magnetic field for the valence
band of a GaAs/AlGaAs quantum well [307]. Lz = 10.85 nm. p = 4.5×1011 cm−2.
The solid, broken, and dotted lines are the calculated transition energy from differ-
ent initial states. The dash-dotted line denotes the transition for m∗ = 0.45 m.
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Iwasa et al. measured the cyclotron resonance in p-type modulation doped
GaAs/AlGaAs quantum wells [307, 308]. Figure 4.31 shows the cyclotron res-
onance traces in p-type quantum wells with a well width of Lz = 12.3 nm at
different wavelengths [307]. The cyclotron resonance spectra consist of many ab-
sorption peaks. The photon energy of the resonance peaks is plotted as a function
of magnetic field in Fig. 4.32 for a GaAs/AlGaAs quantum well with a well width
of Lz = 10.8 nm. The data show a very complicated field dependence of the res-
onance energy. However, they are in good agreement with a theoretical curves
for various transitions described in Section 2.5.2.

4.10 Unusual band structures and phenomena
In this section, we describe some examples of cyclotron resonance in unusual
band structures.

4.10.1 Camel’s back structure
When two bands cross each other at a symmetry point in the Brillouin zone
with k-linear terms, the two bands may show an anti-crossing effect if there is
an interaction between them in crystals that do not have an inversion symmetry.
The camel’s back structure in the band extrema is caused by such a mechanism.
The first example of the camel’s back structure observed in cyclotron resonance
was in Te. Te crystals are always grown as p-type in the extrinsic range at low
temperatures. The Landau level structure in the valence band of Te is very com-
plicated due to the camel’s back structure, as we have already seen in Fig. 3.34.
Couder et al. [169] and Yoshizaki et al. [170] found that the cyclotron resonance
lines as functions of magnetic field are very non-linear and show splitting at some
field, corresponding to such a complicated structure. Very similar phenomena are
also observed in the conduction band at the X point in GaP.

Figure 4.33 shows the structure of the band minimum with and without
the inversion symmetry when there is a k-linear term at a symmetry point X.
Examples of the former and latter cases are Si and GaP, respectively. In Si,
there is an inversion symmetry at the X point so that degeneracy is preserved
at the X point. The conduction band minima are located at a point on the ∆
axis. In III-V compounds, the degeneracy is lifted because of the lack of inversion
symmetry. In the latter case, the k·p Hamiltonian for the two bands is written as

H =

(
Ak2⊥ + Bk2‖ − ∆

2 Pk‖
Pk‖ Ak2⊥ + Bk2‖ + ∆

2

)
, (4.62)

where the first and the second lines designate the X1 and X3 bands, respectively,
and Pk‖ is the matrix element connecting the two bands. (In Si this k-linear term
is zero). Solving the secular equation of (4.62), we obtain the energy dispersion,

E(k) = Ak2⊥ + Bk2‖ −
[(

∆
2

)2
+ P 2k2‖

]1/2
. (4.63)
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Fig. 4.33. Comparison of the conduction band structure near X point between (a) Si
(with the inversion symmetry) and (b) GaP (without the inversion symmetry).

The dispersion is parabolic in the direction of k ⊥ but has double minima in the
direction of k ‖. The minima occur at

km =
P

2B

[
1−

(
∆
∆0

)2] 1
2

(∆ ≤ ∆0),

= 0 (∆ ≥ ∆0). (4.64)

∆0 =
P 2

B
. (4.65)

In the case ∆ ≤ ∆0, the k = 0 point is a saddle point. Such a band dispersion
is called the camel’s back structure or dumbbell structure. III-V compounds that
have conduction band minima have such a structure in principle. However, if
∆ ≥ ∆0 holds, the two minima overlap at k = 0 (X point), and the double
minima disappear. Also, if the energy undulation ∆E = ∆0(1 − ∆/∆0)2/4 is
very large, the effect is not visible. It is an intriguing situation when ∆E is
comparable with the cyclotron frequency.

The cyclotron resonance in the conduction of GaP was studied by Leotin
et al. [309] and Miura et al. [310]. Figure 4.34 shows the cyclotron resonance
spectra in n-type GaP for B ‖< 100 > [310]. When we apply magnetic fields
along the < 100 > direction, two resonance peaks corresponding to the trans-
verse mass m∗

t and the geometrical average of the transverse and longitudinal
mass

√
m∗
tm

∗
l should be observed, if we stand on an ellipsoidal band model. As

the mobility is not so high in GaP and the latter mass is very large, we need
a high magnetic field for observing both peaks. Reflecting a large anisotropy,
the latter peak is observed with the hole-inactive circular polarization of the
radiation as well (cf. Section 4.1.3). Table 4.4 lists the effective masses of the
conduction electrons in GaP obtained by cyclotron resonance. We can see that
the m∗

t /m does not depend so much on the photon energy, but there is a large
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Fig. 4.34. (a) Cyclotron resonance in the conduction band of GaP [310]. Spectra for
two different circularly polarized radiation (electron-active and hole-active) and
linearly polarized radiation are shown. λ = 119 µm. T = 152 K (Top), T = 152 K
(Middle), T = 152 K (Bottom). (b) Calculated energies of the Landau levels. The
arrow indicates the main transition which gives the dominant contribution to the
absorption peak for the heavier mass.

Table 4.4 Cyclotron effective mass of the conduction band of GaP

Wavelength m∗
t /m K = m∗

l /m
∗
t m∗

l /m
337 µm 0.252±0.003 28±7 6.9±1.7
119 µm 0.254±0.004 19±2 4.8±0.5

energy dependence in the anisotropy factor K or m∗
l /m. This is considered to be

the manifestation of the camel’s back structure. The Landau level energies and
the transition probabilities were calculated by expanding the wave functions into
harmonic oscillator functions based on the Hamiltonian (4.62) [310]. Figure 4.34
(b) shows calculated results of the Landau level energies using suitable parame-
ters. As the spacing between the levels is non-uniform and non-linear, and also
many transitions become allowed due to the mixing of the wave function, the
absorption peak with the heavier mass consists of several transitions. Adjusting
the parameters and comparing the experimental data with the calculation, it
was found that the transition (0− → 1+) gives the dominant contribution to the
absorption peak for the heavier mass.

Other candidates which might have the camel’s back structure are AlAs and
SiC which have the conduction band minima close to the X point.

AlAs is an important material for the barrier layers in GaAs/AlAs quantum
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Fig. 4.35. Cyclotron resonance spectra in n-type AlAs at different temperatures [312].
λ = 119 µm.

wells or heterostructures. However, in comparison to the counterpart GaAs, not
much is known about AlAs, because of the difficulty in preparing bulk AlAs with
high quality. Recently, very high mobility was realized in the quantum well of
AlAs sandwiched in between AlGaAs layers [311], and cyclotron resonance and
quantum Hall effect was observed. However, for measuring cyclotron resonance in
bulk AlAs, we need a high magnetic field as the mobility is quite low. Figure 4.35
shows high field cyclotron resonance spectra in n-type AlAs grown by MBE on a
GaAs substrate [312]. A prominent peak at 42 T and a shoulder-like structure at
22 T were observed at a wavelength of 119 µm. From the resonance positions, the
effective masses

√
m∗
tm

∗
l and m∗

t at the X point were obtained. Table 4.5 lists
the effective mass of AlAs obtained by various experiments. As the anisotropy
factor K is considerably smaller than in GaP, it is unlikely that the camel’s back
structure has a prominent effect.

Similar measurements were made on n-type SiC which has also the conduction
band minima near the X point [316]. Figure 4.36 shows cyclotron resonance
spectra in n-type SiC. Two peaks corresponding to the effective masses m∗

t and√
m∗
tm

∗
l are clearly seen at λ = 119 µm and 36 µm, and a peak corresponding

to m∗
t at shorter wavelengths, λ = 28 µm and 23 µm. Table 4.6 lists the effective

masses obtained by cyclotron resonance experiments at different photon energies.
The effective masses are almost independent of photon energy although there is
a slight non-parabolicity. As there is no apparent non-linearity in m∗

l /m, we can
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Table 4.5 Cyclotron effective mass of the conduction band of AlAs at X point

Experiment m∗
t /m m∗

l /m
√

m∗
tm

∗
l /m K = m∗

l /m
∗
t

Faraday rotation 0.19 1.1 0.46 5.8
[313]

Shubnikov-de Haas 0.55±0.05
[314]

Theory [315] 0.24 1.48 0.60 6.2
Cyclotron resonance 0.25±0.01 0.88±0.07 0.47±0.01 3.5±0.4

[312]
Cyclotron resonance 0.46

(2D) [311]

Fig. 4.36. Cyclotron resonance spectra in n-type SiC at different wavelengths [316].

conclude that there is no signature of the camel’s back structure and the X point
is probably located at the X point [316].

4.10.2 Semiconducting diamond

Diamond has recently attracted much attention as a promising material for semi-
conductor devices that can operate at high temperatures due to its large band
gap. SiC or BN are interesting materials for the same reason. However, the mo-
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Table 4.6 Cyclotron effective mass of the conduction band of SiC at X point

Photon energy (meV) m∗
t /m m∗

l /m
√

m∗
tm

∗
l /m K = m∗

l /m
∗
t Reference

3.15 0.247 0.667 0.406 2.70 [317]
4.23 0.247 [317]
10.4 0.25 0.67 0.41 2.68 [316]
34.4 0.25 0.67 0.41 2.68 [316]
44.2 0.26 0.68 0.42 2.62 [316]
53.8 0.27 [316]

bility of carriers in diamond is rather low, and the condition ωcτ > 1 is hardly
fulfilled, especially at high temperatures of interest. Recently, doped-diamond
single crystals have been fabricated by artificial crystal growth. Although high
quality single crystals have been synthesized in case of p-type, it is still very
difficult to grow n-type crystals.

Diamond has a band structure similar to those for typical semiconductors
Ge or Si. However, the spin-orbit interaction is much smaller than in Ge and Si,
and the splitting of the split-off band from the degenerate heavy hole and the
light hole bands is less than 13 meV [318–320]. It is interesting how this situa-
tion shows up in the effective masses of the three bands. First attempts for the
cyclotron resonance measurement in p-type diamond have been made at weak
magnetic field and low temperature range. Rauch made the measurement in the
microwave wavelength range at low temperatures exciting carriers by light illu-
mination [321]. Complicated cyclotron resonance peak structure was observed.
There has been controversy concerning the origin of the observed resonance ab-
sorptions because the experiment was made using a sensitive cavity with light
illumination, where absorptions may be brought about by impurities or defects.
It would be very desirable for experiments to be performed on thermally ex-
cited carriers at high temperatures. Then, because of the low mobility at high
temperatures, the cyclotron resonance experiment is not an easy task.

High magnetic fields in the megagauss range are very useful for measuring
cyclotron resonance in such samples. The condition ωcτ >1 can be rewritten
as µ(cm2/V·s)B(T)×10−2 >1 using the practically used units. High magnetic
fields allow us to satisfy this condition in low mobility crystals. For example,
for carriers with a mobility of 100 cm2/V·s, a field of 100 T is sufficient for the
condition.

The first experiment of cyclotron resonance in thermally excited carriers in
p-type diamond was done by Kono et al. [322]. Figure 4.37 (a) is an example
of the experimental traces of the cyclotron resonance in p-type diamond. The
experiment was done at T = 90–100 ◦C. A broad peak was observed in different
directions of the magnetic field [322]. At a temperature of T = 90 ◦C, the mobility
estimated from the line-width is µ ∼ 700 cm2/V·s. It was found that the peak can
be decomposed to three peaks. They showed an angular dependence as shown in
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Fig. 4.37. (a) Cyclotron resonance spectra in p-type diamond [322]. B ‖< 110 >. T
= 90 ◦C. Measuring wavelength was 119 µm. The solid line shows the experimental
trace, and the broken lines show the calculated resonance lines decomposed for the
heavy hole, the light hole, and the split-off band holes. The positive magnetic field
stands for the hole-active circular polarization of the radiation and the negative field
stands for the electron-active one. (b) Angular dependence of the effective masses
of three different holes responsible for the cyclotron resonance.

Fig. 4.37 (b). The three peaks probably arise from the three hole bands. In Ge or
Si, the cyclotron resonance for the split off band has never been observed, as it is
well separated from the top of the valence bands. In diamond which has a very
small spin orbit splitting, however, it should be quite possible to be observed.
However, a remarkable point is that one of the resonance peaks was observed
for the electron-active polarizations. The origin of the electron-active resonance
peak is not fully understood yet, but it is probably due to the heavy hole band
as the cyclotron motion of the heavy holes may become peculiar due to the
complicated interaction between the nearly degenerate three bands. In fact, the
Landau level structure should be quite complicated in such a situation. From the
experimental data as shown in Fig.4.37 (b), the valence band parameters were
determined [322].

4.10.3 Graphite

Graphite is a semimetal which exhibits many interesting properties in high mag-
netic fields. A drastic jump of the magneto-resistance was discovered when a high
magnetic field of 20–50 T was applied parallel to the c-axis (perpendicular to
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the stacking layers) at low temperatures (below 10 K) [323]. Since the transition
field depends on temperature, it was assigned by Yoshioka and Fukuyama [324]
as the magnetic field-induced electronic phase transition forming a charge den-
sity wave or spin density wave. According to the Yoshioka-Fukuyama theory, the
transition is brought about by a nesting of Fermi-points on the Landau levels
in the quantum limit. As graphite has a layered crystal structure, the energy

Fig. 4.38. (a) Landau level energy dispersion when a magnetic field of 50 T is applied
perpendicular to c-axis [330]. Four Landau levels remain below the Fermi level at
this field. The solid and broken lines with arrows indicate the allowed transitions
for electron-active and hole-active circular polarizations, respectively. (b) Cyclotron
resonance spectra in graphite for different wavelengths [330]. The positive and neg-
ative values of the magnetic fields on the abscissa indicate the electron-active and
hole-active circular polarizations of the radiation, respectively. In order that the
peaks from the same origin can be seen nearly at the same position, the scales of
the horizontal axis are adjusted.
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dispersion is very anisotropic; it is very conducting with a small effective mass
in the layers but the effective mass in the perpendicular direction to the layers
is fairly large. Therefore, the density of states at the Fermi-points when the field
is applied perpendicular to the layers is very large. This is a favorable point
for forming a charge density wave or spin density wave. The phenomena were
investigated in detail in high magnetic fields [325,326]. The theory predicts that
the phase transition should be re-entrant with respect to temperature. The re-
entrant feature of the phase transition was actually observed in a high field of
around 50 T [326,327].

In highly quantized electron states, more phase transitions of different types
are expected to occur in higher magnetic fields. A number of cyclotron resonance
studies in graphite have been made in lower fields [328,329], but the investigation
in very high magnetic fields is of interest, since new features may show up in
relation to the electronic phase transition. Figure 4.38 shows the Landau level
energy dispersion of graphite and the data of cyclotron resonance when very high
magnetic fields up to 400 T were applied.

Many absorption peaks are observed corresponding to different transitions
between Landau levels with non-uniform spacing. Interesting features are the
peaks associated with the transitions involving 0± levels. The (1+)→(0+) tran-
sition is observed at 62 T for the hole-active polarization with 10.61 µm. This
fact implies that the (0+) state is already depopulated below 62 T. On the other
hand, the observation of the peak at 208 T with 3.39 µm for the electron ac-
tive polarization (corresponding to (0–)→(1–) transition) indicates that the (0–)
level is below the Fermi level and should cross the Fermi level at a higher field.
This is a striking result, if we consider that the spin splitting should be small as
expected from a small value of g-factor which should be nearly 2. In other words,
if the (0+) state crosses the Fermi level below 62 T, (0–) level should cross it at
a field not so much higher than this field. This contradiction is reconciled by a
theory of Takada and Goto who predicted the enhancement of the spin-splitting
due to the exchange interaction [331].

4.10.4 Bi2Se3 family

Layered semiconductors Bi2Te3, Sb2Te3, Bi2Se3, and their solid solutions are
known to have extraordinarily large thermoelectric coefficients. They are inter-
esting materials also from the viewpoint that the lattice constant in the c-axis is
very large (2.6–2.8 nm). Many investigations have been made on p-type Bi2Te3
and n-type Bi2Se3. However, not much is known concerning the energy band
structures in these materials.

It is known that these materials are narrow gap semiconductors. According
to tunneling measurements, the band gap of Bi2Te3 is Eg ∼ 0.20 eV at room
temperature and increases up to 0.25 eV when the temperature is decreased
down to 4.2 K [332]. The valence band in Bi2Te3 consists of an upper valence
band (UVB) and a lower valence band (LVB) [333, 334] as shown in Fig. 4.39.
Both bands have many-valley structure consisting of six ellipsoids, centered on
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a mirror plane of the Brillouin zone. The conduction band also consists of two
bands UCB and LCB. In contrast to Bi2Te3 in which the conduction band has
two extrema with six-ellipsoid valleys, the conduction band of Bi2Se3 has its
principal minimum located at the center of the Brillouin zone (Γ point), and
therefore, it can be represented by one ellipsoid [335,336].

Cyclotron resonance was observed in single crystals of n-type Bi2−xSbxSe3, p-
type Bi2Te3, InxBi2−xTe3 and p-type Sb2Te1.2Se1.8 under high pulsed magnetic
fields up to 150 T generated by the single turn coil technique, and the effective
masses were determined [337]. Figure 4.39 shows the magnetic field dependence
of infrared transmission in an n-type Bi1.48Sb0.52Se3 sample at laser wavelengths
of λ = 10.6 µm and 9.25 µm in different temperatures [337]. At low temperatures,
the traces shown in Fig. 4.39 exhibit two peaks (marked by vertical arrows). The
low field peak (peak 1) has a larger intensity than the high field peak (peak
2). As the temperature increases, the peak 2 diminishes rapidly and becomes
almost indiscernible at 180 K. These two peaks were observed in all samples
with different Sb content.

Fig. 4.39. (a) Schematic band structure of Bi2Te3 (p-type) and Bi2Se3 (n-type). (b)
Transmission traces for n-type Bi1.48Sb0.52Se3 sample versus magnetic field at dif-
ferent temperatures. Wavelength of radiation was 10.6 µm except for the lowest
trace where it was 9.25 µm. Arrows show magnetic field sweeps in the up and down
directions. Two minima are shown by vertical arrows.
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At T = 32 K, the effective mass is estimated as m∗ = 0.075m for peak 1 and
m∗ = 0.105m for peak 2. It was found that these effective masses have almost
no dependences on temperature and electron concentration. The position of the
peaks is almost independent of x, and of electron concentration. The larger mass
m∗ = 0.105m for peak 2 is slightly smaller than but close to the effective mass
obtained by the Shubnikov-de Haas effect m∗

SdH = 0.12m [335,338], so that it was
assigned as the electron mass in the lower conduction band (LCB). The smaller
effective mass m∗ = 0.075m for peak 1 is then considered to be attributed to
the upper conduction band (UCB) [337]. The effective masses in other samples
of the crystal family were also obtained [337].

4.11 Interplay between magnetic and quantum potentials

4.11.1 Short period superlattices with parallel magnetic fields

As regards two-dimensional systems, we have considered so far, cyclotron reso-
nance when the magnetic field is applied in the direction perpendicular to the
two-dimensional plane. The cyclotron motion itself is not affected by the quan-
tum potential in this case. What will happen then if the field is applied parallel
to the plane? In quantum wells, the magnetic field effect becomes conspicuous
when the magnetic field is high enough to reduce the cyclotron radius to a size
smaller than the quantum well width. However, at a lower field, cyclotron reso-
nance is not observed in the quantum well since the cyclotron orbit is not closed
within the quantum well. In short-period superlattices with thin barrier layers,
however, the electron wave functions penetrating into the barrier layers from
adjacent wells are connected with each other, such that a narrow band is formed
in the direction perpendicular to the layers (kx direction). In other words, the
energy band in the three-dimensional Brioullin zone is folded back due to the
periodic superlattice structure to form a mini-band. Thus the energy dispersion
is generated in the kx direction, and the perpendicular transport becomes pos-
sible. Then the cyclotron motion across the barrier layer causes the cyclotron
resonance.

In the presence of a potential U(x) in the plane of the cyclotron motion, the
Schrödinger equation is given by[

− h̄2

2m∗
∂2

∂x2
+

e2B2

2m∗ (x−X)2 + U(x)
]

Φ(x) = EΦ(x), (4.66)

similarly to (3.113), as we have seen in Section 3.4.3, This is a one-dimensional
equation with respect to x, adding a quantum well potential to a parabolic poten-
tial due to the magnetic field. The solution of this equation derives eigenenergies
which depend on the center coordinate X. This indicates that the degeneracy
of the Landau level energies with respect to X is lifted by the quantum poten-
tial U(x). Equation (4.66) can be solved numerically by a computer calculation.
Figure 4.40 (a) shows the results of the energy of the Landau levels as a func-
tion of X for a (GaAs)7(AlGaAs)5 superlattice (superlattice with seven GaAs
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Fig. 4.40. (a) Landau level energies as a function of the center coordinate of the
cyclotron motion for a GaAs/AlGaAs superlattice (7, 5) when the magnetic field is
applied parallel to the superlattice layers [339]. The potential is shown in the figure.
(b) Landau level energies as a function of magnetic field. Above the potential height
shown by the arrow, the Landau levels are broadened.

monolayers and five AlGaAs monolayers, hereafter denoted as (7,5)) when the
magnetic field is applied parallel to the superlattice layers [339]. The dispersion-
less Landau levels are formed in the low energy range when their energy is within
the subband. However, in the region exceeding the mini-band width, the Landau
levels have a dispersion whose energy is dependent on X. In other words, the
Landau levels have a finite energy width in this region. This is a fundamental
problem of solid state physics concerning the energy spectrum when the Landau
level energy exceeds the band width.
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Fig. 4.41. Cyclotron resonance spectra in GaAs/AlGaAs short-period superlattices
with different well width Lw when the magnetic field is applied parallel to the
layers [340]. The field strength is shown for each graph. (a) Lw = 10 nm, (b) Lw =
20 nm, (c) Lw = 30 nm, (d) Lw = 50 nm. The energy dispersion is shown on the
right-hand side of each figure.

If we measure cyclotron resonance in such a system, the broadening of the
Landau level is actually observed. In low magnetic fields and low energy range,
the width of the Landau level is small, so that sharp cyclotron resonance is
observed. This corresponds to the situation in which the cyclotron motion is
extended to many periods of the superlattice and the energy does not depend so
much on X. In higher magnetic fields and higher energy range, the Landau levels
are broadened and cyclotron resonance line-width is increased. This corresponds
to a situation in which the Landau level energy strongly depends on X. When the
magnetic field is further increased, the cyclotron resonance line-width becomes
narrow again, because a cyclotron orbit is completed within the well layers. This
corresponds to a situation in which the energy change with X occurs only near
the interfaces and the density of states is concentrated mostly in the interior of
the well layer.

This behavior of the cyclotron resonance line-width was actually observed
by Allen et al. [340] for short-period superlattices of GaAs/AlAs. Instead of
varying magnetic field in a wide range, they measured the cyclotron resonance
for superlattices with different periods. As shown in Fig. 4.41, they found that
the line-width is broadened when the cyclotron radius (or magnetic length) l is
close to the well width Lw [340]. At B ∼ 8 T, the cyclotron radius is ∼9.2 nm. A
sharp cyclotron resonance peak is observed when the well width is much smaller
or larger than 9.2 nm but it is broadened for Lw ∼ 10 nm.

4.11.2 Angular dependence of the effective mass in quantum wells
The effective magnetic field on the motion of the in-plane motion of two-dimensional
electrons is the field perpendicular to the 2D plane. Therefore, when we tilt the
magnetic field B from the normal to the 2D plane by an angle θ, the effective
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field is B cos θ, and the cyclotron frequency is given by

ωc⊥ =
eB

m∗
1

cos θ
(4.67)

The cyclotron resonance peak should shift to higher magnetic field with in-
creasing θ. This is actually observed in the normal case. However, at very high
magnetic fields, if the Landau levels associated with the cyclotron resonance
transition cross the subbands, the situation is very different since the Landau
level-subband coupling (LSC) occurs in tilted magnetic fields. In other words,
when the h̄ωc⊥ becomes equal to the interval between the lowest two subbands
E1 − E0, the N = 1 Landau level of the E0 ground subband crosses the N =
0 Landau level of the E1 subband, the anti-crossing behavior is observed be-
cause of the LSC. Such an anti-crossing was first observed by Beinvogl and
Koch on the accumulation layer on Si [341]. Subsequently, many experiments
have been done on GaAs/AlGaAs heterostructure [342–344], coupled quantum
wells of GaAs/AlGaAs [345], InAs/AlSb quantum well [346] and GaAs/AlGaAs
superlattice [347].

When the magnetic field is applied at an angle θ from the normal direction
to the layers (z-direction) in the x − z plane, the magnetic field and the vector
potential can be expressed as B = (B‖, 0, B⊥) and A = (0, xB⊥ − zB‖, 0). The
Hamiltonian for electrons is then

H = H⊥ +H‖ +H′, (4.68)

H⊥ = − h̄2

2m∗
∂2

∂z2
+ U(z) +

m∗

2
ω2‖z

2, (4.69)

Fig. 4.42. (a) Calculated results of the Landau level energy for θ = 10◦ [347]. Energies
without the LSC are shown by solid lines. (b) Cyclotron resonance field as a function
of the tilt angle θ for different values of h̄ω/E10. The broken line shows the curve of
the 1/ cos θ dependence.
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H‖ = − h̄2

2m∗
∂2

∂x′2 +
m∗

2
ω2⊥x′2, (4.70)

H′ = −ω‖ω⊥
m∗ x′z. (4.71)

Here, x′ = x + h̄ky/eB⊥, ω‖ = eB‖/m∗, and ω⊥ = eB⊥/m∗. H⊥ is a term to
represent the motion of electrons perpendicular to the two-dimensional plane
(z-direction) in which the effect of the parallel field is added to the term giving
the subband energies. H‖ is a term representing the motion of electrons within
the two-dimensional plane, giving the Landau quantization by the perpendicular
field B⊥. H′ is the term that represents the coupling between the Landau level
and the subbands. As the cyclotron energy h̄ω approaches the energy difference
between the two subbands E01 = E1–E0, the coupling is resonantly enhanced and
a large cross-over effect occurs. Figure 4.42 (a) shows the Landau level energies
for θ = 10◦ [347]. Figure 4.42 (b) shows the cyclotron resonance field B(θ)/B(0)
h̄ω as a function of the angle θ at a photon energy. When h̄ωc/E01 is small,
the resonance field B(θ) increases with increasing θ with nearly the 1/ cos θ

Fig. 4.43. Cyclotron resonance traces for a GaAs/AlGaAs quantum well at tilted
magnetic fields [347]. The widths of the well and the barrier layers are 10 nm and
60 nm, respectively. The wavelength is 10.5 µm. The sample satisfies the relation
h̄ω/E01 = 1.60.
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Fig. 4.44. Cyclotron resonance spectra in GaAs/AlGaAs multiple quantum wells at
different angles θ of magnetic field relative to the growth direction [347].

dependence. As h̄ωc/E01 becomes large, approaching 1, the angle dependence
increases and as soon as it exceeds 1, the angular dependence changes its sign.
In other words, the resonance field decreases as the tilt angle increases.

As an example of such a dependence, Fig. 4.43 shows the cyclotron resonance
traces for GaAs/AlGaAs multiple quantum wells [347]. Spin splitting is observed
at θ = 0◦. We can see clearly that the resonance field decreases with increasing
angle. A large hysteresis is observed between the up-sweep and down-sweep of the
magnetic field. The reason for the hysteresis is not known at this moment, but it
suggests that in the up-sweep there must be some kind of relaxation phenomenon
in the electronic state with a response time of about 1 µs. Figure 4.44 shows the
observed angular dependence of the resonance field B(θ) for different h̄ω/E01
as compared with theoretical calculation. It is clearly seen that the B(θ) is an
increasing function of θ for h̄ω/E01 < 1, but it decreases with θ for h̄ω/E01 > 1.

4.11.3 Cyclotron resonance in quantum dots

As discussed in Section 2.5.4, recent advances in microfabrication techniques
have enabled us to make lateral potentials on a two-dimensional plane to confine
electrons in a narrow region. Quantum wires and quantum dots are fabricated
by different techniques. Quantum dots are the system in which the electron wave
functions are confined in all three directions. The energy levels of the quantum
dots in a magnetic field can easily be obtained as in (2.169) if we approximate the
potential in the lateral direction by a parabolic potential. The uniformly spaced
energy levels at B = 0 are split by magnetic field due to the angular momentum
represented M . The transition energy between these energy levels is represented
as

h̄ω± =

√(
h̄

ωc
2

)2
+ ω20 ±

h̄ωc
2

, (4.72)

for allowed transitions, ∆M = ±1. This gives an energy ω0 at B = 0 splitting to
two branches in magnetic fields. Here h̄ω+ and h̄ω− correspond to the transition
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Fig. 4.45. Cyclotron resonance in a PbSe/PbEuTe quantum dot sample in a low field
range [352].

energies for right circular and left circular polarizations, respectively. In the limit
of large B where a relation ωc � ω0 holds, h̄ω+ tends to the cyclotron resonance
energy h̄ωc.

In the experiments of cyclotron resonance in quantum dots, such a dispersion
was actually observed in GaAs/AlGaAs dots [348–350], in InSb dots created by
a gate voltage [351], and self-organized dots of PbSe/PbEuTe [352]. As an exam-
ple of cyclotron resonance in quantum dots, we show the data for PbSe/PbEuTe
quantum dots in Fig. 4.45 [352]. Springholz et al. succeeded in fabricating high
quality self-assembled quantum dots of PbSe embedded in PbxEu1−xTe ma-
trix [353, 354]. By stacking many layers of PbSe and PbEuTe on a < 111 >
surface of BaF2 alternately by MBE, self-assembled quantum dots of PbSe are
formed arranged densely in each PbSe layer due to the difference in the lattice
constant between the two layers. The dots have a trigonal pyramid shape and
regularly arranged with a trigonal symmetry on each plane and stacked with
an ABCABC· · · order to form an fcc-like dot crystal. By choosing a proper pa-
rameter, an AAA· · · like order is also possible. It is of interest to investigate
the regular arrangement of the quantum dots. Owing to the large dot density,
cyclotron resonance can easily be observed. When we apply magnetic field B
perpendicular to the layers, In Fig. 4.45, it can be seen that there are two sets
of lines corresponding to the effective masses of 0.025m and 0.055m. They cor-
respond to the cyclotron resonance in two inequivalent valleys of the conduction
band for magnetic field B ‖< 111 >. Each set of lines splits into two lines, one
goes up and the other down with magnetic field. This is a typical dispersion of
the cyclotron resonance mode in quantum dots.

Cyclotron resonance traces in higher magnetic fields are shown in Fig. 4.46.
The measurements were performed using a CO2 laser varying the wavelength



MAGNETIC FIELD-INDUCED BAND CROSS-OVER 187

Fig. 4.46. Cyclotron resonance traces for PbSe/PbEuTe quantum dots [352]. The right
and left panels show the data for electron-active and electron-inactive circular polar-
izations, respectively, at different wavelengths. The solid and broken lines represent
the up-sweep and down-sweep of the magnetic field.

between 9.25 µm and 10.6 µm. Radiation was circularly polarized and electron-
active (right panel) and hole-active (left panel) modes can be distinguished. In
the hole-active mode, peaks arising from the PbEuTe matrix are observed. The
absorption peaks in the electron-active mode are the cyclotron resonance peaks
of the electrons in the PbSe quantum dots. The resonance peaks of the light
electron valley (35.2–45.6 T) and the heavy electron valley (75.1–107.8 T) are
observed. The heavy electron peaks show a splitting. This can be explained as
the lift of the degeneracy of three equivalent valley for B ‖< 111 > by a strain
introduced around the dots. The interesting point is that there is a remarkable
wavelength dependence of the absorption intensity. This was explained as due to
the interference effect of the incident radiation in the sample [352].

4.12 Magnetic field-induced band cross-over

4.12.1 Γ-L cross-over in GaSb

When a magnetic field is applied, the band edge shifts to a higher energy by
h̄ωc/2. In very high fields, the shift becomes so large that the band edge may
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Fig. 4.47. (a) Cyclotron resonance traces for GaSb at different wavelengths [359].
B ‖< 100 >. ΓCR, ΓICR, and LCR denote the cyclotron resonance at Γ point,
impurity cyclotron resonance at Γ point and cyclotron resonance at L point, re-
spectively. (b) Angular dependence of the resonance field. The direction of magnetic
field is varied from < 100 > to < 110 > axis on the (110) plane.

take over a higher lying band edge which has a larger effective mass at some crit-
ical fields. This actually takes place in III-V compounds whose conduction band
minimum is located at Γ point and there are higher lying minima at X points
or L points. As an example of such field-induced band cross-over, we present
below the Γ−L cross-over in GaSb. GaSb has a conduction band minimum at
the Γ point, but the minima at the L point are very closely located just above
the Γ minimum. The energy difference is ∆E(L-Γ) ∼ 86 meV at 200 K. The
effective mass at the L point is expected to be larger than that at the Γ point.
In sufficiently high magnetic fields, therefore, the N = 0 Landau level at the
L point would become the lowest level above the Γ-L cross-over and the effec-
tive mass parameters at the L point would be revealed. Many experiments have
been carried out to determine the longitudinal and transverse masses ml and
mt at the L point such as the Hall effect [355], piezo-resistance [356], Faraday
rotation [357], and the Shubnikov-de Haas effect [358]. However, no conclusive
results have been obtained, as signals are a mixture of two series arising from
the Γ and the L points.

A cyclotron resonance experiment was performed by Arimoto et al. [359]. Fig-
ure 4.47 (a) shows typical cyclotron resonance traces for B ‖< 100 > at different
wavelengths. At 28 µm and T = 204 K, two peaks are observed corresponding
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Table 4.7 Effective masses of the conduction band of GaSb at the Γ and the L
point

Minimum direction λ (µm) h̄ω (meV) m∗/m
Γ Band edge 0 0.039 ± 0.001
Γ 28.0 44.3 0.044 ± 0.001
Γ 10.6 117 0.050 ± 0.001
Γ 5.53 22.4 0.067 ± 0.001
Γ 88 14.1 0.0412

L m∗ < 100 > Band edge 0 0.14 ± 0.01
L m∗ < 100 > 28.0 44.3 0.150 ± 0.002
L m∗ < 100 > 10.6 117 0.170 ± 0.002
L m∗ < 111 > Band edge 0 0.21 ± 0.01
L m∗ < 111 > 16.9 73.4 0.243 ± 0.002
L mt Band edge 0 0.085 ± 0.006
L ml Band edge 0 1.4 ± 0.2

to the cyclotron resonance at the Γ point (ΓCR) and at the L point (LCR), from
which we can determine the effective masses for the both conduction bands. At
9.24 µm and T = 25 K, the impurity cyclotron resonance peaks at the Γ point
(ΓICR) and at the L point (LICR) are observed as the electrons freeze out in the
donor states due to the low temperature. At 5.53 µm and T = 150 K, small peaks
of ΓICR and ΓCR are observed. Larger peaks corresponding to LICR and LCR
should be observed at higher fields. The dependencies of the cyclotron resonance
on the field angle and the photon energy were investigated in detail as shown
in Fig. 4.47 (b). From this analysis, the effective masses of the both conduction
bands were determined as listed in Table 4.7.

A similar phenomenon, the Γ−X cross-over in GaAs was investigated by
cyclotron resonance using explosive-driven flux compression technique [360,361].

4.12.2 Γ−X cross-over in GaAs/AlAs superlattices

In the case of GaAs/AlAs superlattices, the conduction band minimum in the
GaAs layer is located at the Γ point while the band minimum in the AlAs layer
is at the X point. At the X point, the conduction band minimum is lower in the
AlAs layer than in the GaAs layer. Therefore, the quantum well is located in
the AlAs layer and the GaAs layer plays a role as a barrier layer, contrary to
the case of the Γ point. The situation is schematically illustrated in Fig. 4.48.
GaAs/AlAs short-period superlattices are often denoted as (GaAs)m/(AlAs)n,
with integer parameters m and n designating the monolayer numbers of each
layer. In (GaAs)m/(AlAs)n, mini-bands are formed and the wave functions are
extended in the both layers through tunneling. The lowest mini-band mainly
consists of the GaAs Γ band (Γ-like band), and the mini-band consisting mainly
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of the AlAs X band is lying higher when the GaAs monolayer number m is larger
than some value. As m is decreased, the energy of the Γ-like band is increased and
the X-like band becomes the lowest mini-band. Thus short-period superlattices
with small m should have a type II band line up where the conduction band
minima are located at the X point in the AlAs layer while the valence band top is
located at the Γ point in the GaAs layer. Many investigations have been made on
the type I to type II transition in short-period superlattices of (GaAs)m/(AlAs)n
when m and n were varied [362–367]. There is a critical value of the monolayer
number mI−II at around 12–14 that divides the range of type I and type II
superlattices.

Cyclotron resonance in short-period superlattices with m above and below
mI−II should reveal the effective mass of the Γ-like band and the X-like band,
respectively. This was actually observed in the cyclotron resonance in a very
high magnetic field. Figure 4.49 shows the cyclotron resonance spectra in n-
type (GaAs)n/(AlAs)n short-period superlattices for different n [368, 369]. For
samples with n = 16, a relatively sharp resonance peak arising from the Γ point
is observed with an effective mass of 0.053m as peak A. This effective mass is
close to the value of the band edge mass of bulk GaAs 0.067m. In a higher field
a small peak B was also observed corresponding to the resonance in the X-band

Fig. 4.48. Schematic energy diagram of the (a) type I superlattice and (b) type II
superlattice of the GaAs/AlAs system. The density of the shadow region indicates
the extent of the position probability density of electons and holes in the mini-bands.
Regarding the Γ point, the well layer for the conduction band is the GaAs layer,
while at the X point the well layer is the AlAs layer. For small width of the GaAs
layer, the mini-band energy of the conduction band at the Γ point is increased in
the GaAs layer and the conduction band minimum is located in the AlAs layers;
thus the system has indirect nature.
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Fig. 4.49. Cyclotron resonance traces for (GaAs)n/(AlAs)n short-period superlattices
with n = 8–16 [368]. λ = 23 µm. B ‖< 100 >.

at around 90 T. For n ≤ 14, a broad peak near 90 T is the main feature and the
peak A is not observed. This broad peak corresponds to the transverse mass mt

at the X-like band. From the resonance field, the effective mass is obtained as
0.193 ± 0.006m. This was the first observation of the effective mass of the short-
period superlattice. It should be noted that the above value of mt is close to that
obtained from magneto-photoluminescence, 0.16m [370], and that obtained from
cyclotron resonance in bulk AlAs, 0.25m [312]. The experimental data show that
the effective mass change from that in type I to that in type II abruptly at n = 14.
This is in contrast to the smooth change of the effective mass in GaAs/AlGaAs
quantum wells [371].

Figure 4.50 shows cyclotron resonance traces for (GaAs)n/(AlAs)n short-
period superlattices at h̄ω= 129 meV (λ = 9.61 µm) in higher fields generated
by electromagnetic flux compression [372, 373]. In a sample of n = 16 (Type I
sample), only a peak from the Γ point was observed, giving the effective mass of
0.0809m at 76 K, and 0.0756m at 34 K. In a sample of n = 12, in addition to
a small peak corresponding to the Γ point, a peak arising from the X point was
observed at a higher field. The effective mass was obtained as 0.244m at 104 K,
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Fig. 4.50. Cyclotron resonance traces for (GaAs)n/(AlAs)n short-period superlattices
(n = 12 and 16) at h̄ω= 129 meV in a field up to 500 T [372,373]. B ‖< 100 >.

and 0.226m at 28 K [372]. Considering the energy difference between the Γ and
X points, it is expected that the type I to type II transition associated with the
Γ-X cross-over should occur at some field, and that we should have observed the
X-peak even in the n = 16 sample. The absence of the X-peak in the sample of
n = 16 in such high fields suggests the possibility of either the slow relaxation
time between the Γ and X valleys or the transfer of electrons to a deep donor
level such as the DX center [372].

4.12.3 Semimetal-semiconductor transition

A. Bi

In semimetals, the bottom of the conduction band is situated below the va-
lence band top, so as to have crossed band gap. As magnetic fields are applied,
the energy of the conduction band bottom is increased and that of the valence
band top is decreased, so that a finite band gap is opened in high enough mag-
netic fields. Thus a semimetal-semiconductor transition should take place in high
magnetic fields.

Bi is a typical semimetal, which has a band overlap of 35 meV. The conduction
band minima Ls are at the L-point and the valence band (hole band) tops T−

45
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are at the Z-point of the Brillouin zone. Just below the Ls band, there is an
antisymmetric valence band La. In a magnetic field, the band profile shows a
complicated field dependence. In the case of B ‖ binary axis, the field dependence
of the band extrema is shown in Fig. 4.51. The energy gap Eg(0) between the
Ls and La at first decreases because the spin-orbit interaction is very large such
that the spin splitting is larger than the Landau level spacing. The energy of the
bottom of the T−

45 band decreases with increasing field. Ls and La come very
close to each other around Bc, but due to the interaction, they repel each other.
Above the anti-crossing field Bc, the band gap increases with magnetic field.
At a magnetic field BT , the Ls crosses with the T−

45 band, and above BT , the
band gap opens up between Ls (electron band) and T−

45 (hole band). Thus the
semimetal to semiconductor transition takes place at BT . The band gap Eg(0)
at zero field is only 30 meV. For B ‖ binary, the values have been estimated
as Bc ∼ 10–20 T and BT ∼ 100 T. Figure 4.52 shows the Landau level energy
diagram of Bi when the magnetic field is applied parallel to the binary axis [374].

At B = BT , it is expected that a zero-gap state is realized. The magnetic
field-induced zero-gap state is a very interesting regime, because when the band
gap is nearly zero, electronic phase transitions may take place in semimetals
or semiconductors. The excitonic phase is a state where excitons are condensed
when the exciton binding energy becomes larger than the band gap. When the
system undergoes a transition to the excitonic phase, it becomes an insulating
state, as the excitons have no electric charge [375, 376]. Yoshioka and Nakajima
predicted a different type of phase transition, the gas-liquid transition [377,378].
The excitonic phase has been explored by a group of Brandt et al. in Bi-Sb
alloys [379]. When Sb is doped into Bi, the band gap Eg(0) of the alloy Bi1−xSbx
is decreased with increasing x up to x ∼ 0.06, and for higher concentration, the
alloy becomes semiconductors. Therefore, in Bi-Sb alloys, in which the band gap
is smaller than in Bi, the semimetal to semiconductor transition is expected to
occur at a lower field. Brandt et al. estimated the energy band gap from the
temperature dependence of the resistivity, and insisted that they observed an

Fig. 4.51. The schematic diagram of the magnetic field dependence of the energy band
extrema in Bi when the magnetic field is applied parallel to the binary axis.
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Fig. 4.52. Energies of the Landau levels in the electron, and hole bands and the Fermi
level EF as a function of magnetic field in Bi [374]. The calculation was made using
the band parameters obtained from the analysis of the Shubnikov-de Haas effect.
Experimental points of the peaks of the Shubnikov-de Hass effect are shown for
light electron, heavy electron and hole bands.

Fig. 4.53. Far-infrared transmission spectra in Bi for B ‖ binary axis [83]. The thick-
ness of the sample and the temperature of the measurement for each figure are (a)
1.61 mm, 6.8 K, (b) 0.60 mm, 4.2 K, (c) 0.40 mm, 8.8 K, (d) 0.62 mm, 4.5 K.

evidence of the excitonic phase. However, no conclusive results have so far been
obtained.

Miura et al. explored the excitonic phase by applying high magnetic fields
exceeding 100 T to Bi, measuring a far-infrared transmission spectra [83]. Fig-
ure 4.53 shows examples of the experimental traces of the transmission spectra
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of the radiation of λ = 337 µm in Bi when a magnetic field is applied paral-
lel to the binary axis. The transmission was found to increase abruptly at 98
T. This is considered to correspond to the semimetal-semiconductor transition.
This transition was further investigated by Shimamoto et al. later by the far-
infrared strip line technique [330]. The experiment was not easy because of the
interference effect of the far-infrared radiation, but evidence of the transition was
obtained. Thus the magnetic field-induced semimetal-semiconductor transition
has been observed in Bi, but the excitonic phase is still an open question to be
investigated in future.

B. InAs/GaSb superlattices

InAs/GaSb superlattices are type II superlattices. At the interface between
the InAs layer and the GaSb layer, the valence band top of GaSb is energetically
higher than the conduction band bottom of InAs. When the superlattice period
is not so short (d > dc ∼ 15 nm), electrons in the GaSb layer diffuse into the
InAs layer, so that there are always the same number of electrons and holes at
the interface, forming a semimetallic state. On the other hand, for d < dc, the
band gap opens up and the system becomes a semiconductor [380]. When the
magnetic field is applied to the semimetallic samples in the growth direction
(perpendicularly to the layers), the energy of the electron subband is increased
and that of the hole subband is decreased. Hence, at sufficiently high magnetic

Fig. 4.54. Cyclotron resonance spectra in InAs/GaSb superlattices (grown on a (111)A
plane) at different wavelengths [381]. T ∼ 30 K.
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Fig. 4.55. (a) Theoretically calculated Landau level energies for InAs(20
nm)/GaSb(5.0 nm) superlattice [381]. (b) Magnetic field dependence of the car-
rier density estimated from the absorption intensity.

fields, a semimetal-semiconductor transition is expected to occur as in Bi. Such
transition can be monitored well by cyclotron resonance. Figure 4.54 shows ex-
perimental traces of cyclotron resonance in InAs/GaSb superlattices at different
wavelengths for a sample with (111) plane [381]. As the Landau level structure is
very complicated, as shown in Fig. 4.55 (a), several peaks are observed. However,
if we are concentrated in the peak corresponding to the effective mass of about
0.05m, we can see that the absorption intensity is decreased as the photon energy
is increased. Actually, Fig. 4.55 (b) shows the integrated intensity of the absorp-
tion peak as a function of magnetic field. It is clear that the peak intensity shows
a sudden decrease at around 75 T. This is due to the field-induced semimetal-
semiconductor transition. Thus the transition field was determined as ∼75 T for
the (111) sample. For a sample with the (100) plane, the transition field was
found to be lower (∼ 40 T) in agreement with the theoretical calculation.

4.13 Magneto-plasma phenomena

4.13.1 Magneto-plasma

In conducting substances with many carriers like metals, semimetals and doped
semiconductors, electron and hole plasmas play an important role and govern
the propagation of electromagnetic radiation. When an electromagnetic wave is
incident, the response of matter is determined by the dielectric constant ε = κε0
(ε0 is the dielectric constant of vacuum). Let the electric and magnetic fields of
the radiation be

E = E0 exp
[
iω(t− ñ

c
)q̂ · r

]
, (4.73)

H = H0 exp
[
iω(t− ñ

c
)q̂ · r

]
. (4.74)
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Then neglecting the magnetization of matter, the Maxwell equations are given
by

∇×E = −∂B

∂t
= −iωµ0H, (4.75)

∇×H = −∂D

∂t
+ J = (iωε0κ + σ) ·E, (4.76)

where we used relations,

−eB = µ0H, D = ε0κ ·E, J = σ ·E. (4.77)

Here, ñ is the complex refractive index

ñ = n− ik, (4.78)

and q̂ is the unit vector of the propagation direction of the wave. κ is regarded as
a tensor to include the case where the polarization is nondiagonal. From (4.75)
and (4.76), we can derive

∇×∇×E = −iωµ0(iωκε0 + σ) ·E, (4.79)

and thus
ñ2[E − (q̂ ·E)q̂] = κ ·E − iσ · E

ωε0
. (4.80)

In conducting materials containing conduction carriers, application of magnetic
fields Bex gives rises to a change in σ, so that the refractive index ñ becomes
magnetic field dependent. In most cases, the electric vector is perpendicular to
the propagation vector q, and therefore, (4.80) is reduced to

ñ2E = κ ·E − i
σ ·E
ωε0

, (4.81)

Let us assume that the external magnetic field Bex is applied in the z-direction,
and the electromagnetic wave propagates in the same direction (q̂ ‖ B). This
arrangement is called the Faraday configuration. When the circular radiation
with electric field Ex± iEy propagates along the z-direction, the refractive index
is obtained from (4.81) and (4.13) as,

n̂2± = (n± − ik±)2 = κ− i
σ±
ωε0

(4.82)

= κ

[
1− ω2p

ω(ω ∓ ωc − i iτ )

]
, (4.83)

where ωp is the plasma frequency defined as

ω2p =
ne2

m∗κε0
. (4.84)
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Fig. 4.56. Wavelength dependence of the real part of the dielectric constant n2 and
the reflectivity R.

Let us consider the case when the carrier scattering is negligibly small, and τ
can be assumed as ∞. Then (4.83) is reduced to

n̂2± = κ

[
1− ω2p

ω(ω ∓ ωc)

]
. (4.85)

Equation (4.85) indicates that in the absence of an external field (B = 0), ωc =
0 and n̂2 is negative for ω < ωp, so that n̂ is purely imaginary. The reflectivity
R for the right incidence is

R =
(n− 1)2 + k2

(n + 1) + k2
. (4.86)

For imaginary ñ, n is zero so that R = 1. In other words, the radiation is totally
reflected at the incident surface, and the radiation cannot penetrate the medium.
For higher frequency (shorter wavelength) than ω, the reflection becomes less
than 1, and some part of the radiation can penetrate into the medium through the
surface. The wavelength dependence of the refractive index ñ and the reflectivity
is shown in Fig. 4.56. The longest wavelength below which the electromagnetic
radiation penetrates the medium is called the plasma edge and is represented by

λp =
2πc

ωp
= 2πc

√
m∗κε0
ne2

. (4.87)
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The reflectivity spectrum shows a zero point at [(κ − 1)/κ]1/2. The reflection
spectrum as shown in Fig. 4.56 is a characteristic one for the vicinity of the
plasma edge in semiconductors, which have high carrier concentration. As τ
is finite in reality, the sharp edges at λp or

√
(κ− 1)/κ is broadened. When

an external field Bex is applied in the z direction, the plasma edge shifts to
shorter and longer wavelength depending on the sense of the circular polarization
according to (4.85). In relatively low magnetic fields, when h̄ωc � h̄ωp and
h̄ωcτ � 1, the plasma edge is obtained from the condition that ñ2± becomes
zero. That is

ω ≈ ωp ± h̄ωc
2

. (4.88)

The above equation implies that the plasma edge shifts to longer or shorter
wavelength depending on the polarization and by measuring the shift of the
plasma edge with magnetic field, we can obtain h̄ωc and the carrier effective
mass [382]. The measurement of the plasma shift is an alternative means to
determine effective mass when cyclotron resonance experiment is difficult.

According to (4.85), the magnetic field dependence of the reflectivity at a
fixed h̄ω should show a dramatic change when the h̄ωc crosses h̄ω if h̄ω < h̄ωp for
right circular polarization (electron-active mode, ωc > 0). In the range ωc < ω,
n̂2 is negative, so that the sample is totally reflective. When magnetic field is
increased and ωc exceeds ω, the sample becomes penetrative. In samples with
high carrier concentration where the condition ω < ωp holds, such a large change
is actually observed. For left circular polarization (ωc < 0), on the other hand, a
plasma edge-like behavior similar to Fig. 4.56 should be observed in the reflection
spectra. In usual semiconductor samples with small carrier concentration, ω >
ωp. Then the zero point of ñ2 occurs at a positive ω and the total reflection should
be observed only in a narrow ωc range just below ω. In the actual cyclotron
resonance experiments for ω > ωp, however, this total reflection is obscured
because of the existence of the τ term, except in very high mobility samples.

In highly conducting samples, the reflectivity is large and the effect of the
magneto-plasma effect as mentioned above appears in the transmission spectra.
Furthermore, the radiation travels in the sample back and forth by multiple
reflection. In such a case, the expression of the transmission Eq. (4.9) should
be replaced by one which takes account of the multiple reflection, and the line
shape of the cyclotron resonance is distorted from simple Lorentzian shape.

So far, we have considered the Faraday configuration. In the Voigt configura-
tion (q̂ ⊥ B), the characteristic mode is linearly polarized electromagnetic wave,
and the corresponding refractive index is obtained as follows. There are two cases
depending on the direction of the electric vector of the radiation relative to B.
For E ⊥ B,

ñ2⊥ = κ

[
1− ω2p(ω

2
p − ω2 + iω/τ)

ω2{(ω2p − ω2 + iω/τ)(1− iω/τ) + ω2c}

]
. (4.89)

For E ‖ B, on the other hand, there is no effect of magnetic field on ñ. Namely,
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Fig. 4.57. Interference of the Helicon and Alfvén waves.

ñ‖ = κ

[
1− ω2p

ω(ω − i/τ)

]
. (4.90)

The difference in the refractive index for the two different linearly polarized ra-
diation gives rise to the Voigt effect or Cotton-Motton effect.

4.13.2 Helicon wave and Alfvén wave

As shown in previous sections, in the case of the Faraday configuration, the right
circularly polarized electromagnetic wave can propagate through the sample in
the presence of electron plasma if the condition ωc > ω is satisfied, because
ñ2 > 0. This wave is regarded as the electromagnetic wave propagating together
with the motion of electron. Such a wave is called a “helicon wave”. The velocity
of the wave is modified by the presence of carriers through the change in ñ. When
the electromagnetic wave with a wavelength of λ0 for which ωc > ω is incident
on the sample, the wavelength is reduced to λ = λ0/n when it propagates in the
sample as a helicon wave, so that λ varies as a function of magnetic field. The
wavelength of the propagating wave is visible by an interference of the wave in
the sample with the wave bypassing the sample, or an interference of the wave
which suffers multiple reflection within the sample, as shown in Fig. 4.57. If
we assume the sample thickness is d, in the former case, the transmitted wave
intensity is strengthened by the interference in the resonance condition

2π
λ

d− 2π
λ0

d = 2Nπ (N is an integer) (4.91)

In the latter case, the resonance condition becomes

2d = Nλ = N
λ0
n

, (4.92)

just like Fabry-Pérot interference. In both cases, therefore, the transmitted ra-
diation intensity for a constant λ0 shows an oscillation as a function of B.
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In semimetals, such as graphite or Bi, which have almost equal number of
electrons and holes, a different type of magneto-plasma wave called an Alfvén
wave propagates. If we define the plasma frequencies of electrons and holes as
ωpe and ωph, and the cyclotron frequencies of those as ωce and ωch, respectively,
we obtain

ñ2 = κ

[
1− ω2pe

ω(ω ∓ ωce)
− ω2ph

ω(ω ± ωch)

]
. (4.93)

Here again, τ is assumed to be infinitely large. When the high field conditions,
ωce � ω and ωch � ω hold, ñ2± becomes

ñ2± ≈ κ

[
1± ω2pe

ωωce

(
1± ω

ωce
+ · · ·

)
∓ ω2ph

ωωch

(
1± ω

ωch
+ · · ·

)]
(4.94)

≈ κ

[
1± 1

ω

(
ω2pe
ωce

− ω2ph
ωch

)
+

(
ω2pe
ω2ce

+
ω2ph
ω2ch

)
+ · · ·

]
. (4.95)

As

ω2pe
ωce

=
ene

κε0B
,

ω2pe
ω2ce

=
nem

∗
e

κε0B2 ,
ω2ph
ωch

=
enh
κε0B

,
ω2ph
ω2ch

=
nhm

∗
h

κε0B2 , (4.96)

we obtain

ñ2 ≈ κ

[
1± e

κε0ωB
(ne − nh) +

1
κε0B2 (m∗

ene + m∗
hnh)

]
. (4.97)

In semimetals, ne ≈ nh, so that

ñ2 ≈ κ

[
1 +

ρ

κε0B2

]
, (4.98)

where ρ is a quantity expressed by

ρ = m∗
ene + m∗

hnh, (4.99)

and is called “mass density”. Similarly to the helicon wave, the change of the
wavelength in crystals by magnetic fields is visible in the interference pattern.
When the Alfvén wave propagates through a crystal with a thickness of d, max-
ima are observed when a condition 2d = Nλ = Nλ0/n (N is an integer) is
fulfilled. In terms of the mass density, this condition is rewritten as

ρN =
ε0B

2
Nc2

ω2

[(
Nπ

d

)2
−
(ω

c

)2
κ

]
, (4.100)

where ρN is the mass density corresponding to the N -th peak of the interference
fringe at BN .
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Fig. 4.58. Alfvén wave transmission spectra in Bi with two different thicknesses for
magnetic field parallel to binary axis and electric field parallel to bisectrix axis [383].
L denote the Shubnikov-de Haas peaks of electrons with different quantum numbers,
and CO denote that of combined resonance of holes. The interference peaks are
indicated by vertical bars.

Figure 4.58 shows examples of the experimental traces of the Alfvén wave
transmission spectra in Bi for B ‖ binary axis in two samples with different
thicknesses [383]. The wavelength of the radiation was 337 µm. The oscillatory
pattern with short-periods marked with vertical bars corresponds to the Alfvén
wave interference fringes. The oscillation with a much longer period which ap-
pears as an envelope is due to the Shubnikov-de Haas effect of electrons (L =
2 and L = 3), and combined resonance of holes (CO2). When the effect of the
carrier scattering is taken into account, ñ contains a imaginary part which gives
rise to the absorption of the radiation. The imaginary part of the refractive index
is obtained as

k =
2π
ωc

vAR(B), (4.101)

where vA is the velocity of the Alfvén wave (∼ c/ñ) and R(B) is the magneto-
resistance. We have seen in (4.10) that the transmission of the radiation reflects
the magneto-resistance, and the Shubnikov-de Haas oscillation should be ob-
servable in the transmission. This is the optically detected Shubnikov-de Haas
effect. Combined resonance of holes is also observed through the change of the
conductivity.

In a highly anisotropic crystal such as Bi, ρ should be treated as a tensor
(ρij), for magnetic and electric field polarization directions i and j. As the lattice
part of the dielectric constant is also anisotropic, (4.100) should be written as
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ρij =
B2
N

4π

[(
Nπ

ωd

)2
− 1

c2
εjj

]
. (4.102)

For electric field parallel to the binary axis and electric field parallel to the
bisectrix axis, the mass density should be

ρxy = NAm3 + (NB + NC)
(m1 + 3m2)m3 − 3m2

4

m1 + 3m2
+ NhM3, (4.103)

where NA, NB , NC and Nh are the carrier densities of electrons in the A, B
and C pockets and holes, M3 is the effective mass of holes, and m1, m2, m3 and
m4 are the effective mass parameters of electrons. Figure 4.59 shows the mass
density obtained from the interference pattern in Fig. 4.58 as a function of B.
To plot the experimental points, an assumption was made that the lattice part
of dielectric constant ε⊥ is constant. Although the experiment and theory are
in good agreement with each other up to 15 T, the discrepancy is significant
in higher fields. The discrepancy is considered to be due to the magnetic field
dependence of the lattice part of the dielectric constant ε⊥, as ε⊥ excluding the

Fig. 4.59. Mass density ρxy as a function ofB [383]. Experimental points were obtained
from the interference peaks in Fig. 4.58. The theoretical line was calculated from
(4.103).
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free carrier contribution consists of the contribution of core electrons and that
of the interband transitions. Although the core part should have only a small
magnetic field dependence, the interband part would have a considerable mag-
netic field dependence. Actually, by fitting the experimental points in Fig 4.59,
the magnetic field dependence of ε⊥ was obtained [383].

Besides the interference pattern, the plasma effect in the presence of both
electrons and holes is also observed as a large structure in the reflection spectra
at a field where ñ crosses zero. The condition is

1− ω2pe
ω(ω ∓ ωce)

− ω2ph
ω(ω ± ωch)

= 0. (4.104)

This leads to a cubic equation

ω3 ± (ωch − ωceω
2 − (ω2pe + ω2ph + ωceωch]ω ± (ω2phωce − ω2peωch) = 0. (4.105)

The last term of the right hand side of (4.105) is usually zero. Then (4.105) is
reduced to a quadratic equation. The positive roots of the equation for + and –
sign are corresponding to electron-active and hole-active mode. They converge
to

ω2p = ω2pe + ω2ph (4.106)

at B = 0. However, when the effective masses involved in the cyclotron resonance
frequency and the plasma frequency are different, namely,

m∗
pe �= m∗

ce, m∗
ph �= m∗

ch, (4.107)

then a new mode appears. The frequency of the new mode becomes zero at B
= 0, and linearly increases as B is increased. Nakamura, Kido, and Miura found
that such a structure actually appears in graphite as shown in Fig. 4.60 [384].
Besides the structures arising from the transitions between the Landau levels,
a large structure is observed in the high field range. This is considered to be
due to the electron-hole magneto-plasma mentioned above. The field position of
the structure is increased with increasing photon energy as expected. However,
the photon energy vs. magnetic field relation is not linear in contradiction to
the classical model. In graphite, four Landau levels remain below the Fermi
level in the quantum limit at high magnetic fields as shown in Fig. 4.38 (a). In
such a quantum limit, a classical approach is no longer adequate. Nakamura et
al. explained the non-linear dependence by a quantum mechanical calculation
taking account of the transitions between these Landau levels [385].
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Fig. 4.60. Far-infrared magneto-reflectivity spectra in highly oriented pyrographite
(HOPG) at different wavelengths in high magnetic fields [384]. B ‖c. T = 14 K.
Vertical bars indicate the field positions corresponding to the electronic transition
between the Landau levels. A large structure is observed in the higher field side of
the Landau level transitions due to the magneto-plasma effect.
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5.1 Interband magneto-optical transition

5.1.1 Density of states and the absorption coefficient

When electromagnetic radiation is incident upon a semiconductor, the radiation
is absorbed when the photon energy of the radiation exceeds the band gap,
as electrons in the valence band are subjected to a transition to the conduction
band. The absorption coefficient is expressed by the same formula as (4.21) based
on the transition probability. In the present case, κ and ν denote the valence band
and the conduction band, respectively. When the integral

∫
u∗
κ0ruν0dr remains

non-zero, only the first term of (4.23) contributes to the absorption, and the
transition is called “direct allowed transition”. The absorption coefficient can be
written as

α =
2h̄ωµ∗

ncE20V

2π
h̄

∑
1,2

|M |2δ(h̄ω − E2 + E1), (5.1)

where M is the matrix element of the perturbation and is expressed as

M ≈ eE0
mω

1
Ω

∫
cell

u∗
10 (p ·E) u20dr

∫
crystal

f∗
1 (r)f2(r)dr. (5.2)

When B = 0, α is obtained as

α(B = 0) =
2π2h̄3

V
K
∑
1,2

δ(h̄ω − E2 + E1), (5.3)

with

K =
2µ∗e2p212

πh̄3ncm2ω
.

Here p12 is the matrix element of the dipole transition between the two bands,
suffixes 1 and 2 denote the conduction band and the valence band, respectively,
and we assume that the energy dependence of the matrix element is negligibly
small. Using the property of the delta function

δ (f(x)) =
∑
i

1
|f ′(xi)|δ(x− xi),

and the relation

206
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Fig. 5.1. Joint density of states of the three-dimensional (3D) and two-dimensional
(2D) electron systems.

h̄ω − E2 + E1 = h̄ω −
(
Eg +

h̄2k2

2m∗
1

+
h̄2k2

2m∗
2

)
,

we obtain for three-dimensional systems,∑
1,2

δ(h̄ω − E2 + E1) =
V

2π2h̄3
(2µ∗)3/2(h̄ω − Eg)1/2. (5.4)

Here Eg is the band gap, and µ∗ is called the reduced mass represented by

1
µ∗ =

1
m∗
1

+
1

m∗
2
. (5.5)

The quantity expressed by (5.4) is called the joint density of states. The absorp-
tion coefficient is obtained from (4.21) and (5.4);

α(B = 0) = K(2µ∗)3/2(h̄ω − Eg)1/2. (5.6)

In two-dimensional systems, the joint density of states has a step-wise form
as in individual bands. The positions of the steps correspond to the interval
between the subbands in the conduction bands and the valence bands;

E(B = 0) = Eg + Ecn + Evn′ , (5.7)

where Ecn and Evn′ are the n-th and n′-th subband energies of the conduction
band and the valence band, respectively. In general, the selection rule is such
that n = n′ because of the wave function overlap. The joint density of states
is depicted in Fig. 5.1 by a solid line. We can see that it is very different from
that for the three-dimensional case which is proportional to

√E as represented
by a broken line. The absorption coefficient α is proportional to N(E) and also
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a step-wise function. However, α is accompanied with peaks at each step due to
the excitonic effects [386]. In quantum wells, as the well width is increased, the
interval of the steps is decreased.

When the direct transition at k =0 is not allowed between the bands u1 and
u2, weak absorption is still possible between the two bands, because the bands
have some components of other bands at k �= 0 due to the band mixing. Such
a transition is called “direct forbidden transition”. The absorption coefficient in
this case is

α(B = 0) = K ′(2µ∗)
5
2 (h̄ω − Eg) 3

2 , (5.8)

where

K ′ =
2µ∗e2

πncωh̄3
|C|2, (5.9)

and C is the matrix element of the second order dipole transition.
When the conduction band minima and the top of the valence band are

located at different points in the Brioullin zone with wave vectors Kc and Kv,
the direct transition between the conduction and the valence bands is not possible
conserving the k-vector. The transition occurs with the assistance of absorption
or emission of phonons with a wave vector q to satisfy the condition

Kc = Kv ± q. (5.10)

The conservation of wave vector and energy at the transition holds involving
the phonons. A transition of this type is called an “indirect transition”. The
absorption coefficient is given by

α(B = 0) = K±(m∗
1m

∗
2)

3
2 (h̄ω ∓ h̄ωo − Eg)2, (5.11)

where K± is the coefficient corresponding to the emission and absorption of
phonons, and h̄ωo is the energy of the involved phonons. The indirect transition
has a much smaller absorption intensity as it is the second order transition. Ge
and Si are typical examples of the crystals which shows the indirect transition.
The weak indirect transition is observed in the low energy tail of the stronger
direct transition at the Γ point.

5.1.2 Magneto-absorption spectra

A. Direct allowed transition

When we apply magnetic fields, the optical spectra are modified due to the
quantization of energy levels. The effect of magnetic fields on the optical spectra
is called the magneto-optical effect. The magneto-optical effect is classified into
two groups depending on the two different directions of the magnetic field relative
to the propagation vector of the electromagnetic wave q. When B ‖ q, the
arrangement of the field is called Faraday configuration (or Faraday geometry).
When B⊥q, it is the Voigt configuration (or Voigt geometry). In later sections,
we consider first the Faraday configuration.
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In a magnetic field, the motion of electrons in the plane perpendicular to the
magnetic field is quantized to form the Landau levels.

∫
crystal

f∗
1 (r)f2(r)dr in

(4.25) does not vanish only when N = N . The selection rule in the case of the
direct allowed transition is

∆N = N −N ′ = 0. (5.12)

The sum of the delta function in (5.4) is obtained as∑
N,ky,kz

δ (h̄ω − E2(N, kz) + E1(N, kz)) =
2LxLy
2πl2

∑
N

∫
Lz
2π

dkzδ(h̄ω − E2 + E1)

=
V

2π2
1
l2

∑
N

∣∣∣∣∣∣∣∣∣∣
1

d
(
h̄ω − (N + 1

2 )h̄ω̃c − h̄2k2
z

2µ∗ − Eg
)

dkz

∣∣∣∣∣∣∣∣∣∣
h̄ω=E2−E1

=
V

2π2
eB

h̄2
µ∗

h̄2

∑
N

∣∣∣∣ 1
kz

∣∣∣∣
h̄ω=E2−E1

=
V eB

2π2h̄2
(2µ∗)

1
2

∑
N

1
[h̄ω − Eg − (N + 1

2 )h̄ωc]
1
2
, (5.13)

where V is the volume, and

h̄ω̃c =
eB

µ∗ = eB

(
1

m∗
1

+
1

m∗
2

)
. (5.14)

The absorption coefficient is thus obtained from (5.1),

α(B) = Kh̄eB(2µ∗)
1
2

∑
N

1

h̄
1
2 (ω − ωN )

1
2

, (5.15)

where
h̄ωN = Eg + (N +

1
2
)h̄ω̃c. (5.16)

Equation (5.15) shows that the absorption spectrum becomes an oscillatory func-
tion with a diversion at ω = ωN . In actual systems the diversion is suppressed
because of the broadening of the Landau levels due to the carrier scattering.
The broadening is taken into account by replacing the delta function with a
Lorentzian function,∫

dkz
2π

δ(h̄ω − E2 + E1) −→
∫

dkz
2π

1
π

γ

(h̄ω − E2 + E1)2 + γ2
, (5.17)

where γ denotes the width of each level. The diverging term in (5.15) is then
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Fig. 5.2. Calculated magneto-absorption spectra for direct allowed transition

1
(ω − ωN )

1
2
−→

{
ω − ωN + [(ω − ωN )2 + γ2]

1
2

2[(ω − ωN )2 + γ2]

} 1
2

. (5.18)

This expression was first derived by Roth, Lax and Zwerdling [8]. An example of
the calculated absorption spectrum is shown in Fig. 5.2. Reflecting the joint den-
sity of states, the spectrum shows an oscillatory behavior. The transition takes
place between the Landau levels which have components of the harmonic oscil-
lator function satisfying the selection rule (5.12). In actual semiconductors, the
absorption spectrum is more complicated because of the degeneracy of the va-
lence band as described in 2.4.3. Oscillatory magneto-absorption in Ge was stud-
ied extensively by Zwerdling et al. [387]. As an example of magneto-absorption
spectra, we show in Fig. 5.3 (a) the experimental results for InSb obtained by
Pidgeon and Brown [13]. We can see oscillatory behavior of the absorption with
a number of transmission minima (absorption peaks). Figure 5.3 (b) shows re-
lation between the photon energies of the absorption peaks and the magnetic
field. From its appearance, such a diagram is called a Landau fan chart. Ac-
cording to (5.16), the lines in Fig. 5.3 (b) should be straight lines that have
equal spacings at constant fields. However, the lines are not straight but bent
downwards, and moreover, they are not equally spaced. The bending is due to
the non-parabolicity. The non-equal spacing is because the Landau levels in the
valence bands have a complicated structure due to the interaction between the
heavy hole band and the light hole band.

B. Direct forbidden transition

We briefly consider the magneto-absorption spectra for the direct forbidden
case and the indirect case, which are mentioned in the previous section. In the
case of direct forbidden case, the dipole transition is not allowed at k = 0,
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Fig. 5.3. (a) Magneto-absorption spectra in InSb for two different circular polariza-
tions [13]. I(B) denotes the transmitted light intensity through the sample. B =
3.85T. E⊥B ‖< 100 >. The vertical bars beneath the spectra show the theoretical
positions and relatice strengths of the transition. (b) Plot of the photon energy of
the absorption peak as a function of magnetic field.

but the transition becomes allowed at k �= 0, where the wave function of other
bands are mixed together. At B = 0 the absorption coefficient is proportional
to (h̄ω − Eg)3/2. For B �= 0, it can be readily shown that the selection rule for
the transition between the Landau levels of the conduction band and the valence
band is

∆N = ±1, (5.19)

instead of (5.12) for radiation polarized perpendicular to the magnetic field. The
absorption coefficient is obtained as

α(B) = K ′h̄eB(2µ∗)
3
2

∑
N,N ′

1
2
(h̄ωc1+ h̄ωc2)

NδN ′,N−1 + (N + 1)δN ′,N+1

(h̄ω − h̄ωN,N ′)
1
2

, (5.20)

where
h̄ωN,N ′ = Eg + (N +

1
2
)h̄ωc1 + (N +

1
2
)h̄ωc2. (5.21)

An example of the calculated absorption spectra is shown in Fig. 5.4. As
compared with the direct allowed case, the background absorption in the direct
forbidden transition is different and the spacing between the peaks is different
because of the different selection rules.
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Fig. 5.4. Calculated magneto-absorption spectra for the direct forbidden case. The
calculation was made using the parameters shown in the figure.

C. Indirect transition

In the case of indirect transition, the absorption coefficient is represented as

α(B) = 2K±(eB)2(m∗
1m

∗
2)

1
2

∑
N,N ′

F (h̄ω − h̄ωN,N ′), (5.22)

where F denotes a unit step function and

h̄ωN,N ′ = Eg ± h̄ωo + (N +
1
2
)h̄ωc1 + (N ′ +

1
2
)h̄ωc2. (5.23)

The + and – signs in Eq. (5.23) correspond to the emission and absorption of
the phonons, respectively. The characteristic point for the indirect transition is
that the each transition between Landau levels appear as steps.

D. Inter-valence band transition

Another type of interband transition is the inter-valence band transition.
The valence band of Ge, Si, and III-V semiconductors have split-off band Γ7
as shown in Fig. 2.5. In p-type samples containing holes in the Γ8 bands, the
inter-valence band transition takes place between the Γ8 bands and Γ7 band. In
Ge, an absorption band due to such a transition was observed [388–390]. The
absorption intensity is proportional to the hole density, but it is rather small,
because it is a forbidden transition. In Te, the band structure is completely dif-
ferent, but there is also a spin-orbit-split-off band H5 below the valence band
H4, and there is a strong absorption band arising from the allowed transition
between H5 and H4 for E ‖ c [391]. Because of the camel’s back structure of the
valence band as was discussed in Section 3.5, the inter-valence band absorption
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Fig. 5.5. (a) Inter-valence band absorption spectrum in p-type Te [171]. T = 8 K. p
= 5.2 × 1015 cm−3. (b) Magneto-absorption spectra for E ‖ c at different magnetic
fields. B ‖bisectrix. T = 1.7 K. p = 3.5 × 1015 cm−3.

shows a complicated shape as shown in Fig. 5.5 (a) [171]. A sharp peak at 128.6
meV is due to the transition at the H point (saddle point) and a broad peak
around 150 meV is due to the transition to the valence band top. Figure 5.5 (b)
shows the magneto-absorption spectra in various magnetic fields. An oscillatory
structure with many peaks was observed. These peak positions were in good
agreement with the theory of Nakao et al. [168,392].

E. Two-dimensional systems in quantum wells

In two dimensional systems as in quantum wells, the interband transitions
are allowed only between the subbands in the conduction and the valence bands
with the same quantum number. When we apply magnetic fields perpendicular
to the two-dimensional plane, the Landau levels are formed in each subband.
Similarly to the case of three-dimensional systems, the absorption spectra show
oscillatory features with the peak positions given by

h̄ω = Eg + Ee(ns) + Eh(ns) +
(

N +
1
2

)
h̄e

B

µ∗ , (5.24)

where Eg is the band gap, Ee(ns) and Eh(ns) denote the ns-th subband energies
of electrons and holes, N = Ne = Nh are the Landau quantum numbers, and µ∗

is the reduced mass of electrons and holes. In the two-dimensional systems, the
density of states of each Landau level has a delta-function-like shape, because
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Fig. 5.6. (a) Magneto-absorption spectra in GaAs/AlGaAs quantum wells [393]. The
inset shows the absorption spectra in bulk (3D) GaAs. (b) Photon energy in the
magneto-absorption spectra in GaAs/AlAs quantum wells as a function of magnetic
field.

there is no degree of freedom in the motion along the direction of magnetic field.
Therefore, the peaks of the oscillatory absorption are sharper and without the
tails in the high energy side.

There have been many studies of the magneto-absorption spectra in two-
dimensional GaAs systems. Figure 5.6 (a) shows an example of the magneto-
absorption spectra of GaAs/AlGaAs quantum wells observed in high magnetic
fields [393]. At zero magnetic fields, there appear two exciton peaks corresponding
to the two different exciton states formed with heavy holes (Ehh(1s)) and light
holes (Elh(1s)). The degeneracy of the subbands of the heavy holes and light holes
is lifted by the quantum potential. The binding energy is also different between
the heavy hole exciton and the light hole exciton. Therefore, they are observed
as two distinct peaks. In the presence of magnetic fields, oscillatory absorption
appears in the spectrum, and we can see distinct absorption peaks corresponding
to the inter-Landau level transitions (N = 1, 2, · · · are the quantum numbers
of the Landau levels). As the field is increased, the oscillation becomes more
and more prominent and the interval between the peaks increases. It should be
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noted that each peak has a nearly symmetrical form with respect to the center
on both sides of the peak. This is due to the fact that the Landau levels of the
two-dimensional system have delta function-like joint density of states, in sharp
contrast to the three-dimensional case whose absorption spectrum is shown in
the inset. That is, in bulk crystals, the peaks show tails in the high field side,
reflecting the 3D joint density of states of the Landau levels.

Figure 5.6 (b) shows the photon energy of the absorption peaks h̄ω as a func-
tion of magnetic field. It is noticeable that the lowest line next to the exciton lines
(N = 1 line) shows a deviation from a straight line. This is because for the lower
lying lines, the excitonic effect is appreciable. For the higher lying lines (N > 1),
the excitonic effect is not so large, and they are almost straight lines. Extrapolat-
ing the lines to the zero field, we find that they nearly converge to a single point.
We can see from (5.24) that the photon energy of the converging point should be
Ẽg = Eg + Ee(ns) + Eh(ns), i.e. the gap between the subbands of the conduction
band and the valence band (in the case of three-dimensional systems, Ẽg is just
the band gap Eg). In this manner, measurement of magneto-absorption spectra is
a powerful means to obtain the band gap Ẽg in semiconductors. The difference in
energy between Ẽg and the exciton peaks at zero field gives the exciton binding
energies. Such a measurement can also be exploited to determine the exciton
binding energy. We have to keep in mind, however, that the excitons in quantum
wells are not exactly two-dimensional because of the finite well width. The well
width dependence of the exciton binding energy will be discussed in Section 5.2.3.

5.2 Exciton spectra

5.2.1 Exciton spectra in magnetic fields

An exciton is a quasi-particle in which an electron and a hole are bound with
each other by the Coulomb interaction. The energy states of excitons resemble
those of a hydrogen atom. It is of interest to study excitonic states in magnetic
fields in connection with the fundamental problem of a hydrogen atom. We have
already seen in Section 2.8 a problem of the energy states of hydrogen atoms or
shallow impurities as well as that of excitons in the presence of magnetic field.
One difference of the exciton states from those of a hydrogen atom is that the
positively charged particles (holes) have a comparable mass with that of the
negatively charged particles (electrons), and they move around together in the
crystal. For the magnetic field effects on exciton states, we can use arguments
similar to those for impurity states as in Chapter 2, if we replace m∗ with µ∗. As
the dielectric constant κ is larger than 1 and the reduced mass µ∗ is smaller than
m, the Bohr radius is much larger than aB = 0.0529 nm and the binding energy
is much smaller than Ry = 13.61 eV in comparison to those of an hydrogen
atom. For example, in bulk GaAs, they are a∗

B = 10.2 nm and Ry∗ = 4.2 meV.
Therefore, we can easily realize a condition that γ is larger than 1. In this section,
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Fig. 5.7. Magneto-absorption spectra in GaSe [399]. (a) For polarization σ+. (b) For
polarization σ−. Square and triangle points indicate the 2s and 3d0 states, respec-
tively.

we will see various aspects of high magnetic fields on excitonic states.
In some crystals whose band gap is larger than ordinary III-V compounds,

exciton effects are more prominently observed as a large structure due to a
large binding energy. As we saw in Section 2.8, the exciton line should show the
diamagnetic shift proportional to B2 at relatively low magnetic fields for γ < 1.
It tends to be proportional to B and parallel to the Landau levels for γ > 1.
Such a transition of the feature of the diamagnetic shift in high magnetic fields
sweeping B across the region γ ≈ 1.

As a typical example of the magneto-absorption spectra of excitons over a
wide range of γ, we show here experimental results of GaSe. GaSe has a layered
crystal structure and is known to show a distinct exciton peak. As the triplet
exciton is weakly allowed for E ⊥ c, the exciton peak is observed easily in the
absorption spectra for a relatively thick sample. This is a convenient point in
comparison to other substances where the absorption coefficient is very large
so that the absorption spectra can be obtained only for a very thin sample.
Therefore, it has been regarded as one of the standard materials in which we
can study the problem of excitons in high magnetic fields. Many studies have
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Fig. 5.8. Photon energy of the absorption peak as a function of magnetic field in
GaSe [399]. Solid and open points denote the σ+ and σ− polarizations, respec-
tively, and solid and dotted lines denote the Landau level transitions for σ+ and σ−

polarizations, respectively, for the two different spin states.

been made on the magneto-absorption spectra of excitons in GaSe [394–398].
The condition γ ∼ 1 is realized at B ∼ 50 T. Figure 5.7 shows the magneto-
absorption spectra in GaSe for two different circular polarizations [399]. We can
see the 1s and 2s exciton lines at B = 0 T. In high field range, the 3d0 line is also
visible, in addition to the higher lying levels. Figure 5.8 shows the photon energy
of the absorption peaks as function of magnetic fields. The 1s line shows the B2

dependence below ∼ 50 T, but it tends to show B dependence in higher fields.
For N ≥ 2, the peak positions almost coincide with the theoretically calculated
Landau level transitions, but for N = 0 and 1, the experimental points are below
the theoretical lines due to the large exciton effects. From the Zeeman splitting
(difference between the 2 circular polarizations), the g-factor can be obtained.
We will come back to the details of the excitons of GaSe in Section 5.6.1.

5.2.2 Dielectric constant

As shown in (2.207) and (2.216), the exciton parameters such as the binding
energy and the diamagnetic shift coefficient σ are dependent on the dielectric
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constant ε = κε0. However, the dielectric constant is very frequency depen-
dent. In the low frequency limit, it is a static dielectric constant ε(0) = κ0ε0,
to which both the core electron and the lattice deformation contribute. In the
high frequency limit, the lattice part cannot contribute to the polarization, and
it becomes the high frequency dielectric constant ε(∞) = κ∞ε0, which is smaller
than ε(0). The change from ε(0) to ε(∞) occurs at around the optical phonon fre-
quency. Therefore, we have to be careful regarding the problem which dielectric
constant should be responsible for the exciton binding. A detailed investiga-
tion of the dielectric constant to be used for the exciton binding was made by
Haken [400,77]. Generally, the frequency of the internal motion of the exciton is
roughly

ωex ∼ h̄

µ∗a∗2
B

, (5.25)

where µ∗ is the reduced mass of the exciton. If ωex is smaller than the optical
phonon frequency ωo, the static frequency is responsible for the exciton param-
eters. This condition is

a∗
B >

√
h̄/µ∗ωo. (5.26)

For a smaller exciton radius, the dielectric constant ε(∞) is more likely to be
responsible for determining the exciton parameters. Actually, in typical Wannier-
Mott excitons, which have large Bohr radii, we should use ε(0). However, in many
cases for smaller radii, the diamagnetic shift is in between those expected from
the two different dielectric constants.

Figure 5.9 shows the diamagnetic shifts of the ground state excitons in
CdS [395] and HgI2 [401] in high magnetic fields.

It should be noted that the experimentally observed diamagnetic shift is in
between the theoretically expected curves assuming ε(0) and ε(∞).

5.2.3 Quasi-two-dimensional excitons in quantum wells

Excitons in two-dimensional space provide an interesting playground for studying
a fundamental problem of a hypothetical hydrogen atom in two-dimensional
space. In two-dimensional space, the Bohr radius of the ground state is half of
that in the three-dimensional case due to the difference in the degree of freedom
of the electron motion. Therefore, the exciton binding energy is four times larger
than in three-dimensional space. Namely,

a∗
B(2D) =

1
2

a∗
B(3D),

E0(2D) = 4 E0(3D). (5.27)

It means that the two-dimensional excitons are more stable than the three-
dimensional ones which are easily separated to electrons and holes at high tem-
peratures. It can be expected that the two-dimensional exciton lines are visible
up to room temperature, which is very rare in the three-dimensional case. In fact,
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Fig. 5.9. Diamagnetic shifts of the ground state excitons. (a) Magneto-absorption data
of A exciton in CdS [395]. B⊥ c, E ⊥ c. The thin solid lines indicate the theoretical
lines assuming ε(0) and ε(∞). (b) Magneto-reflection data of HgI2 [401]. The dotted
line in the upper trace shows the zero field data (the same as the lower trace) for
comparison. The inset depicts the calculated diamagnetic shift as compared with
the experimental data.

the quasi-two-dimensional excitons in quantum wells persist at a room tempera-
ture. This is a desirable characteristic for fabricating electro-optical devices such
as semiconductor lasers utilizing sharp exciton lines.

The problem of the magnetic field effect on two-dimensional excitons was first
studied by Akimoto and Hasegawa [78] as discussed in Section 2.8.2. Although
the calculation by Akimoto and Hasegawa was devoted to the analysis of excitons
in GaSe, it is in fact more or less three-dimensional, and there has been no real
system where the excitons have exactly two-dimensional character.

Excitons in quantum wells are confined in a quantum potential. The wave
function of excitons is extended in the z-direction (perpendicular to the layers)
within the well width, so that they are not two-dimensional excitons in a rigorous
sense. However, we find many features of two-dimensional excitons for quantum
wells with small well widths. As the well width Lw is increased, excitons tend
to three-dimensional ones. Therefore we can see the cross-over between the two-
dimensional to three-dimensional excitons by varying Lw. The cross-over should
occur when Lw is close to the Bohr radius. The Bohr radius and the binding
energy of the excitons in quantum wells are not so simple as (2.243) or (2.244),
and should be calculated by taking account of the quantum potential. Putting
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ρ2 = x2 + y2 (x and y are the relative coordinates of electrons and holes in the
quantum well layers), the Hamiltonian can written as

H = − h̄2

2µ∗±

(
1
ρ

∂

∂ρ
ρ

∂

∂ρ
+

1
ρ2

∂2

∂ψ2

)
− h̄2

2m∗
e

∂2

∂z2e
− h̄2

2m∗±

∂2

∂z2h

− e2

4πκε0|re − rh| + Vz(ze) + Vh(zh), (5.28)

where Vz(ze) and Vh(zh) are quantum well potentials for electrons and holes,

Ve(ze) =

⎧⎪⎨⎪⎩
0 |ze| < L

2
Ve |ze| > L

2

Vh(zh) =

⎧⎪⎨⎪⎩
0 |zh| < L

2
Vh |zh| > L

2
,

(5.29)

and µ∗
± and m∗

± are the effective masses of holes in the well layer (x−y direction)
and perpendicular direction (z-direction), given by

1
µ∗±

=
1

m∗
e

+
1
m

(γ1 ± γ2),

1
m

(γ1 ∓ 2γ2). (5.30)

The + and – signs designate heavy and light holes, respectively. It should be
noted that the heavy holes have larger mass than the light holes in the z-direction
but smaller mass in the well layer. This is the characteristic point for the valence
bands in zinc-blende crystals.

To obtain the eigenvalues and the eigenfunctions of the Hamiltonian (5.28),
the variational method is often employed. The variational function is represented
by

Ψn = fe(ze)fh(zh)gn(ρ, z, φ), (5.31)

where fe and fh are the envelope functions in the z-direction, with z denoting
the relative coordinate of electrons and holes perpendicular to the well layer.
They satisfy the following equations.[

p2e
2me

+ Ve(ze)
]

fe(ze) = Eefe(ze),[
p2h

2mh
+ Vh(zh)

]
fh(zh) = Ehfh(zh), (5.32)

and have the forms,
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fe,h(ze,h) =

⎧⎪⎨⎪⎩
cos ke,hze,h |ze| < L

2
Be,h exp(−ke,h|ze,h|) |ze| > L

2
.

(5.33)

Green and Bajaj took a variational function

g1s(ρ, z, φ) = (1 + αz2) exp(−δ2 + z2)1/2, (5.34)

and minimized the variational energy by choosing the optimum α and δ as vari-
ational parameters [402]. Shinozuka and Matsuura took a slightly different func-
tional form [403]. Both calculations assume the hydrogen-atom-like function,
with some anisotropy. The calculated results showed that the binding energy
increases as the well width is reduced. For very small values of Lz, the binding
energy decreases again with decreasing Lz. This is because the wave function

Fig. 5.10. Binding energy of the ground state (1s) of heavy hole excitons in GaAs/AlAs
multiple quantum wells as a function of well width [393,404]. Theoretical lines a–d
are shown for comparison: (a). assuming an infinite quantum potential barrier height
and the reduced mass µ∗

hh = 0.062m, (b). assuming infinite barrier height and µ∗
hh

= 0.040m [405], (c). calculated by Green and Bajaj assuming an infinite barrier
height and µ∗

hh = 0.040m, (d). calculated by Green and Bajaj assuming a finite
barrier height for Ga0.7Al0.3As and µ∗

hh = 0.040m [402]. a∗
B and R(bulk) are the

effective Bohr radius and the binding energy of the three-dimensional excitons in
bulk GaAs.
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penetrates into the barrier layers and this effect becomes significant for very
narrow quantum wells.

Figure 5.10 shows the experimentally obtained binding energy E0 of the heavy
hole excitons in GaAs/AlAs quantum wells as a function of well width Lz. The
exciton energies were obtained by a measurement as shown in Fig. 5.6 [393,404].
It can be seen that E0 is increased from the 3D value (∼ 4meV) of GaAs for
large Lz to the 2D value (4 times larger) as Lz is decreased. Theoretical curves
calculated by Green and Bajaj [402], are also shown in the figure for comparison.
Although the general tendency is in agreement with the experiment, there is a
significant discrepancy between the experiment and the theory. This is probably
due to the misestimation of the hole effective mass in the theory. Actually, the
experimental data are better explained by a simple calculation assuming an
infinite barrier height and the empirical reduced mass µ∗

hh = 0.062m. Although
the valence bands have complicated Landau level structure, the theory takes the
mean mass of the heavy hole band.

The diamagnetic shift of the heavy hole exciton ∆Ed is shown in Fig. 5.11,
for various well widths Lw. It is clearly seen that for Lw = 5.8 nm, ∆Ed almost
follows the theoretical curve for the exactly two-dimensional exciton, but as Lw
is increased it approaches the three-dimensional curve.

Fig. 5.11. Diamagnetic shift of the ground state (1s) of heavy hole excitons in
GaAs/AlAs multiple quantum wells for different well widths Lz [393, 404]. Solid
lines show guides for the eyes. The broken line stands for the theoretically expected
line for a 2D exciton.
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Fig. 5.12. Streak spectra of the magneto-absorption in a GaAs/AlAs quantum well for
(a) σ+ and (b) σ− circular polarization in very high magnetic fields generated by
electromagnetic flux compression [406]. The thickness of the GaAs and AlAs layers
were 9.0 nm and 5.0 nm, respectively.

In the example described above, the effect of magnetic fields on 2D excitons
is still in the weak field regime, even though a high magnetic field was necessary
to resolve the Landau quantization. In higher magnetic fields, the field effects
in the high field regime should be observed. Figure 5.12 shows streak spectra of
the magneto-absorption in a GaAs/AlAs quantum well in very high magnetic
fields up to 450 T generated by electromagnetic flux compression [406]. We can
see complicated magnetic field dependence of the absorption line of the ground
state exciton as well as the Landau level transitions, and those in the higher
subbands. Some lines increased their intensity and width. There are also some
lines which appeared only in the high field range above some field. Figure 5.13
shows the photon energy of the absorption peaks in Fig. 5.12 as a function of
magnetic field. Theoretically calculated lines based on Ando’s theory [24,25] are
also shown in the figure. A good agreement between theory and experiment was
obtained for low lying lines, apart from the exciton effect.

An interesting feature is the ground state exciton line. For the σ+ radiation,
it shows an anomaly shifting to a higher energy at around 250 T. This may be
related to the 2D to 3D transition of excitons in high magnetic fields. As discussed
in Section 2.8, in very high magnetic fields, the wave function extension of the
ground state of electrons bound in a Coulomb potential (see Fig. 2.17). The
effect is very prominent for a⊥ in the direction parallel to the magnetic field.
However, a‖ in the plane perpendicular to the magnetic field is also decreased.
The field dependence is ∼ log(B/B∗

c ) (B∗
c = B∗

c = 2.35×105 T for a hydrogen
atom and B∗

c ≈ 7.5 T for excitons in GaAs) and much smaller than for a⊥,
but the decrease of a‖ should become visible in very high magnetic fields. If a‖
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Fig. 5.13. Magnetic field dependence of the photon energy of the absorption peaks in
Fig. 5.12 [406]. The solid lines are the theoretically calculated lines. e denotes the
lowest Landau level of the conduction band and 1a, 3a, and 5a denote the Landau
levels in the valence band.

becomes smaller than the quantum well width Lz, the exciton states would have
a transition from the quasi-2D state to 3D state, as confinement effect by the
quantum potential would diminish. The magnetic field at which the a‖ becomes
equal to the well width of 9.0 nm is exactly 250 T. At higher magnetic fields, the
excitons would behave as 3D excitons. Recalling that 2D excitons have a larger
binding energy and smaller diamagnetic shift than 3D excitons, we can expect
a shift of the line to the higher energy and the increase of the diamagnetic
shift. This is consistent with the experimental observation. The field-induced
shrinkage of the wave function extension along the magnetic field direction is
seldom discernible, but the result above might be a clear demonstration of such
an effect.

The problem of the wave function shrinkage of excitons by extremely high
magnetic fields is of interest in connection with the problem of the ground state
of an hydrogen (H) atom in ultra-high magnetic fields [407–409]. As shown in
2.8, in the high field limit the wave function extension of an H atom becomes
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smaller and smaller as the field is increased, and in such a situation, H atoms
form a solid crystal. We need an extremely high magnetic field to realize such
a state. Some celestial objects possess huge magnetic fields. In neutron stars, it
is considered that magnetic fields of 108−11 T exist due to the extremely high
density, while white dwarfs are considered to have magnetic fields of the order of
100 T. In neutron stars, hydrogen atoms are believed to exist over a surface layer
a few centimeters thick. It has been predicted that hydrogen atoms subjected
to such very high magnetic fields form a molecular chain Hn along the magnetic
field, and in a higher field, these one-dimensional molecules further form a bcc
crystal [407–409]. Although it is almost impossible to realize such a condition
with respect to magnetic fields in hydrogen atoms, an equivalent condition may
be possible to realize for excitons. Exploration of the magnetic field-induced solid
crystal excitons is likely to become a future interesting target of the use of very
high magnetic fields.

5.2.4 Magneto-photoluminescence

When we illuminate samples by radiation from a laser etc. and excite electrons
from the valence band to the conduction band, light emission is observed as the
electrons and holes recombine. Such a process is called radiative recombination,
and the radiation created by such a process is called photoluminescence (PL).
The electrons and holes relax to low energy states close to the ground state be-
fore the recombination. Therefore, the luminescence spectra provide information
about these states. We can observe a variety of states, such as energy band ex-
trema, free excitons, bound excitons associated with impurities and defects, and
charged excitons. When the light intensity is intense, exciton molecules are also
observed. To analyze the photoluminescence (PL) spectra, we have to take care
to identify the origin of the light emission. The PL measurement is generally
easier than the absorption measurement, because we need not worry about the
shape of the samples or transparency of the substrates. When the substrate is
opaque, we have to remove it by etching for absorption measurements. It is espe-
cially useful for measurement in quantum wires and dots. In PL spectra, peaks
are observed at photon energies corresponding to the low lying energy states.
Even for free excitons, peaks usually appear at a lower energy than the absorp-
tion peak. This is because the electrons and holes fall to the low energy states if
there is any inhomogeneity in the samples. The difference in energy between the
PL and the absorption is called Stokes shift. The amount of the Stokes shift, as
well as the line-width is a measure of the quality of the crystal.

For measuring such PL spectra, we fix the photon energy of the excitation
(usually at an energy higher than the energy range of interest) and measure the
luminescence spectra. There is also a technique for measuring the intensity of
the luminescence at a fixed photon energy by varying the photon energy of the
excitation. The spectra are obtained as a function of the excitation photon en-
ergy. Such spectra are called PL excitation spectra. As the luminescence intensity
is nearly proportional to the absorption of the incident radiation, the excitation
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spectra are usually very close to the absorption spectra. Therefore, PL excitation
spectra are measured when the direct absorption measurement is difficult. This
technique is often employed in steady fields. However, it is not easy to measure
the excitation spectra in pulsed fields, because the time is too short to sweep the
exciton wavelength.

5.3 Magneto-optics of excitons in doped quantum wells

5.3.1 Magneto-optical spectra in doped quantum wells

In modulation doped quantum wells, where shallow impurities are doped only
in barrier layers, high mobility is realized because there is no impurity scatter-
ing within the well layers. The carriers are supplied from the impurities doped
in the barrier layers, so that we can create an ideal two-dimensional metallic
state. The optical process in metallic systems is different from that in ordinary
semiconductors. In n-type quantum wells, electrons fully occupy states up to
the Fermi energy EF , as shown in Fig. 5.14. Electronic transition by absorbing
photons is not allowed to the conduction band states below EF . Therefore, the
transition occurs only for photon energies larger than Eg + EF . It looks as if the
band gap shifts to higher energy by EF due to the presence of carriers. This shift
is called the Burstein-Moss shift [410]. Furthermore, the carrier-carrier interac-
tion decreases the self energy of carriers, so that the band gap in doped samples

Fig. 5.14. (a) Transition of electrons between the conduction band and the valence
band absorbing photons in doped quantum wells. (b) Diagram showing the per-
turbation of the surface of the Fermi sea by the excitation of an electron. (c)
two-dimensional density of states in a doped quantum well. The absorption is al-
lowed only to the states above the Fermi level. (d) The density of states considering
the band gap renormalization, the absorption spectra and the photoluminescence
spectra.
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is smaller than in undoped samples. This effect is called band gap renormal-
ization [411]. As regards excitons, the carriers screen the Coulomb interaction
between electrons and holes, so that the binding energy becomes smaller as the
carrier density increases [412].

Mahan predicted the existence of a kind of excitonic state even in a metallic
state [413]. The excitonic state in metals is called the Mahan exciton. As shown
in Fig. 5.14 (b), when a hole is created in the valence band by absorbing a photon
which excites an electron to the conduction band, electrons in the vicinity of the
Fermi level are perturbed by the Coulomb potential of the hole, and many small
energy excitations are caused in the Fermi sea. Such a many body interaction
gives rise to a sharp peak in the absorption spectra or the PL spectra at a
photon energy corresponding to the Fermi energy as shown in Fig. 5.14 (d). This
anomalous peak is called the Fermi edge singularity [413–416]. Such anomalies
have been observed in the optical spectra of some metals in the X-ray range.
Doped quantum wells are an interesting playground to study the Fermi edge
singularity. As the Fermi energy in semiconductor quantum wells is much smaller
than in normal metals, we can expect to observe a prominent magnetic field
effect.

Optical spectra in p-type modulation doped quantum wells have been studied
by Miller and Kleinman [417]. In the absorption spectra of p-type GaAs/AlGaAs
quantum wells at low temperatures, the heavy hole exciton peak diminishes and
only the light hole exciton is visible. This is because the heavy hole subband
edge is occupied by holes and the optical transition from the band edge is not
possible. This effect is called the phase space occupation effect. As the temper-
ature is increased, the heavy hole exciton peak appears, because some electrons
are thermally excited and occupy the band edge state.

Figure 5.15 shows the spectra in p-type GaAs/AlGaAs quantum wells mea-
sured by Iwasa, Lee and Miura [418]. We can see in Fig. 5.15 (a) that in compar-
ison to an undoped sample, which shows both the heavy hole exciton and light
hole exciton peaks, the heavy hole exciton is missing in the doped sample at zero
field. However, as the magnetic field is increased, it appears and grows. This is
because the density of states of the Landau levels is increased with increasing
field, creating more electrons as well as holes in the lowest Landau level. In addi-
tion, the exciton binding energy is increased with fields, which also contributes
to the intensity of the heavy hole exciton. Figure 5.15 (b) shows the temperature
dependence of the spectra at zero field. The heavy hole exciton peak appears
and grows as the temperature is increased.

Concerning the field-induced appearance of the heavy hole exciton peak,
Iwasa et al. found that the effect of the density of states with the field gives
the dominant contribution. The intensity of the heavy hole exciton is shown in
Fig. 5.16 as a function of magnetic field [418]. Above a field at which the system
enters the quantum limit BQL, some electrons are populated in the lowest Lan-
dau level and we can expect the appearance of the exciton peak. It was found,
however, that the field where the heavy hole exciton peak starts showing up
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Fig. 5.15. (a) Magneto-absorption spectra in p-doped GaAs/AlGaAs quantum wells.
T = 4.2 K. The bottom graph is for an undoped sample. (b) Exciton absorption
spectra in the same sample at different temperatures.

Fig. 5.16. Absorption intensity of the heavy hole exciton line as a function of magnetic
field for various p-doped GaAs/AlGaAs quantum wells [418].
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Bth is lower than BQL. For example, in sample 1, BQL is estimated to be 40
T, whereas Bth is about 14 T as seen in the figure. Furthermore, contrary to a
naive expectation, Bth is higher for the relatively small Lz, where the excitons
are considered to be more stable than in samples with larger Lz. These phe-
nomena probably arise from the nature of the excitons in high magnetic fields;
the excitons are formed not only from the lowest subband, but also from higher
lying subband including light hole ones, and the interaction with the light hole
subbands may play an important role.

5.3.2 Fermi edge singularity

For n-type samples, Pinczuk et al. found that the onset of the absorption spec-
trum in GaAs/AlGaAs heterostructures was at an energy higher than the photo-
luminescence (PL) peak by EF (1+m∗

e/m
∗
h), corresponding to the Moss-Burstein

shift. Furthermore, a sharp peak was observed at the onset of the absorption at
low temperatures. The peak is considered to be due to the Fermi edge singularity
(FES) [419]. Skolnick et al. found a prominent structure typical to the FES in
the PL spectrum of InGaAs/InP heterostructures [420]. For the GaAs/AlGaAs
system, Lee, Iwasa, and Miura observed the FES effects in both the absorption
and the PL spectra as shown in Fig. 5.17 [421]. The spectra show theoretically
expected features as shown in Fig. 5.14. The PL spectrum consists of a nearly
rectangular shape, reflecting the joint density of states, and the width of the
luminescence band is approximately equal to the Fermi energy EF . A distinct
enhancement of the luminescence intensity was observed at the high energy edge.
The absorption spectrum exhibits a sharp peak at nearly the same energy. As
the energy corresponds to the transition at the Fermi level, the peaks are con-
sidered to be due to the Fermi edge singularity. The peaks disappear quickly as
the temperature is increased, in contrast to the exciton peak which persists even

Fig. 5.17. Absorption and photoluminescence spectra in an n-type modulation-doped
quantum well of GaAs/AlGaAs [421]. T = 4.2 K.
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Fig. 5.18. Magneto-absorption spectra in n-doped quantum well of GaAs/AlGaAs
for magnetic fields applied perpendicular to the layers [422]. Lz = 12.9 nm, n =
6.1×1011 cm−2. (a) Magneto-absorption spectra at around B ∼ 9 T at different
temperatures. The sharp peak at T = 4.2 K and the peak denoted by arrow for
high temperatures is the Fermi edge singularity. (b) Magneto-absorption spectra at
different magnetic fields.

at rather high temperatures.
Properties of the FES in high magnetic fields are extensively investigated by

Lee, Miura, and Ando [422]. Figure 5.18 shows the magneto-absorption spectra
involving the FES in high magnetic fields. At low temperatures, the spectra show
a sharp peak due to the FES as well as the inter-subband transitions at higher
energies. When a magnetic field is applied perpendicularly to the layers, oscil-
latory absorption peaks are observed due to the inter-Landau level transitions
from the levels lying below the Fermi level. As the temperature is increased at
B ∼ 9 T, the FES peak diminishes as expected, although the ordinary exciton
peak in un-doped samples can usually be observed at these high temperatures.
When we apply higher magnetic fields, however, a peak reappears even at a high
temperature of 77 K. The peak at high temperatures and high magnetic fields
is considered to be the exciton line which is stabilized by magnetic field. As the
magnetic field is increased at a low temperature, the FES peak grows as shown
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Fig. 5.19. Photon energies of the absorption peaks as a function of magnetic field
in n-doped quantum well of GaAs/AlGaAs [422]. The sample is the same as for
Fig. 5.18. Solid lines are the calculated lines by the theory of Ando for the in-
ter-Landau level transitions.

in Fig. 5.18 (b). In high field limit, it is regarded as the exciton line. The FES
peak is considered to change to the exciton line continuously.

Figure 5.19 shows the photon energy of the peak positions as a function of
magnetic field for the same quantum wells. The peak of the Fermi edge singularity
shows a diamagnetic shift similar to that of excitons. The lines corresponding to
the inter-Landau level transitions converge to a single point C at zero field. This
point is about 4 meV above the FES peak. It is an interesting point that there
seems to be a binding energy for the FES state. Moreover, the FES level shows
a B2-like diamagnetic shift in the low field region just like ordinary excitons. It
is also noticeable that the FES line exhibits a structure at integer fillings ν = 1
and 2. A similar structure at integer fillings is also reported by Perry et al. [423].
As for the inter-Landau level transition lines, the experimental points are well
explained by the theory of Ando, as shown in the solid lines.

5.3.3 Anomalies at integer and fractional filling of the Landau levels
Optical study of the integer and fractional quantum Hall effect in doped quantum
wells or heterostructures has long been of great interest to many authors [424–
427]. Buhmann et al. found in GaAs/AlGaAs heterojunctions that the magnetic
field dependence of the photoluminescence peak energy shows a step-wise vari-
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Fig. 5.20. (a) Magneto-photoluminescence spectra of excitons in CdTe/Cd1−xMgxTe
(x = 0.135) [428, 429]. The sample is an n-doped quantum well with carrier con-
centration of 4.4–4.8 × 1011 cm−2, mobility of 82,000 cm2/Vs and well width of
10 nm. (b) The peak shift and the intensity variation of the upper (square points)
and the lower (circle points) PL peaks for σ− polarization. The size of the photon
energy points indicates the intensity of the line.

ation at the filling ν = 2/3, 1/3, 4/5, 3/5, 2/5, 1/5, 1/7, 1/9 [426]. The same
authors also found that a new line grows up in the lower photon energy (by ∼1.4
meV) and the intensity of the new line relative to the original line shows min-
ima at ν = 1/5, 1/7, 1/9 [427]. They associated the phenomenon with a pinned
Wigner solid.

Here, we show a result obtained for a high mobility II-VI quantum well sam-
ple. Figure 5.20 shows photoluminescence spectra from CdTe/CdMgTe quantum
wells in pulsed high fields up to 40 T [428, 429]. The photoluminescence peak
exhibits a splitting of about 2.4 meV at B > 15 T. As shown in Fig. 5.20 (b),
the photon energy of the two peaks has some structures and their intensity shows
abrupt changes at integer (ν = 1, 2) and fractional (ν = 2/3) fillings. At higher
fields for ν < 2/3 the higher field peak becomes predominant. Similar spectral
anomalies have observed in GaAs/AlGaAs quantum wells by Heiman et al. [430].
The relatice intensity of the doublet structure showed an activation type tem-
perature dependence above T > 8 K.
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5.4 Magneto-optical spectra of short-period superlattices
5.4.1 Γ−X cross-over for B ⊥ layers
When the period of the multiple-quantum wells is sufficiently short, wave func-
tions penetrating to the barrier layers are connected with each other and a
mini-band is formed with a dispersion perpendicular to the well layers (in the
kz-direction). Therefore, conduction across the barrier layer becomes possible.
Such short-period superlattices are regarded as a new kind of anisotropic three-
dimensional system rather than a two-dimensional system. The band structure
of short-period superlattices is complicated due to band folding in the Brillouin
zone. When the magnetic field is applied in the perpendicular direction to the
layers, Landau levels are formed for motion perpendicular to the layers.

As discussed in Section 4.12.2, in GaAs/AlAs short-period superlattiecs, the
conduction band minima at the X points in the AlAs barrier layer are relatively
low. As the well width becomes small, the conduction band minimum at the
Γ point is raised, so that in sufficiently short-period superlattices, the lowest
conduction minima will be located at the X point in the AlAs layer. As the
valence band maximum is at the Γ point, such a band alignment results in the
indirect band gap and the type II configuration as shown in Fig. 4.48 (b). It is
contrary to the case of long period superlattices where the band line-up is type I
with a direct gap at the Γ point in the GaAs layer. The type I to type II transition
takes place at the monolayer number of about 8 of the GaAs layer. In the type
II regime, the optical transition probability is much smaller than the type I case
because the electrons and holes are located mainly in the GaAs layer and the
AlAs layer, respectively, so that the transition is indirect both in the real space
and the k -space. Therefore the absorption and photoluminescence (PL) should
be much smaller.

There are two kinds of X points, Xxy and Xz: Xz is located in the direction
of the accumulation of the layers and Xxy is in the perpendicular direction. The
Xz band is lower in energy when the well width Lz is large, since the effective
mass in the z-direction (accumulation direction) is larger than in the Xxy band.
However, as Lz is decreased, the band widths of the both bands are increased,
and the lowest energy of the Xxy band may become lower than that of the Xz
band. The position of the lowest conduction band is thus a subtle problem. As
the Xz band is folded back in the Brioullin zone, the band structure of the
short-period superlattices is very complicated.

Magneto-optical measurements are useful for investigating the character of
the mini-bands. Figure 5.21 shows the magneto-photoluminescence spectra in
(GaAs)5(AlAs)6 for magnetic fields parallel (B‖) and perpendicular (B⊥) to
the quantum well layers [431]. The PL peak due to the exciton transition shows
a large diamagnetic shift for B⊥ because of the relatively small effective mass in
the plane perpendicular to the field, but the observed peak position does not show
any discernible change for B‖. The observed large anisotropy of the diamagnetic
shift clearly indicates that the conduction band minimum is at the X point and
the system is type II. Furthermore, from the direction of the anisotropy, we can
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Fig. 5.21. Magneto-photoluminescence spectra of a (GaAs)5(AlAs)6 short-period su-
perlattice sample for magnetic fields parallel (B‖) and perpendicular (B⊥) to the
quantum well layers [431].

conclude that the minimum is at the Xz point rather than the Xxy-point.
As the pressure coefficients of the band edge are different between the Γ point

and the X point, the type I to type II transition is induced by applying hydrostatic
pressure to a type I sample at some critical pressure pc, as shown in Fig. 5.22.
Such a transition has been observed and reported by many authors [432–434].
This is called pressure-induced type I-type II transition. A similar type I-type

Fig. 5.22. Schematic diagram of the conduction band minima at the Γ and X points
as a function of hydrostatic pressure (left scale) and magnetic field (right scale). At
some critical value of pressure pc and Bc, the type I-type II transition takes place.
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II transition can also be induced by applying magnetic fields, since the effective
mass is different between the Γ point and the X point. In other words, the
increase of the band edge at the Γ point with field is much larger than that of
the X point due to the small effective mass as shown on the right-hand scale of
Fig. 5.22.

Such magnetic field-induced type I-type II transitions have been extensively
studied by Sasaki et al. using very high magnetic fields generated by the single
turn coil technique [370, 435]. Figure 5.23 shows the exciton PL spectra in a
(GaAs)15(AlAs)13 superlattice. At zero field, this sample has character of type I,
where the conduction band at the Γ point is located at 26.5 meV lower than the
X point and a distinct direct exciton peak was observed. We can see an exciton
peak which shows diamagnetic shift as we apply magnetic field. As is evident in
the figure, however, the exciton peak diminishes suddenly above a certain field.
The intensity recovers as the field is lowered again in the down sweep. This is

Fig. 5.23. Magneto-photoluminescence spectra in a (GaAs)15(AlAs)13 superlattice ob-
served at different magnetic fields up to 142 T generated by the single turn coil
technique [370]. The time evolves from top to bottom. The magnetic field height is
shown on the right for each graph.
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Fig. 5.24. Dependence of the integrated photoluminescence intensity on magnetic field
in (GaAs)15(AlAs)13 observed in a short pulse field [370].

due to the magnetic field-induced type I-type II transition. In other words, as
soon as the sample undergoes the transition to type II, the luminescence intensity
decreases because of the indirect nature of the ground state exciton. Figure 5.24
shows the magnetic field dependence of the PL intensity of the exciton peak. It
is clear that the intensity diminishes at high enough magnetic fields. However,
a remarkable point is that the intensity exhibits a prominent peak in the falling
sweep of the magnetic field and there is large hysteresis between the up-sweep
and the down-sweep. The hysteresis is brought about because the magnetic field
generated by the single turn coil technique is swept in a short time (∼7 µs) which
is comparable with the relaxation time for electrons at the X point in the type
II regime. Actually, the relaxation time of electrons at the X point is estimated
to be of the order of microseconds by the time resolved PL experiments [436].
In fields higher than the cross-over field (in this case Bc = 55 T), electrons are
accumulated in the X point minima due to the slow relaxation time and a part
of these electrons are thermally excited to the Γ point and contribute to the
photoluminescence to some extent in the down sweep. It was shown that the
magnitude of the hysteresis is well reproduced by the solution of rate equations.
Such a measurement of Bc of the type I-type II transition gives an approximate
effective mass of AlAs. It was found that the effective mass obtained from the
type I-type II transition is in good agreement with the result of the cyclotron
resonance [312]. This is another example of the usefulness of the short pulse field
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Fig. 5.25. Two types of the type I to type II transitions observed in the diamag-
netic shift of exciton ground state in short-period superlattices. (a) diamagnetic
shift in (GaAs)14(AlAs)6 short-period superlattice [437]. (b) Diamagnetic shift in
(GaAs)17(AlAs)17 [406]. Hydrostatic pressure was applied to the sample in order to
observe the transition within the field range of the experiment.

for studying the relaxation phenomena as we discussed in Section 4.3.1.
The experiment to observe the magnetic field-induced type I-type II transition

requires generally very high magnetic fields unless the energy difference between
the Γ and X points ∆Γ−X has a suitably small value which is within a range
attainable by the applied magnetic field. If we apply hydrostatic pressure in
addition to magnetic field, however, we can control ∆Γ−X to a suitable value,
since ∆Γ−X is very sensitively changed by hydrostatic pressure. Then we can
use steady fields or long pulse fields to observe the type I-type II transition,
and in this case the PL from the X point has been also observed after the
transition [406,437].

In Fig. 5.25, we plot the diamagnetic shift of exciton ground state observed
in photoluminescence in two different short-period superlattices. Depending on
the superlattice period, different features were observed at the type I-type II
transition. In a (m,n) = (14,6) sample (Fig. 5.25 (a)), the system is in the type I
regime at a pressure of p = 0.49 GPa, showing a relatively large diamagnetic
shift, while at pressures higher than pc = 0.52 GPa it shows type II behavior
so that the diamagnetic shift is smaller (see the graph for p = 0.54 GPa and
0.57GPa). In a magnetic field of 20 T and at a pressure of p = 0.49 GPa, the
type I to type II transition occurs and the slope of the diamagnetic shift ∆E1s(B)
decreases towards that of the type II. Thus the transition is continuous, showing
only the change of the slope of the ∆E1s(B). The intensity of the PL at the peak
does not show a large change at the transition.
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In a (m,n) = (17,17) sample (Fig. 5.25 (b)), on the other hand, the system is
type I below pc = 0.30 GPa. From the energy difference ∆Γ−X and the difference
in the slope of the diamagnetic shift of excitons, the transition field is estimated
to be about 20 T at p = 0.24 GPa, and about 30 T at p = 0.25 GPa. At these
fields, does indeed the PL intensity of the exciton peak corresponding to the
type I transition start decreasing, and gradually diminishes in the higher field.
In addition, at around the transition field, a weak new peak emerges below the
type I peak. In other words, the PL peak from both the type I transition and the
type II transition are observed simultaneously. In samples with (m,n) = (15,15)
and (19,19), similar behavior was observed at the transition. The difference in the
PL features at the transition between (14,6) and other samples can be ascribed
to the difference in the thickness of the AlAs barrier layers (Lb). In the former
type of samples with small Lb, the exciton state in the type II regime still keeps
partly the type I character due to the larger coupling, whereas in other samples
with larger Lb, the transition is observed more distinctly [406].

5.4.2 Photoluminescence in type II short-period superlattices and quantum
wells

Generally, type II superlattices or quantum wells show much weaker photolu-
minescence (PL) than type I superlattices. However, there are some exceptions
such as GaP/AlP superlattices and Si/SiGe superlattices [438]. In Si/SiGe, the
effect of the strain in the heterostructure is responsible for the intense PL [439].
In GaP/AlP short-period superlattices or quantum wells, anomalously intense
PL of exciton lines was found although both constituents are indirect gap semi-
conductors [440]. In addition, the band line-up is such that the valence band top
is at the Γ-like band of the GaP layer and the conduction band minima are at
the X- or Z-like band of the AlP layer. Therefore, the system is indirect both in
the real space and the k-space. As regards the position of the conduction band
minima, there has been a controversy concerning whether it is Xz, Xxy, or Z
point. Concerning the origin of the intense PL in GaP/AlP short-period super-
lattices, it has been argued that the effect of the folding of the energy band in
the Brillouin zone might be the origin of the large intensity, since the folded Xz
point comes to the Γ point and has the quasi-Γ character [441–444]. However, as
the intense PL is also observed in just a single quantum well with a neighbor-
ing confinement structure [445], the zone-folding effect is not responsible for the
large PL intensity. The group of Kamimura attributed the strong intensity of the
PL to the disorder of the interface between the GaP and AlP layers [446,447].

Magneto-photoluminescence in GaP/AlP short-period superlattices has been
extensively studied by Uchida et al. [448–450]. Figure 5.26 shows the magneto-
photoluminescence spectra for (GaP)m(AlP)n short-period superlattices of (m,n)
= (4,4), (5,5), (6,6), and (7,7) for a magnetic field perpendicular to the lay-
ers [449]. A sharp intense peak originating from the ground state exciton is
observed for each sample. A striking feature of the spectra is that the intensity
of the exciton peak is decreased with increasing magnetic field. Furthermore, the
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Fig. 5.26. Photoluminescence spectra for (GaP)m(AlP)n short-period superlattices of
(m,n) = (4,4), (5,5), (6,6), and (7,7) at different magnetic fields [449]. The four
samples were accumulated on the same substrate. The magnetic field was applied
perpendicular to the layers.

exciton peak shows a prominent red shift with field. These are completely oppo-
site to the ordinary magnetic field dependences of the exciton peak. For ordinary
Wannier excitons, the exciton peak shows a diamagnetic shift (blue shift) and
its intensity increases with increasing magnetic field, due to the shrinkage of the
wave function with field. Figure 5.27 shows the magnetic field dependence of the
integrated intensity of the PL peak and the photon energy of the peak for each
sample when the magnetic field is perpendicular to the superlattice layers (B⊥).
Figure 5.28 shows the dependences for magnetic field parallel to the layers (B‖).
It is clearly seen that for B⊥ both the intensity and the photon energy show

prominent decrease with increasing field except for the (7,7) sample. In the (7,7)
sample, the intensity decreases up to 25 T, but in higher magnetic fields it starts
increasing. The photon energy of the peak shows a blue shift above about 10
T. In other samples with shorter period, the intensity drop with field is quite
dramatic. For B⊥, on the other hand, the field dependence of the PL intensity
is very small and the red shift was much less. So, the remarkable PL intensity
decrease and the red shift seem to be the characteristic properties of the indirect
excitons for B⊥.

It was found that these anomalous features of the excitons in short-period
superlattices arise from the localization of electrons and holes in different quan-
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Fig. 5.27. Magnetic field dependence of the intensity of the PL (a) and the photon
energy of the ground state exciton peak (b). The magnetic field was applied per-
pendicular to the layers.

Fig. 5.28. The same dependences as in Fig. 5.27, but the magnetic field was applied
parallel to the layers.

tum wells [448, 449]. In other words, electrons are mainly populated in the AlP
layers and holes are in the GaP layers in GaP/AlP superlattices. Because of
the non-uniform quantum well thicknesses, electrons and holes would be partly
localized in each layer. If such localized wave functions of electrons and hole
are overlapped, it would be helpful to increase the PL intensity. When a high
magnetic field is applied, wave functions of both electrons and holes would show
shrinkage and the overlap would be decreased. This effect would cause the de-
crease of the PL intensity. The red shift of the exciton peak can also be explained
by the same mechanism. If the PL life time of the excitons are prolonged by the
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wave function shrinkage, excitons are more relaxed to areas with lower energies
if the recombination time of excitons becomes longer than the relaxation time
of excitons to lower energies. After the relaxation to the lower energy areas, the
exciton would show a red shift. Schubert and Tsang derived an expression of the
spectra involving such a relaxation process and showed that the peak should shift
to the low energy side and become asymmetric with the high energy side being
suppressed [451]. The asymmetric peak shape has been observed in GaP/AlP
short-period superlattices.

The decrease of the intensity and the red shift of the exciton peak seem to
be intrinsic properties of the indirect excitons in which electrons and holes are
located in separate places both in the real space and k space. In fact, similar
behavior of the indirect excitons has been observed in small CdSe/ZnSe quantum
dots, as will be described in Section 5.5.1.

5.4.3 Magneto-optics for B ‖ layers
When we apply magnetic fields in the direction parallel to the quantum well
layers of the short-period superlattice, the Landau levels are broadened as dis-
cussed in Section 4.11.1, if the energy of the cyclotron motion becomes com-
parable with the mini-band width. The broadening of the Landau levels in the
conduction band has been seen in Fig. 4.40. This effect of the broadening appears
in magneto-absorption as well. Figure 5.29 shows the magneto-absorption spec-
tra in a short-period superlattice of (GaAs)m(Al0.47Ga0.53As)n ((m,n) = (7, 5))
parallel and perpendicular to the superlattice layers at nearly 38 T. A large dif-
ference is seen between the spectra for B ‖ layers (B‖) and B ⊥ layers (B⊥).
That is to say, for B⊥, the oscillatory structure is visible up to the high energy
range in the absorption spectrum, whilst for B‖, the oscillation is indiscernible
in the energy range higher than at a threshold corresponding to the mini-band
edge. This is because the joint density of states of the Landau levels is broadened
at energies higher than the mini-band edge. This effect was first found by Belle
et al. in the PLE spectra of (GaAl)5(Al0.5Ga0.5As)6 [452].

For analyzing interband magneto-absorption spectra, we have to take account
of the complicated Landau level structure of the valence band. In contrast to
the Landau levels of the conduction band, which can be calculated by solving a
simple Schrödinger equation Eq. (3.113), it is necessary in the case of the valence
band to solve the Schrödinger equation for a Hamiltonian of a 4×4 matrix form
because of the four-fold degeneracy of the valence band [339,453]. Setting the k
-vector component in the field direction kz to be zero, the 4×4 matrix can be
decoupled into two 2×2 matrices,
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Fig. 5.29. Magneto-absorption spectra for (GaAs)7(Al0.47Ga0.53As)5. Nearly the same
magnetic fields of nearly 38 T were applied parallel (B‖) and perpendicular (B⊥)
to the superlattice layers. T = 4.2 K.
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where (γ1, γ2, γ3, κ, q) are the Luttinger parameters as discussed in Section 2.4.3,
X is the center coordinate of the cyclotron motion and U(x) is the quantum well
potential. The upper sign corresponds to Jz = 3/2 and –1/2 states and the lower
sign to Jz = –3/2 and 1/2 states. Equation (5.35) can solved numerically as a
function of X.

Figure 5.30 shows the calculated energy of the Landau levels in the valence
band for (GaAs)7(Al0.47Ga0.53As)5. We can see that the Landau levels are broad-
ened for the hole energies higher than the mini-band edge. The broadening is
obtained from the energy dispersion of the states over the entire range of X as
shown in the inset of Fig. 5.31. We can see that the Landau levels are broadened
for hole energies higher than the mini-band edge. The broadening is obtained
from the energy dispersion of the states over the entire range of X as shown in
the inset of Fig. 5.31. The absorption coefficient can also be calculated from the
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Fig. 5.30. Calculated Landau level energies in the valence band for
(GaAs)7(Al0.47Ga0.53As)5 for Jz = 3/2 and –1/2 states (left) and Jz = –3/2
and 1/2 states (right) as a function of magnetic field [339]. The arrow shows the
mini-band edge.

Fig. 5.31. Calculated absorption spectra for (GaAs)7(Al0.47Ga0.53As)5 when the mag-
netic field of 40 T is applied parallel to the superlattice layers [339]. The inset shows
the calculated valence band energies as a function of X. The arrows indicate the
mini-band edge.
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wave functions calculated from (5.35). Figure 5.31 shows the calculated absorp-
tion coefficient taking account of all the allowed transitions including ∆n �= 0,
It can be seen that although bunches of sharp peaks are seen up to the energy
close to the mini-band edge, no distinct peak is seen in the higher fields. The
centers of the bunches of the peaks are in good agreement with the experimental
observation.

In very short-period superlattices in which the superlattice period is not
much larger than the crystal period, it is questionable whether the effective
mass approximation is in principle valid. However, the above results for the
GaAs/AlGaAs short-period superlattices imply that the experimental results for
the position of the absorption peaks are in good agreement with the theoretical
calculation and that the effective mass theory is still valid even beyond the
applicable limit.

5.5 Magneto-optics of quantum dots and quantum wires

Excitons confined in quantum wires and quantum dots show combined effects of
magnetic fields and quantum potentials in high magnetic fields. Similarly to the
case of quantum wells where quasi-two-dimensional excitons are observed, nearly
one-dimensional or nearly zero-dimensional excitons are observed, respectively
in quantum wires and quantum dots.

5.5.1 Quantum dots

In quantum dots, electrons and holes are confined by the quantum potentials
in all three dimensions. When we apply magnetic fields in the perpendicular
direction to the substrate layers, we can observe an effect arising from the com-
petition between the quantum potential and the magnetic field potential in the
lateral direction. Nowadays, self-organized quantum dots with a very small di-
mension can be grown by the Stranski-Krastanov (SK) mode utilizing the lattice
mismatch between the substrate and the dot materials, as described in Section
2.5.4. The non-uniformity of the dot size gives rise to broadening of the spectra,
but high quality samples have reasonably uniform size distribution, so that we
can study the properties of quantum dots using these samples. The diamagnetic
shift of excitons in quantum dots is significantly smaller than in the bulk be-
cause of the confinement. Therefore, we need high magnetic fields to investigate
the magnetic field effect. The magnetic energy levels in quantum wells can be
described by Darwin-Fock energy levels as shown in Fig. 2.13 if we assume a cir-
cular quantum potential. The exciton levels are associated with these magnetic
energy levels.

In the early days of research on self-organized quantum dots, Wang et al.
measured the diamagnetic shift in InAlAs/AlGaAs quantum dots which appears
in the magneto-photoluminescence spectra using pulsed high magnetic fields up
to 40 T [454]. They found that the diamagnetic shift of the ground state excitons
in quantum dots is reduced significantly in comparison to the bulk material for
both directions of the magnetic field parallel and perpendicular to the growth
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direction. In a similar manner to the discussion in Section 2.8.1, the diamagnetic
shift of the exciton ground state in the low field limit is derived as [455,456]

∆E1s =
e2 < ρ2 >

8µ∗ , (5.36)

where ρ is the extension of the exciton wave function perpendicular to the mag-
netic field and µ∗ is the reduced mass of the exciton. For quantum dots in which
the exciton wave function is squeezed, the low field approximation can still be
applicable even in high magnetic fields. Thus from the diamagnetic shift, the
effective exciton radius

√
< ρ2 > was estimated to be 5 nm, which is smaller

than the quantum dot radius of ∼9 nm [454]. This value is also smaller than the
2D exciton radius of 6.4 nm estimated from the 3D exciton radius of 10.4 meV
of InAlAs, clearly showing the confinement of the exciton wave function by the
quantum potential. As shown in this example, the diamagnetic shift of excitons
is a useful means to estimate the extension of the exciton wave function in the
plane perpendicular to the magnetic field.

As an example of the diamagnetic shift of excitons in quantum dots, Fig. 5.32
shows the photoluminescence spectra of InAs/GaAs and InAs/InGaAs quantum
dots measured by Hayden et al. [457,458]. They used two different samples. One
is InAs quantum dots grown on a (100) surface of GaAs. The second one is
InAs quantum dots grown on a (311) surface of InGaAs. The PL peaks from the
ground state exciton states are clearly seen in both samples. Figure 5.33 shows
the diamagnetic shift of the excitons as a function of magnetic field. Reflecting
the larger confinement effect, the diamagnetic shift is always smaller for the
magnetic field perpendicular to the growth direction (parallel to the layers) than
in the parallel direction. A remarkable result is that the diamagnetic shift is
considerably larger for the quantum dots on the (311)A surface than those on
(100) surface. For the quantum dots on the (311)A surface, the exciton wave
function size perpendicular to the growth direction (parallel to the layer) is
estimated from the diamagnetic shift to be 13±2 nm which is even larger than
the average quantum dot diameter of 5–8 nm. This implies that in the case of
the (311)A quantum dots, the electrons and holes are less strongly confined by
the quantum potential. On the other hand, for the (100) quantum dots, the wave
function extension is estimated to be 5.5 nm. As the average dot size is ∼10 nm,
the electrons and holes are well confined in the quantum potential.

In self-organized InP quantum dots embedded in an InGaAs/GaAs quan-
tum well, magnetic field dependence of the energy levels characteristic of the
quantum dots represented as a Darwin-Fock diagram was observed in magneto-
photoluminescence in high magnetic fields [460]. The lines of the Darwin-Fock
states tend to the Landau level-like states, with a large reduction of the slope
from the calculation assuming the single-particle model. From the amount of the
reduction, the electron-hole correlation effect was estimated.

In comparison to quantum dots of III-V compounds, there have been much
less studies of those of II-VI compounds. Magneto-photoluminescence spectra
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Fig. 5.32. Magneto-photoluminescence spectra of (a) InAs quantum dots on a (100)
surface of GaAs, and (b) InGaAs quantum dots on a (311)A surface of GaAs [457].
In the latter figure, the PL peak from the InGaAs wetting layer (WL) is also shown.

of CdSe/ZnSe quantum dots were studied by Yasuhira et al. [461, 462]. The
samples with different dot sizes were grown by the MBE technique on GaAs
substrates with a ZnSe buffer layers. In relatively small quantum dots with a
diameter of about 5 nm, peculiar magnetic field effects on the exciton line were
observed. Figure 5.34 shows the magneto-photoluminescence spectra of excitons
in high magnetic fields. An astonishing result is that the energy shift of the
exciton peak by magnetic field is in the negative direction. Moreover, the PL
intensity also decreases with increasing field. It is completely opposite to the
normal field dependence of the energy shift and the intensity of the exciton peak,
and similar to the case of GaP/AlP short-period superlattices. In a larger dot
with a diameter of 10 nm, the energy shift is just the normal diamagnetic shift
with a B2 dependence. and the intensity was increased as the field was increased.
Therefore, the anomalous energy shift and the intensity decrease are considered
to be characteristic of excitons in small quantum dots of II-VI compounds. The
similarity of the magnetic field dependence of the excitons in the small quantum
dots to the GaP/AlP quantum well reminds us of the indirect transition, and
the electrons and holes spatially localized in a different sites.

Figure 5.35 shows a schematic energy diagram for a large dot and a small
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Fig. 5.33. Diamagnetic shift of excitons as a function of magnetic field observed in
the magneto-photoluminescence spectra shown in Fig. 5.32 [457]. The closed points
indicate the data for B parallel to the growth direction and the open points indicated
the data for B perpendicular to the growth direction. The solid lines were calculated
by the method of MacDonald and Ritchie [459].

Fig. 5.34. Magneto-photoluminescence spectra in a relatively small dot of
CdSe/ZnSe [461,462]. The dot size is about 5 nm in diameter.
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Fig. 5.35. Model of the band off-set and the transition in a large dot and small dot of
II-VI compounds.

dot. In a large dot, the optical transition is direct. It is known, however, that
the valence band off-set of the CdSe/ZnSe interface is very small, so that the
hole confinement would be small. In a small dot, the strain potential due the
piezoelectric effect should be fairly large, so that the holes would be trapped in
potential minima around the dot, as shown in the right-hand side of the figure.
Then the transition is indirect in a real space. Thus the intensity of the PL
would be decreased with increasing magnetic field by the shrinkage of the wave
function. The negative shift of the PL peak is also explained by the same model
as we considered in the case of GaP/AlP system.

5.5.2 Quantum wires

Next, let us see an example of the magneto-optical spectra of quantum wires.
Nagamune et al. succeeded in measuring the diamagnetic shift of excitons in
GaAs quantum wires fabricated in a saw-tooth shaped V-groove at the bottoms
of valleys in GaAs/AlAs subsequent layers. The wire has the shape of a triangular
bar, as shown in the inset of Fig. 5.36 [463]. When we apply magnetic fields, their
effect is expected to be different for different magnetic fields. Figure 5.36 shows
the diamagnetic shift of excitons in the photoluminescence spectra for different
direction of magnetic fields. The diamagnetic shift of excitons in bulk GaAs
substrate layer is also plotted for comparison. It is seen in the figure that the
diamagnetic shift of the quantum wire is smaller than that of the bulk due to the
confinement. In addition, the magnitude of the diamagnetic shift shows a large
anisotropy, reflecting the quantum confinement different among the directions.

In the low magnetic field range, the diamagnetic shift is proportional to B2,
so that from (2.216), the reduced mass of excitons µ∗

i (i = x, y, z) was obtained.
The reduced masses for all the three directions thus obtained are µ∗

x = 0.293m,
µ∗
y = 0.126m, µ∗

z = 0.081m. These values are considerably larger than that of the
bulk sample, µ∗ = 0.059m due to the confinement effect in the quantum wire.

In the high magnetic field range, the diamagnetic shift is proportional to B.
In this regime, if we assume that the quantum potential form for the confinement
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is approximately represented as

V (x, y) =
1
2
m∗ω20xx

2 +
1
2
m∗ω20yy

2, (5.37)

the energy levels for magnetic fields along the x, y, z axes are obtained as follows,

E =

⎧⎨⎩
(N + 1

2 )h̄ω0x + (M + 1
2 )h̄(ω2cx + ω0y)

1
2 , (B ‖ x),

(N + 1
2 )h̄(ω2cy + ω20x)

1
2 + (M + 1

2 )h̄ω0y, (B ‖ y),
(N + M + 1)12 h̄(ω2cz + 4ω20)

1
2 + (N −M)h̄ωcz, (B ‖ z).

(5.38)

Here, M and N are positive integers. From these equations, the size of the
quantum confinement potential can be obtained. The height and the width were
estimated to be 9.5 nm and 17.7 nm, respectively. These values were very close to
the geometrical size of the wire h = 10 nmAw = 20 nm observed by transmission
electron microscopy (TEM) [463].

Magneto-photoluminescence spectra in a little different type of quantum
wires are shown in Fig. 5.37. Quantum wires with rhombic cross section were
grown by molecular beam epitaxy (MBE) at giant steps on a vicinal GaAs (110)
surface slightly tilted towards the < 110 > direction [31]. As we can stack wires in

Fig. 5.36. Magneto-photoluminescence spectra in GaAs/AlGaAs quantum wires in
high magnetic fields [463].
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Fig. 5.37. Magneto-photoluminescence spectra in GaAs/AlGaAs quantum wires
grown on a vicinal GaAs surface in high magnetic fields applied to different di-
rections relative to the wires [406]. The peaks in the high energy side (QWR) and
in the low energy side (QW) are the exciton line from the quantum wire and that
from the substrate quantum well, respectively.W denotes the direction of the quan-
tum wires. The spectra for W ‖ B⊥ surface are shown in different magnetic fields
from 0 T to 42 T are shown (from bottom to top). The spectrum is compared with
those for W ‖ B ‖ surface and W⊥B ‖ surface at 42 T.

accumulated layers and the density of the wires can be very large, we can expect
some effects of the coupling between the quantum wires. Figure 5.38 shows the
diamagnetic shift of the exciton line as a function of magnetic field in different
directions. Similarly to the case shown in Fig. 5.36, the diamagnetic shift is the
smallest when the magnetic field is parallel to the quantum wire axis. When the
magnetic field is perpendicular to the wire axis, the diamagnetic shift is smaller
for the field direction parallel to the stacking layers than the perpendicular di-
rection. It is reasonable if we consider the area of the surface of the quantum
wire perpendicular to the field.

Another interesting feature of this type of wire is the coupling between the
wires. It was found that as the AlGaAs barrier layer thickness was decreased
from 3 nm to 1 nm, the diamagnetic shift systematically increased, indicating
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Fig. 5.38. Diamagnetic shift of the exciton line for GaAs/AlGaAs quantum wires and
quantum wells (substrate) [406].

Fig. 5.39. Comparison of the diamagnetic shift of the exciton peak in GaAs/AlGaAs
quantum wires between the different numbers of stacked layers, 5 layers and 30
layers [406]. The GaAs and AlGaAs layer thicknesses were both 1 nm.

the effect of the coupling between the quantum wires. Figure 5.39 shows the com-
parison of the diamagnetic shift between quantum wires with different number
of stacking layers [406]. Although the cross section of the quantum wires in the
two samples has the identical shape and size, it was found that the diamagnetic
shift is significantly larger in the sample with 30 stacking layers than with 5
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layers. This result clearly shows that there is a coupling between the quantum
wires and formation of a mini-band through the AlGaAs barriers.

5.6 Magneto-optics of layered semiconductors

Some crystals, such as GaSe, BiI3, PbI2, HgI2, CdI2, ZnP2, etc., which have lay-
ered crystal structures show prominent exciton peaks. This is because the exciton
binding energy is relatively large, reflecting large effective masses of electrons and
holes in comparison to ordinary II-VI or III-V semiconductors. In these crystals,
the exciton wave function is anisotropic, reflecting the crystal structure. Another
characteristic feature of the excitons in this class of crystals is a relatively small
Bohr radius due to the large binding energy. Table 5.1 lists the binding energy
and the Bohr radius of excitons in layered crystals in comparison to other typical
semiconductors.

These materials provide a rich source of interesting subjects to be studied
concerning excitons, such as anisotropy, magnetic field effect on small radius ex-
citons, and excitons arising from the stacking faults in the crystals. Many inves-
tigations have been made on the magneto-optics of excitons in layered crystals.
In this section, we show some typical examples of interesting features concerning
excitons in these materials.

Table 5.1 Binding energy, Bohr radius and reduced mass of excitons in different
crystals

Material Band gap Binding Bohr Reduced Reference
energy radius mass

(eV) (meV) (nm) µ∗
ex (m0)

GaAs 1.520 4.2 14 0.048
Cu2O(1) 2.173 96.8 6.6 0.38 [464]
CdS 2.582 28 2.7 0.18 [465,395]
GaSe 2.131 22 3.5 0.14 [399]
PbI2 2.55 63 1.9 0.17 [466]
ZnP2 1.605 46 1.6 0.45(x) [467–469]

0.39(y)
0.15(z)

BiI3 2.25 180 0.6 0.5 [470,471]
C6PbI4(2) 2.727 386 0.51 [472]
(1) Yellow series
(2) (C6H13NH3)2PbI4

5.6.1 GaSe

As already shown in Section 5.2.1, GaSe shows sharp and clear exciton absorp-
tion peaks. As the absorption intensity of the exciton lines is not too large, the
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Fig. 5.40. Magneto-absorption spectra in GaSe for the Faraday configuration with (a)
σ+ and (b) σ− circular polarizations [399].

lines can be easily observed in cleaved samples, so that the exciton in GaSe
has attracted much interest. In early days, it was expected that nearly two-
dimensional excitons might be observed due to a large anisotropy arising from
the layered structure [78, 394]. Later it was revealed that the band structure is
not so anisotropic in this material, so that the excitons have nearly isotropic
character [395–398]. The conjunction problem between the hydrogen-like states
and the Landau-like states has been discussed for the region γ ∼ 1 [396].

The magneto-absorption spectra were observed in GaSe up to 150 T using
the single turn coil and up to 40 T using non-destructive long pulse fields by
Watanabe, Uchida and Miura [399]. The data up to 150 T have already been
shown in Fig. 5.7 and Fig. 5.8. Figure 5.40 shows the magneto-absorption spec-
tra in GaSe up to 40 T for the Faraday configuration with two different circular
polarizations. Detailed structures in the low field range are seen. Figure 5.41
shows the photon energies of the magneto-absorption peaks as a function of mag-
netic field for both the Faraday configuration and the Voigt configuration [399].
For the Voigt configuration, two different linear polarizations π and σ were em-
ployed. According to theory of Schlüter, the band edge direct exciton states of
GaSe consist of the Γs4 singlet state and the Γt3 + Γt6 state [473]. The former is
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Fig. 5.41. Magnetic field dependence of the photon energies of the absorption peaks
for the Faraday and the Voigt configuration [399]. Solid circles and squares denote
the data for σ+ and open circles and squares denote the data for σ−. Open triangles
and inverse triangles denote the data for the π polarization, and solid triangles and
inverse triangles denote the data for the σ polarization in the Voigt configuration.
The broken lines show the calculated result for excitons in the Faraday configuration
(σ+ and σ−), and the solid lines that in the Voigt configuration.

allowed for E ‖c, whereas the triplet Γt6 is weakly allowed for E ⊥c due to the
spin orbit interaction in the zero field. The triplet exciton line consists of three
degenerate states and split into three components in a magnetic field. Two of
the three components should be observed in the Faraday configuration for σ+

and σ−, respectively. For the Voigt configuration, two of the three components
should be observed for the π polarization and the other line should be observed
for the σ polarization in the center. This was actually the case in the observed
spectra.

From the Zeeman splitting (difference between the two circular polarizations),
the g-factor was obtained as g‖ = 2.8 and as g⊥ = 2.1, in good agreement with
the previous data [474]. The 2s line shows the diamagnetic shift with a B2

dependence only up to about 10 T and deviates downwards in higher fields. The
intensity becomes weaker in higher fields. From the analysis of the diamagnetic
shift of the 1s state, the anisotropy factor of the exciton reduced mass was
estimated as µ∗

‖/µ
∗
⊥ = 0.9.

The 2s level becomes higher than the N = 0 Landau level line in the high
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Fig. 5.42. Exciton spectra in PbI2 [466]. Inset shows different models of the exciton
series.

field range as shown in Fig. 5.8. This apparently contradicts the prediction of
the non-crossing rule, but the reason is not understood.

5.6.2 PbI2
A. Excitons in PbI2

PbI2 shows particularly sharp exciton peaks among layered crystals. A series
of exciton absorption peaks are observed, but there has been much controversy
concerning the assignment of the peaks. There are several polytypes of PbI2. 2H,
4H, 6H, 12R, · · ·, which show slightly different spectra from each other. There-
fore, in order to discuss the spectra exactly, we need to use a single polytype
crystal. In high quality single crystals, we can usually observe four peaks, A1,
A2, Ax and A3, as shown in Fig. 5.42. These peaks do not fit to the hydrogen-like
series, and different models were proposed regarding the assignment of the peaks.
Model a assigns the peaks A1, A2, A3 as n = 1, 2, 3 of the hydrogen series [475].
From the distance between A2 and A3, the binding energy of 142 meV was ob-
tained. However, the observed position of the A1 peak is 82 meV higher than
expected from the hydrogen series. Nikitine and Perry attributed the significant
discrepancy to the central cell correction. Actually, it is generally observed in
other materials that only n = 1 exciton deviates from the hydrogen series, since
the wave function of the n = 1 is smaller than the higher states. However, the
deviation is particularly large in PbI2 based on this model. Harbeke and Tosatti
ascribed this large deviation to the effectively repulsive electron-hole interaction
originating from the cationic character of the excitons [476]. Baldini and Franchi
considered that two series of excitons are overlapped in the spectra, so that the
A3 is really the n = 2 peak in one of the series, and the A2 is the ground state
of another series (the model is not shown in the figure) [477]. According to their
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assignment the binding energy should be 60.5 meV. Thanh et al., on the other
hand, proposed a Model b that is based on the assumption that there is an addi-
tional peak Ax which is assigned as n = 3 [478]. Based on this model, the binding
energy should be 30 meV. Thus there was a serious controversy concerning the
assignment of the exciton series. The use of high magnetic field is very useful
for solving such problems as shown below. Excitons in PbI2 exhibit a variety of
properties. So we will look at some details below.

B. B ‖ c-axis

Figure 5.43 shows magneto-absorption spectra of excitons in 2H-PbI2 [466].
We can see clearly diamagnetic shift of the exciton lines A1, A2, and A3. Fig-

ure 5.44 shows the diamagnetic shift of excitons in high magnetic fields for two
different circular polarizations σ+ and σ−. In PbI2, the condition γ = 1 is sat-
isfied at around B ≈ 200 T. Therefore, even in high magnetic fields around 150
T, approximation for the low field condition still holds, so that the diamagnetic
shift is proportional to B2. It also indicates that although the exciton radius is
only 1.9 nm, only about four times as large as the in-plane lattice constant, the
Wannier exciton model still holds in the case of B ‖ c-axis. It was found that
the difference in the photon energy between the peaks for σ+ and σ−, ∆Es is a
linear function of the magnetic field and expressed by

∆Es = g⊥µBB, (5.39)

Fig. 5.43. Magneto-absorption spectra in 2H-PbI2 for a circular polarization σ+ [466].
Only for the highest field of 38.3 T, the spectrum for σ− is shown by a dotted line
for comparison.
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Fig. 5.44. Diamagnetic shift in PbI2 [466]. The data up to 40 T were obtained for a
2H crystal and those up to 150 T were for a 4H crystal.

and from the coefficient, we can obtain the effective g-factor for B ‖c as g⊥c
= 0.89 ± 0.09. By taking the average of the data for σ+ and σ−, the linear
Zeeman term can be eliminated and the diamagnetic shift coefficient σ (see Eq.
(2.216)) was obtained as σ = (9.68 ± 0.39)×10−4 meV/T2. These data were
for 2H-crystals in the measurements below 40 T. The data for 4H-crystals up
to 150 T, on the other hand, gave slightly different values, g⊥c = 1.1 and σ =
6.88×10−4 meV/T2.

To analyze the exciton spectra in anisotropic substances as layered crystals,
we have to take account of the anisotropy in the dielectric constant κε and the
reduced mass of excitons µ∗. According to Gerlach and Pollman, the anisotropy
of the exciton spectra is characterized by an anisotropy factor α [479]

α = 1− ε⊥µ∗
⊥

ε‖µ∗
‖

, (5.40)

and the binding energy Ry∗ (2.207) and the diamagnetic shift coefficient σ∗

(2.218) is expressed using α as

Ry∗ =
µ∗e4

32π2h̄2κ‖κ⊥ε20
|Z(α)|2, (5.41)
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σ∗ =
4π2κ‖κ⊥ε20h̄

2

e2µ∗3
⊥

n2(5n2 + 1)
6|Z(α)|2 , (5.42)

where

Z(α) =
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1√
α

arcsin
√

α (α > 0)

1 (α = 0)
1√|α|arcsinh

√
|α| (α > 0)

. (5.43)

In (5.42), we considered the case for B ‖c. In the range 0≤ α ≤0.6, we can set
Z(α) ≈ 1. From the anisotropy of the dielectric constant, we can approximate
Z(α) to be 1 unless there is a very large anisotropy in the reduced mass. As seen
in Section 5.2.2, it is not always straightforward what kind of dielectric constant
should be used to calculate the exciton parameters. The dielectric constants of
PbI2 are reported from infrared measurements to be: κ‖(0) = 9.3, κ‖(∞) = 5.9,
κ⊥(0) = 26.4, κ⊥(∞) = 6.1 [480]. For the ground state of PbI2, the binding
energy is certainly larger than the LO phonon frequency, so that we should use a
value closer to the high frequency dielectric constant κ∞, rather than the static
dielectric constant κ0. Using κ(∞) and σ, we obtain µ∗ = 0.168m and Ry∗ =
61.4 meV.

The coefficient of the diamagnetic shift of the A2 line is about five times
larger than that of the A1 line, so that it is unlikely that the A2 line is the
ground state of another series as Baldini and Franchi insisted. Also, because of
the large polaron effect expected in PbI2, the binding energy determines from
the n = 2 and n = 3 lines should be smaller than the binding energy determined
for the ground state (61.4 meV). Therefore, model a is ruled out. From these
considerations, we can deduce that model b in Fig. 5.42 is more plausible. The
discrepancy between the ground state binding energy expected from model b
(30 meV) and the experimentally determined value 61.4 meV is ascribed to the
polaron effect.

C. B ⊥ c-axis

Although an analysis of the exciton spectra based on the Wannier exciton
model was applicable in the case of B ‖ c, a different feature was observed for
B ⊥ c-axis. Figure 5.45 shows the magneto-absorption spectra for the Voigt
configuration, as well as the zero-field spectra and the graphs for the Faraday
configuration for comparison [481]. For the Voigt configuration with B ⊥ c, the
peaks A1 and A2 split into two peaks for the linear polarization and the split
peaks are different depending on the direction of the polarizations, σ (E⊥B)
and π (E ‖ B). Figures 5.46 (a) and (b) show the magnetic field dependence
of the photon energies of the absorption peaks for the Faraday and the Voigt
configurations, respectively. In both figures (a) and (b), the lines for the A1 and
A2 peaks are shown. First, we notice the qualitatively similar features between
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Fig. 5.45. Exciton spectra in 2H-PbI2 for the Voigt configuration and the Faraday
configuration [481]. π and σ denote the Voigt configuration with E ‖ B and E⊥B,
respectively, and σ+ and σ− denote the Faraday configuration with a right- and
left-circular polarization, respectively.

A1 and A2, as mentioned above. Next, it is seen that in the Voigt configuration,
the lines for both σ and π polarizations appear to have level repulsions.

The properties in the Voigt configuration can be well explained by the cationic
exciton model that assumes that the exciton is completely localized in the cation
site (Pb site in PbI2). In fact, according to the band calculation, wave functions
of both the lowest conduction band and the uppermost valence band are mostly
concentrated around the Pb site [482], and the cationic character of the excitons
was revealed in the study of the spectra in Pb1−xCdxI2 alloys [483]. In the
cationic exciton model [482], the valence band and the conduction band of PbI2
are considered to consist of the 6s and 6p atomic orbitals of Pb, respectively, so
that they are expressed as
Conduction band: P−α, P−β, P0α, P0β, P+α, P+β,
Valence band: Sα, Sβ,
where S and Pi (i = –, 0, +) are the atomic wave functions of Pb with 6s and 6p
orbitals, and α and β are the spin functions. By the crystal field potential and
the spin-orbit interaction, the p-orbitals of the conduction band split into three
levels, A, B, and C, with wave functions φA, φB , φC , and the exciton states are
associated with the valence band with wave function φ0 to the lowest conduction
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Fig. 5.46. (a) Experimental points of the photon energies of the absorption peaks
for the Faraday configuration in 2H-PbI2 [481]. B ‖ c. (b) Experimental points
of the photon energies of the absorption peaks for the Voigt configuration. B⊥ c.
(c) Calculated lines of the spin-Zeeman energy for the Faraday configuration. (d)
Calculated lines of the spin-Zeeman energy for the Voigt configuration.

band A. The exciton states are split into four levels Γ1, Γ2 and Γ3 (two-fold
degenerate at zero field), with wave functions, φ1, φ2, φ3−, φ3+, as schematically
shown in Fig. 5.47 [481]. The selection rule of the transition is as shown in the
figure. When an external magnetic field is applied, the spin-Zeeman energy is
represented by a Hamiltonian

HB = −µB
h̄

(le + gese)B +
µB
h̄

(lh + ghsh)B, (5.44)

where ge and gh are the g-factors of electrons and holes. The matrix elements
for the Hamiltonian (5.44) among the (φ1, φ2, φ3−, φ3+) states are then given by

⎛⎜⎜⎝
0 KB 0 0

K∗B 0 0 0
0 0 LB 0
0 0 0 −LB

⎞⎟⎟⎠ , (5.45)

for B ‖ z, and
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Fig. 5.47. Band edge exciton levels and the allowed transitions in PbI2 [481]⎛⎜⎜⎝
0 0 MB −MB
0 0 NB NB

M∗B N∗B 0 0
−M∗B N∗B 0 0

⎞⎟⎟⎠ , (5.46)

for B ‖ x, where K, L, M , and N are constant terms comprising the matrix
elements and the potentials. In the case of B ‖ z, E ‖ x, y, the states φ3− and φ3−
are observed. The Zeeman term is diagonal in (5.45) so that the Zeeman energy
is

Ez = E3 ± LB, (5.47)

as shown in Fig. 5.46 (c). Hence we can expect a linear Zeeman splitting. This
was actually the splitting which was observed for B ‖ c, apart from the B2-like
diamagnetic shift. For B ‖ x, the spin-Zeeman energy is obtained by diagonal-
izing (5.46) as

E1x = 1
2

[
(E1 + E3)±

√
(E1 − E3)2 + 8M2B2

]
,

E2x = 1
2

[
(E2 + E3)±

√
(E2 − E3)2 + 8N2B2

]
. (5.48)

where E1x is allowed for E ‖ B (π polarization) and E1x is for E⊥B (σ polar-
ization). The energy levels are calculated as in Fig. 5.46 (d) and shows semi-
quantitatively good agreement with the experiment. The calculation above does
not take into account the exciton wave-function extension, and any diamagnetic
shift, which are necessary in order to obtain better agreement. However, we can
see that the cationic exciton model is well applicable to the analysis of the Zee-
man splitting of the excitons in layered crystals such as PbI2 [481].
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Fig. 5.48. Magneto-absorption spectra in BiI3 [470]. B ‖c, k ⊥c,

5.6.3 BiI3
BiI3 shows indirect absorption bands followed by the direct absorption band
in the higher energy side. Below the indirect absorption edge, a series of very
narrow absorption lines are observed. The lines are named Q, R, S, T from the
high energy side. As some of these lines fit well with the inverse hydrogen-series,
Gross, Perel, and Shekhmametev attributed this series to the formation of a
bielectron (or biholes) [484]. In later studies, however, it was found that the
absorption lines are very sample dependent, and that they originate from the
excitonic transitions perturbed by a stacking fault formed between the layers.
Thus the lines are denoted as stacking fault excitons [485,486]. The nature of the
stacking fault excitons are clarified in detail by applying a high magnetic field
parallel to the layers [470].

Figure 5.48 shows the magneto-absorption spectra for the magnetic field par-
allel to the layers (B ‖c) [470]. The direction of light propagation is perpendicular
to the c-axis (k ⊥c, Voigt configuration). New lines N1 and N2 appear as the
field is increased. The R, S, and T lines shift to the low energy side (red shift)
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Fig. 5.49. Shift of the photon energies of the absorption peaks Q, R, S, T, and N as
a function of B2 [470]. B ‖c, k ⊥c.

as the field is increased, while the other lines show a blue shift. It was found
that the magnetic field dependence of all the lines is linear to B2 as shown in
Fig. 5.49. The absorption lines and their magnetic field dependence are now well
explained on the basis of the stacking fault excitons and the cationic exciton
model [470, 471]. As in the case of PbI2, the bulk exciton transition is predomi-
nantly from s to p states of the cations in the crystal (Bi). When a stacking fault
is introduced in the layered crystal, an interchange of positions of the cations
and the anions takes place through the plane of the fault. As the exciton wave
function is confined in nearly one unit cell, such a stacking fault greatly modifies
the ground state of the bulk exciton and produces new exciton lines. Based on
the cationic exciton model, eight states are expected to be observed theoretically.
Experimentally, six states —- Q, R, S, T lines and N1 and N2 lines which grow
in magnetic fields —- are observed. These lines were successfully elucidated as
the stacking fault excitons [470,471].

5.6.4 (C6H13NH3)2PbI4
As another unique example of layered structure, we introduce here perovskite
type crystal (C6H13NH3)2PbI4. This material belongs to a family of crystals
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Fig. 5.50. (a) Magneto-absorption spectra of (C6H13NH3)2PbI4 in the Voigt configura-
tion [472]. (B⊥ c) and E⊥B (σ polarization). (b) Photon energies of the absorption
peaks of the first peak series for the Voigt configuration. Solid lines are theoretical
lines calculated based on the cationic exciton model.

(CnH2n+1NH3)2PbI4 which are natural quantum well crystals consisting of PbI4
monomolecular layers sandwiched between organic barrier layers formed by chains
represented as C6H13NH3 [487]. It is of interest because the charge carriers are
tightly confined in monolayers of PbI4, and moreover the confinement is by a
low dielectric organic material, so that the dielectric confinement may be ob-
served [488].

Figure 5.50 (a) shows the magneto-absorption spectra of (C6H13NH3)2PbI4
at different magnetic fields for the Voigt configuration. In this case the magnetic
field is perpendicular to the c-axis (B⊥ c) and E⊥B (σ polarization) [472]. At
zero field, four peaks are observed as well as a small peak in the higher energy
range. Each of the four peaks showed a splitting and energy shift in magnetic
fields. The four peaks show qualitatively almost similar behavior in a magnetic
field. Therefore, the origin of the four peaks is probably the phonon side bands,
rather than splitting due to the crystal fields or spin-orbit interaction, although
the details are unclear. Splitting and shift of the peaks were also observed for the
σ polarization as well as the π polarization. Figure 5.50 (b) shows the photon
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energies of the absorption peaks as a function of magnetic field as compared
with theoretical calculations based on the cationic exciton model. Thus, as in
the case of PbI2, the magnetic field dependence of the photon energies of the
split peaks for the σ and π polarizations is well explained by the cationic exciton
model [481].

For the Faraday configuration with B ‖ c, on the other hand, a diamagnetic
shift proportional to B2 and a linear Zeeman effect were observed. The g-factor
and the diamagnetic shift coefficient of the four absorption lines are listed in
Table 5.2. Both values are not very different among the four lines. It should
be noted that the g-factor is much larger than in PbI2, but σ is much smaller.
From these values, we can obtain the binding energy of the exciton and the Bohr
radius employing the Wannier exciton model, although it is not clear whether
the Wannier exciton model is applicable for such a small radius exciton.

Table 5.2 Values of the g factor and the diamagnetic shift coefficient σ of the
four absorption lines in C6H13NH3)2PbI4 [472]

line 1 line 2 line 3 line 4 PbI2
g 1.80 1.81 1.70 1.61 0.89

σ (107eV/T2) 3.53 3.12 2.70 2.16 9.7

5.7 Faraday rotation

5.7.1 Principle of Faraday rotation

Faraday rotation is a fundamental optical phenomenon related to the polarization
of the electromagnetic wave in a magnetic field discovered by M. Faraday in
1845. When linearly polarized light propagates through a sample in the parallel
direction to the applied magnetic field, the polarization plane is rotated by an
angle θ in proportion to magnetic field B and the sample thickness d. The relation
is expressed in the normal case as

θF = V Bd. (5.49)

The coefficient V is called the Verdet constant. As the angle is proportional to
the field, the Faraday rotation is useful as a supplementary tool for calibrating
the magnetic field accurately. The Faraday rotation is usually measured with a
set up as shown in Fig. 5.51. The sample is sandwiched by two linear polarizers.
The first polarizer is called simply “polarizer”and the second one is “analyzer”.
The transmitted light intensity through the polarizer, sample and the analyzer
is

I = I0 cos2(θF + α0), (5.50)

where I0 is the intensity of the incident light and α0 is difference in the polar-
ization angle between the two polarizers. An example of the raw data of the
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Faraday rotation for GaP in very high magnetic fields is shown in Fig. 5.52. It is
seen that the signal has a cosine function as shown in (5.50) and the two signals
for α0 = +45◦ and -45◦ are symmetric.

The normal modes of a radiation propagating along the magnetic field (z-
direction) are the circularly polarizations whose electric vector are expressed by
complex quantities,

σ̂+ =
1√
2
(Ex + iEy), (5.51)

Fig. 5.51. Experimental set up for observing Faraday rotation.

Fig. 5.52. Faraday rotation signal observed for GaP, measured in very high magnetic
fields up to 420 T generated by electromagnetic flux compression. The upper and
the lower trace are for the angles α0 = +45◦ and –45◦, respectively. The wavelength
of the radiation was 632.8 nm and the thickness of the sample 0.45 mm.
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σ̂− =
1√
2
(Ex − iEy). (5.52)

(5.53)

The dielectric constant of an isotropic material in a magnetic field is written as

ε =

⎛⎝ εxx εxy 0
−εxy εyy 0

0 0 εzz

⎞⎠ . (5.54)

The off-diagonal component εxy is induced by the magnetic field, and usually we
can put εxy ∝ B. The dielectric constant is represented by the real and imaginary
parts of the refraction index as

ε = (n− ik)2. (5.55)

If we define the dielectric constant and the refractive index for the circular po-
larizations as

ε±(ω) = εxx ∓ iεxy = (n± − ik±)2, (5.56)

These quantities can be used as the scalar coefficients for the circularly polarized
field vector. The electric vector of a radiation linearly polarized along the x-
direction can be written as a combination of these two normal modes,

Ex = Eσ+ + Eσ− . (5.57)

Faraday rotation arises if there is a difference in the refractive index between the
two normal modes of the circularly polarized radiations (n+ and n−), because
the two components propagate with different velocities through the sample and
form a linearly polarized radiation at the exit with a different phase from that
at the entrance. The dielectric constant consists of the real part ε(1) and the
imaginary part ε(2) and is given by

ε± = ε
(1)
± + iε

(2)
± . (5.58)

The absorption coefficient is given by

α± = −ωε
(2)
±

cn±
. (5.59)

The rotation angle is expressed as

θF =
ωd

2c
(n+ − n−)

=
ωd(n2− − n2+)

4nc

=
ωd(ε(1)− − ε

(1)
+ )

4nc
. (5.60)
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(5.61)

In semiconductors, the dielectric constant and thus the refractive index are
predominantly determined by the virtual optical transition between the valence
band and the conduction band, and represented as

ε±(ω) ∼= n2± ∼=
∑
ij

fij
E2ij − (h̄ω)2

, (5.62)

where Eij is the difference energy between the initial and the final states of the
virtual transition and the fij is the matrix element of the transition.

The difference in the refractive index is written as

n+ − n− =
n

E∆Eij , (5.63)

where ∆Eij is the transition energy difference between the right circularly polar-
ized radiation and the left circularly polarized radiation. We then obtain

θF =
ωd

2c
∂n

∂E∆Eij . (5.64)

This is a useful expression for analyzing Faraday rotation in terms of the
involved transition energy ∆Eij .
5.7.2 Interband Faraday rotation

It was shown in the previous section that the Faraday rotation is determined by
the difference in the dielectric constant between the left circular and right cir-
cular polarizations. In semiconductors, the dielectric constant is largely affected
by the virtual optical transition between the valence band and the conduction
band. Boswarva, Howard, and Lidiard calculated the Faraday rotation angle in
semiconductors with a band-gap Eg based on a simple model of the Landau
level structure and the dielectric constant determined by the virtual interband
transitions [489]. Although the valence band structure in magnetic fields is com-
plicated, as seen in Section 2.4.3, Boswarva et al. assumed that the energies of
the conduction band and the valence band are expressed as follows.

Ec(N, kz,mJ) = Ec0 +
(

N +
1
2

)
h̄ωcc + gcµBBmJ +

h̄2k2z
2mc

,

Ev(N, kz,mJ) = Ev0 +
(

N +
1
2

)
h̄ωcv + gvµBBmJ +

h̄2k2z
2mv

. (5.65)

If we separate the Landau level splitting, the Zeeman energy of the conduction
band and the valence band is as shown in Fig. 5.53. The selection rules of the
transition are ∆N = 0, ∆kz = 0, and ∆mJ = +1 for the σ+ radiation and ∆mJ
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Fig. 5.53. Allowed transitions for the circularly polarized radiation σ+ and σ+ in the
case of interband transition just focusing on the spin states neglecting the Landau
level splitting.

= –1 for the σ− radiation. The transition energy between the allowed transition
is

h̄ω±
N = Eg +

(
N +

1
2

)
h̄(ωcc + ωcv) +

h̄2k2z
2µ∗ ± γB, (5.66)

where
1
µ∗ =

1
mc

+
1

mv
, γ =

gc + gv
2h̄

µB . (5.67)

The Faraday rotation angle is then

θF (ω) ∝ 1
2πl2

∑
N

∫
dkz

⎡⎢⎣ 1(
h̄ω−

N + h̄2k2
z

2µ∗

)2
− (h̄ω)2

− 1(
h̄ω+N + h̄2k2

z

2µ∗

)2
− (h̄ω)2

⎤⎥⎦ .

(5.68)
The integration with respect to kz can be readily executed. For the wavelength
range longer than the absorption edge, h̄ωc � Eg, (5.68) can be expanded as a
power series of γB, and taking the first term, we obtain,

θF (ω) ∝ B

ω
γB

∞∑
N=0

[
1

(ωN − ω)3/2
− 1

(ωN + ω)3/2
− 3ω

ω
5/2
N

]
, (5.69)

where we put

h̄ωN = Eg + (N + 1/2)
h̄eB

µ∗ , (5.70)
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Fig. 5.54. Faraday rotation angle in CdS as a function of magnetic field at different
wavelengths [491]. The broken lines show the linear extrapolations of the low field
data. The number indicated for each curve shows the wavelength of the radiation
in nm.

and added a constant term so that the θ should tend to 0 for ω → 0. For weak
magnetic field, eB/µ∗ � ωg − ω, the summation over N can be replaced by
integration over dB and we obtain,

θF (ω) ∝ µ∗

eω
γB

[
1

(ωg − ω)1/2
− 1

(ωg + ω)1/2
− ω

ω
3/2
g

]
. (5.71)

Although the calculation by Boswarva et al. is based on an simple model of the
Landau level structure, (5.71) is instructive, showing that the θF is proportional
to magnetic field in the low field limit and that it increases as h̄ω approaches
the band gap Eg. This feature can be conveniently used for the calibration of
the magnetic field. However, for very high magnetic fields where h̄ωc becomes
non-negligible in comparison to Eg, the higher order terms give a non-linear
contribution. From (5.71), we can expect that θF (B) deviates from the linear
dependence showing an up-turn. Fowler et al. found such a non-linearity in the
Faraday rotation in CdS [490]. Figure 5.54 shows the data of the Faraday rotation
observed by Imanaka et al. for CdS in very high magnetic fields [491]. We can
see that for small h̄ω, the rotation angle vs. field curve is almost linear, but as it
is increased, there is a tendency to become superlinear. The deviation from the
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linear dependence becomes larger as the wavelength is decreased approaching
the absorption edge.

When h̄ω exceeds Eg, interband transition between the Landau levels takes
place, and we can expect that the rotation angle shows oscillatory behavior as
a function of photon energy like the absorption spectra. The oscillatory Faraday
rotation in such a regime was investigated by Nishina, Kolodziejczak and Lax
in detail for Ge [492, 493]. Oscillatory Faraday rotation was also investigated in
InSb by Pidgeon and Brown [13].
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DILUTED MAGNETIC SEMICONDUCTORS

6.1 Diluted magnetic semiconductors in high magnetic fields

6.1.1 Diluted magnetic semiconductors

When semiconductor crystals are doped with magnetic impurity ions, the crystals
possess both semiconducting and magnetic properties. Thus many possibilities
for application to useful devices are opened up. A number of early attempts to
clarify the properties of magnetic impurities in semiconductors were made in
order to study the electron spin resonance in magnetic ions. In the early 1970s,
a Warsaw-based group developed a new class of diluted magnetic semiconduc-
tors, II-VI semiconductors doped with transition metal ions such as Mn2+ or
Fe2+ [494–496]. The magnetic ions are substituted for the cations of the mother
crystals isoelectrically, and act as randomly distributed paramagnetic ions. This
series of crystals was named “Semimagnetic semiconductors” or “Diluted mag-
netic semiconductors” (DMS) [497]. The magnetic ions greatly modify the elec-
tric and optical properties, particularly the spin Zeeman splitting of the crystals.
As the Zeeman energy becomes enormous (giant Zeeman splitting), the crystals
show very large Faraday rotation (giant Faraday rotation). This can be utilized
for various optical device applications. The magnetism of the doped crystals
themselves is of interest in the light of random magnetism. For instance, antifer-
romagnetic exchange interaction between the magnetic ions causes complicated
magnetization. Magnetic ion pairs sitting in the nearest neighbor sites bring
about successive step-wise magnetization increase. Triples and larger clusters
cause more complicated magnetization. A spin glass phase was found in crystals
with some concentration of magnetic ions at low temperatures [498]. In high
magnetic fields, we can study these interactions by optical and magnetization
measurements.

Many different crystals of DMS have been grown and investigated so far.
At first, the research effort was devoted to II-VI compounds [497], but later
good crystals of IV-VI compounds such as PbMnTe or PbMnSe have also been
developed [499]. More recently, highly doped DMS based on III-V compounds
such as GaAs or InAs have been attracting much attention because some of
them undergo the ferromagnetic transition [500–502]. Now study of this class of
semiconductors has become a very important research field in connection with
many possible future applications such as “spintronics” [503].

272
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6.1.2 Energy levels in the conduction band and the valence band

Magnetic interactions of conduction electrons and holes with magnetic ions are
characterized by the s− d or p− d interaction represented by

H′
sd =

∑
Rn

J(r −Rn)σ · Sn, (6.1)

where σ is the spin operator of a conduction electron or a hole and σ is the
spin operator of the magnetic ions at a site Rn. The energy band structure is
influenced by such a magnetic interaction. For zinc blende crystals, we can take
the basis functions as defined in Eq. (2.149). The interaction (6.1) has matrix
elements between the lattice periodic functions,

α = < S|J |S >, (6.2)
β = < X|J |X >=< Y |J |Y >=< Z|J |Z > . (6.3)

The parameters α and β represent the strength of the incorporation of the effect
of magnetic interaction in the energy levels. The s, p− d interaction introduces
an additional term in the k ·p Hamiltonian of the Pidgeon-Brown model,

D′ =
(

D′
a 0

0 D′
b

)
.

D′
a and D′

b are for the a-set and b-set in the Pidgeon-Brown model. The addi-
tional term is represented using α and β [504–506,277],

D′
a =

⎛⎜⎜⎝
1
2N0β < Sz > 0 0 0

0 1
2N0α < Sz > 0 0

0 0 − 1
6N0β < Sz > − i

√
2
3 N0β < Sz >

0 0 i
√
2
3 N0β < Sz > 1

6N0β < Sz >

⎞⎟⎟⎠ ,

D′
b =

⎛⎜⎜⎝
− 1
2N0β < Sz > 0 0 0

0 1
6N0β < Sz > 0 i

√
2
3 N0β < Sz >

0 0 − 1
2N0β < Sz > 0

0 − i
√
2
3 N0β < Sz > 0 − 1

6N0β < Sz >

⎞⎟⎟⎠ .

(6.4)

Here < Sz > stands for the expectation value of the z-component of the spin
of the magnetic ions, and N0 is the number of unit cells per unit volume in the
crystal. The magnetic energy levels are obtained by adding (6.4) to the Pidgeon-
Brown Hamiltonian. The Hamiltonian including the s, p− d interaction (6.4) is
called the modified Pidgeon-Brown Hamiltonian.

Solving the Schrödinger equation with the Hamiltonian including the s, p−d
interaction, we can obtain the Landau levels in diluted magnetic semiconductors.
In the low field range at low temperatures, the spin Zeeman effect is enhanced
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Table 6.1 Exchange interaction parameter α and β in Mn-doped II-VI com-
pounds [507]

Material N0α(eV) N0β(eV)
Cd1−xMnxTe 0.22 –0.88
Zn1−xMnxSe 0.18 –1.05
Cd1−xMnxSe 0.26 –1.11
Zn1−xMnxSe 0.26 –1.31
Cd1−xMnxS 0.22 –1.80

due to the contribution of < Sz > and the Zeeman splitting of the magnetic ions
is larger than the Landau level splitting h̄ωc of the host crystal. The energies of
the conduction band and the valence band Ec,vN are roughly expressed as

EcN ≈ αxN0σ < Sz > +
(

N +
1
2

)
h̄ωc, (6.5)

EvN ≈ βxN0MJ < Sz > +EN (0), (6.6)

where EN (0) denotes the Landau level splitting of the valence bands. Therefore,
the spin splitting as shown in Fig. 5.53 predominates the Landau level formation
in each spin-split level. However, as the field is increased, the spin splitting and
the Landau level splitting compete and the levels show complicated structure.
In the high field limit where < Sz > saturates, the levels tend to the Landau
level energies of the host crystal.

The effect of the doping of magnetic ions is determined by the s, p − d in-
teraction characterized by N0α and N0β. The magnitudes of these parameters
in some representative DMS are listed in Table 6.1 [507]. It should be noted
that the sign is opposite between α and β, and the absolute magnitude of β is
considerably larger than that of α.

6.2 Giant Faraday rotation

6.2.1 Faraday rotation in diluted magnetic semiconductors
As we have seen in Section 5.7, Faraday rotation is caused by virtual electronic
transitions between energy levels. In magnetic substances, normally the term
∆Eij in (5.63) is proportional to the magnetization of the material. Therefore,
the rotation angle θF has a term proportional to the magnetization M , and is
expressed as follows:

θF = θdia + θM

= VdiaBd + VMMd. (6.7)

Here the first term is the ordinary diamagnetic Faraday rotation as discussed in
Section 5.7, and the second term is the magnetic term. As it contains the term
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proportional to M , the Faraday rotation is a convenient method for measuring
the magnetization optically. This is especially useful in pulsed high magnetic
fields.

In DMSs, the Landau level splitting is usually smaller than the spin Zeeman
splitting up to some field, so that the optical transitions between the magnetic
energy levels can be roughly approximated by those as shown in Fig. 5.53 in
the low field limit. Such a selection rule gives rise to a component of Faraday
rotation proportional to < Sz >, and this component provides the dominant
contribution to the Faraday rotation. Faraday rotation in DMSs containing 3d
transition metals is then represented as

θF = χ(h̄ω)Bd + θ0(h̄ω)BS

(
SgµBB

kT

)
d. (6.8)

Here, the first and the second terms correspond to θdia and θM in Eq. (6.7). BS
is the Brillouin function,

BS(x) =
2S + 1

2S
coth

(
2S + 1

2S
x

)
− 1

2S
coth

(
1

2S
x

)
. (6.9)

and S is the spin of the magnetic ions. The coefficients χ(h̄ω) and θ0(h̄ω) are
functions of photon energy. Reflecting the large effect of the magnetization in
the second term, DMSs generally show a very large Faraday rotation, called
“giant Faraday rotation” [508]. Near the wavelength of exciton absorption line,
the rotation is enhanced further. This may be useful for some devices as Faraday
rotators. Figure 6.1 shows the Faraday rotation signal of Cd1−xMnxTe (x = 0.1)
in high fields up to 150 T generated by the single turn coil technique [509]. By
using a Wallaston prism as an analyzer, we can obtain two signals with a 90◦

difference in α in Eq. (5.50) simultaneously. In this case, α = ± 45◦.
It should be noted that the direction of the rotation by the two terms in

(6.8), is just opposite to each other. Corresponding to the sign of the magneti-
zation, we call the first term the diamagnetic rotation, and the second term the
paramagnetic rotation. In a relatively low magnetic field, the absolute value of
the second term is much larger than that of the first term, so the rotation angle
increases sharply in proportion to < Sz >. As the field is increased, < Sz >
tends to saturate and then the first term whose absolute value is almost pro-
portional to external magnetic field increases its importance. Then the rotation
angle starts decreasing.

Such a competition between the diamagnetic and paramagnetic Faraday ro-
tations was actually observed in Zn1−xMnxSe [510–512]. In order to investigate
the wavelength dependence of Faraday rotation as well as the field dependence
in pulsed magnetic fields, it is convenient to use streak spectroscopy techniques,
as will be mentioned in Section 7.3.2. Figure 6.2 shows the streak spectra of
Faraday rotation in Zn0.985Mn0.015Se at low temperatures. The left-hand spec-
trum was obtained by using a CCD system in a long pulse field up to 40 T at
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Fig. 6.1. Faraday rotation in Cd0.90Mn0.10Te in high magnetic fields for α0 = 45◦ and
–45◦ [509].

1.6 K. The right-hand figure was obtained by using an image converter system
in a short high pulse field up to 150 T at 7 K. The figures show only the signal
intensity, with the abscissa indicating the time, and the ordinate indicating the
photon energy. From these streak spectra, we can derive the signal intensity and
the Faraday rotation angle as functions of magnetic field and photon energy.
Figure 6.3 shows the Faraday rotation angle as a function of magnetic field for
different wavelengths. We can see clearly a remarkable feature of the Faraday ro-
tation in DMS. In the whole photon energy range, Faraday rotation first increases
rapidly with field in the low field range, but at some field around 5 T, it takes
a maximum and starts decreasing in higher fields. This feature can be explained
by Eq. (6.8) in terms of the competition between the paramagnetic component
(magnetic term) and the diamagnetic component, as mentioned above. Actually,
the observed rotation angle is in good agreement with the curve calculated from
Eq. (6.8) by taking suitable χ(h̄ω) and θ0(h̄ω).

Regarding the photon energy dependence of the Faraday rotation, the coeffi-
cients χ(h̄ω) and θ0(h̄ω) derived by curve fitting as shown in Fig. 6.3 are plotted
in Fig. 6.4 [512]. The coefficient θ0(h̄ω) increases as the photon energy h̄ω ap-
proaches the band gap. This tendency is in reasonably good agreement with the
theoretical expression for DMS [513],
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Fig. 6.2. Streak spectra of the Faraday rotation in Zn0.985Mn0.015Se [512]. Left: up
to 40 T at 1.6 K. Right: up to 150 T at 7 K. The abscissa indicates the time axis,
and the magnetic field rises from left to right nearly sinusoidally and returns to
zero in the right edge, taking a maximum in the middle. The ordinate indicates the
photon energy. The light and shade demonstrate the light intensity detected by a
CCD or an image converter camera as a function of wavelength and magnetic field.
The interval between the stripes indicates the rotation of 180◦.

Fig. 6.3. Faraday rotation angle of Zn0.985Mn0.015Se up to 40 T at 1.6 K. The points
are experimental data and the solid lines were calculated from Eq. (6.10) [511].
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Fig. 6.4. Photon energy dependence of the coefficients of the Faraday rotation angle,
χ(h̄ω) and θ0(h̄ω) in Zn0.985Mn0.015Se [512].

θM =
(√

F0d

2h̄c

β − α

gMµB
M

)
1
E0

y2

(1− y2)3/2
,

y =
h̄ω

E0 , (6.10)

where F0 is a constant involving the oscillator strength of the excitonic transition,
gM is the Lande g-factor of the Mn2+ spins and E is a single oscillator energy.

The coefficient –χ(h̄ω) also increases as the energy approaches the band gap,
which is expected from the nature of the interband Faraday rotation. However,
an interesting point is that it reaches a maximum at around 2.4 eV and starts
decreasing with increasing energy. This anomaly is directly visible in the right-
hand figure of Fig. 6.2 as an egg-shaped light region centered at around 2.4 eV.
The unusual energy dependence may be explained in terms of a contribution
of an electronic transition within Mn2+ ions which exists in the vicinity of 2.3
eV [514].

In the left-hand figure of Fig. 6.2, the stripes show small wavy changes.
This is due to the magnetization steps as will be discussed in Section 6.3.2.
From the magnetic field where the changes take place we can determine the
antiferromagnetic exchange interaction constant between Mn2+ ions [510].

6.2.2 Exciton spectra in diluted magnetic semiconductors
Besides the giant Faraday rotation, measurement of the exciton spectra is also
a powerful tool for studying the magnetic properties of DMS. In relatively wide
gap DMS, such as CdMnTe, CdMnSe or ZnMnSe, the exciton peak is clearly
seen in the photoluminescence spectra. The magnetic field dependence of the
energy of the 1s exciton in DMS is given by
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∆E(B) = −1
2
N0(α− β) < Sz > −1

2
|ge − gh|B + σB2. (6.11)

The first term comes from the change of the band gap. The second term is from
the Zeeman splitting and the last term is from the diamagnetic shift. The mag-
netic field dependence of the first term is very large at low temperatures, so that
the exciton line shows a large shift to the low energy side in a magnetic field.
From such a shift, we can obtain the information of the spin state < Sz >. Ex-
perimental data of excitons in DMS will be discussed for quasi-two-dimensional
systems in Section 6.4.

6.3 Exchange interactions in DMS

6.3.1 Magnetization curve in magnetic semiconductors

In DMS, there are possibilities for two magnetic ions to occupy lattice sites closely
located with each other. The nearby magnetic ions interact with each other by
some magnetic interactions. The magnetic interactions of randomly distributed
magnetic ions have been investigated for many years. It is known that the 3d
ions in II-VI compounds interact with each other antiferromagnetically. This
results in the zero cross of the 1/χ − T curve at a negative temperature [515],
and the appearance of the spin glass phase at low temperatures in highly doped
crystals [497,498].

The antiferromagnetic interaction between magnetic ions substitutionally
doped in II-VI compounds is the direct superexchange via the anions. The su-
perexchange interaction constant J is determined by the bond angle and thus
by the ionic radii of the magnetic ions and ions in host crystals [507].

When the concentration of the magnetic ions is small, each magnetic ion is
almost independent and the crystals show almost ideal paramagnetic behavior
represented by

M = NgµBSBS

(
gSµBB

kT

)
, (6.12)

where N is the number of magnetic ions and BS(x) is the Brillouin function.
As the concentration is increased, the probability for magnetic ions to come to
the nearest neighbor (NN) sites increases rapidly. This results in the decrease of
the magnetization due to their antiferromagnetic interactions. The probability
of an ion being separated from other magnetic ions in a zinc blende crystal with
a concentration of x is

P1 = (1− x)12, (6.13)

as there are 12 NN sites. Similarly, the probability of ions forming a NN pair is

P2 = 12x(1− x)18. (6.14)

As regards the probability for three ions to come to the NN, we have to think of
two cases depending on the sites for the third ion to sit, the open triangle and
the closed triangle,
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Table 6.2 Probability for single ions, pairs, and triangles.

x 0.1 0.2 0.3 0.4 0.5
P1 0.282 0.0687 0.0138 2.18 ×10−2 2.44 ×10−4

P2 0.180 0.0432 5.86×10−3 4.87 ×10−4 2.29 ×10−5

P3a 0.104 0.0255 2.44×10−3 1.13 ×10−4 2.41 ×10−6

P3b 0.0236 7.08×10−3 8.45×10−4 5.05 ×10−5 1.43 ×10−6

P3a = 18x2(1− x)23(7− 5x), (6.15)

for an open triangle (three ions with two outer ions not as NN), and

P3b = 24x2(1− x)22, (6.16)

for closed triangles (three ions with each ion having the other ions as NN). Table
6.2 shows the probabilities P1, P2, P3a, and P3b as a function of x. P1 is a rapidly
decreasing function of x, and for large x, the probability of ions of forming pairs,
triangles, and larger clusters becomes very large. Actually, P1 is surprisingly
small for substantial amount of x. As the concentration of the magnetic ions
x increases, the simple magnetization of the single ions is decreased and the
magnetization of groups of ions contributes to the total magnetization. Because
of the antiferromagnetic interactions, the magnetization of the large clusters
does not show saturation up to high magnetic fields. Heiman et al. found in
Cd1−xMnxTe with relatively large x that the effect of the Mn clusters on the
magnetization is approximately represented by a linear function of magnetic
field, and the total magnetization can be written as,

M(B) = MsB 5
2

(
5µBB

kBTeff

)
+ χclusterB, (6.17)

for x > 0.2 [516]. Nicholas et al. derived an empirical formula [517],

< Sz >=
[
S0 +

(
5
2
− S0

)
B 5

2
(ξ2)

]
B 5

2
(ξ1),

ξi =
5gµBH

2kB(T + Ti)
(i = 1, 2). (6.18)

Here, S0 is an effective spin of an isolated single magnetic ion, T1 is a parameter to
represent the weak antiferromagnetic interaction in a low magnetic field, and T2
is a parameter to represent stronger antiferromagnetic interaction of the clusters.

Equations (6.17) and (6.18) show that the magnetization of DMS with a
substantial fraction of x does not saturate easily even in high magnetic fields.
Isaacs et al. measured the magnetization M of Cd1−xMnxTe by means of the
Faraday rotation up to 150 T for different x up to 0.5. The experimental results
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Fig. 6.5. Faraday rotation angle in Cd1−xMnxTe for different x [518].

of < Sz > deduced from the rotation angle are shown in Fig. 6.5 [518]. Here the
diamagnetic term θdia in (6.7) is subtracted from the rotation angle to extract
θM from θF . As clearly seen in the figure, the magnetization does not show a
saturation even in a field of 150 T for large x. The curves are in reasonably good
agreement with the theoretical calculation of < Sz >,

< Sz >=< Sz >1 + < Sz >2 + < Sz >3a + < Sz >3b + < Sz >cluster, (6.19)

where < Sz >1, < Sz >2, < Sz >3a, < Sz >3b and < Sz >cluster denote the spin
alignment of the single ions, the pairs, the open triangles, the closed triangles,
and other magnetic ions in clusters of four or more ions.

6.3.2 Magnetization steps

The spin alignment of the pairs, the triangles and the clusters shows compli-
cated magnetic field dependences, because of the crossing of the spin levels with
increasing field. The change of the total magnetization arising from the level
crossing is generally small, but a change of the spin alignment of the pairs can
be clearly observed at low temperatures as a step-wise change of the magnetiza-
tion.

In the case of Mn ions in II-VI compounds, the spin S of an ion is 5/2. Two
ions in the nearest neighbor sites S1 and S2 are coupled to form a pair by the
antiferromagnetic exchange interaction. The energy of the pair is

Eex = −2JNNS1 · S2. (6.20)
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Here JNN is the antiferromagnetic exchange interaction constant. The total spin
of the pair is

ST = S1 + S2. (6.21)

Since S2T = S21 + S22 + 2S1 · S2,

S1 · S2 =
1
2
[
S2T − (S21 + S22)

]
=

1
2

[
ST (ST + 1)− 2 · 5

2

(
5
2

+ 1
)]

, (ST = 0, 1, 2, 3, 4, 5). (6.22)

The exchange energy (6.20) is

E0ex,ST
= −JNN

[
ST (ST + 1)− 35

2

]
. (6.23)

Fig. 6.6. (Upper panel) Energy levels of a magnetic ion pair with S = 5/2 in a magnetic
field. (Lower panel) Variation of < Sz > as a function of B. Steps appear at B1,
B2, B3, B4, B5.
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The ground state is a non-magnetic singlet state with ST = 0, and the excited
states ST = 1–5 are arranged as shown in Fig. 6.6. Under a magnetic field, the
excited states show the Zeeman splitting and their energies are written as,

Eex(B) = E0ex,ST
+ gµBSzB, (Sz = −ST , ST + 1, · · · , ST ). (6.24)

As the magnetic field is increased, the higher excited states cross the lowest
state successively. As the new ground state has a magnetic moment in the field
direction, < Sz > of the ground state shows a step-wise increase by 1 at each
level crossing. The first level cross-over takes place between the ST = 0 and (ST
= 1, Sz = –1) state at a field,

B1 =
2|JNN |
gµB

. (6.25)

Similarly, the N -th cross-over occurs between the (ST = N–1, Sz = N–1) state
and the (ST = N , Sz = –N) at

BN =
2N |JNN |

gµB
, (N = 1, 2, 3, 4, 5). (6.26)

The interval between the adjacent cross-over fields has essentially a uniform
value ∆BN = 2|JNN |/µBB. Corresponding to the change of the ground state,
the magnetization shows step-wise changes at BN . The change is very sharp at
T = 0, but as the temperature is raised, the steps show thermal broadening.
The magnetization steps due to the ion pairs have been observed in many II-VI
compounds doped with transition metal magnetic ions. From the field positions of
the steps, the antiferromagnetic exchange constant JNN between the magnetic
ions can be obtained [519]. Due to the antiferromagnetic interaction of each
member of the pair with other spins in the crystal, the first step occurs at a
field slightly higher than the value given by (6.25), but the interval between the
steps is almost ∆BN = 2|JNN |/µBB [520]. The steps were observed not only in
magnetization, but also in magneto-resistance [521], Faraday rotation [510], and
in photoluminescence [522]. Table 6.3 lists the values of JNN in various II- VI
and IV-VI compounds obtained from the magnetization steps and from various
other techniques, which have been reported in different literatures.

6.3.3 Narrow gap DMS

Narrow gap semiconductors with many free carriers such as HgTe or HgSe-based
DMS are promising materials for practical applications, because transport prop-
erties can be controlled by magnetic ions. It is interesting to see whether the
steps can be observed in transport properties as well. Yamada et al. actually
observed the change of the magneto-resistance at the position of the steps in
Hg1−x−yCdxMnyTe [521]. In narrow gap DMS, there is a possibility of the contri-
bution of the virtual intraband and interband transitions of the valence electrons
to the antiferromagnetic exchange interaction besides the direct exchange. These
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Table 6.3 Exchange interaction constant JNN in II-VI and IV-VI compounds
reported in different literatures.

Material −JNN/kB (K)
Zn1−xMnxS 16.9 ±0.6
Zn1−xMnxSe 9.9 ±0.9, 12.2±0.3
Zn1−xMnxTe 10.8 ±0.8, 10.1±0.4
Cd1−xMnxS 8.6 ±0.9, 10.5 ±0.3
Cd1−xMnxSe 8.3 ±0.7, 7.9 ±0.5
Cd1−xMnxTe 6.3 ±0.3, 6.1 ±0.3,

6.2 ±0.2
Hg1−xMnxSe 6.0 ±0.5, 5.3 ±0.5
Hg1−xMnxTe 5.1 ±0.5, 4.3 ±0.5
Pb1−xMnxSe ≈ 1
Pb1−xMnxTe ≈ 1
Zn1−xFexSe 22 ±2

Fig. 6.7. Virtual electron transitions contributing the indirect exchange interaction.
Process A (intraband transition) gives the RKKY interaction [524], and B (inter-
band) the Bloembergen-Rowland interaction [525].

antiferromagnetic interactions are called indirect exchange interactions [523].
Figure 6.7 shows the virtual electron transitions which induce the exchange in-
teractions via valence electrons. The transitions are caused by the s-d interaction
given by (6.1). The second order perturbation energy of the s-d interaction is

∆E(2) =
∑
ifkk′

f(Eik)[1− f(Efk′)]
Eik − Efk′

| < ik|Hs−d|fk′ > |2. (6.27)

When we write the exchange energy between Si and Sj as
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Eex =
∑
ij

Iij(Rij)Si · Sj , (6.28)

the exchange interaction constants Iij for the transition A and B are

I intraij =
1

Ω2
∑
kk′

f(Eck − f(Eck′)
Eck − Eck′

exp[i(k − k′) ·Rij ]

×
∑
σσ′=±

| < uckσ|J(r)σz|uck′σ′ > |2, (6.29)

I interij =
2

Ω2
∑
kk′

f(Evk′ [1− f(Eck)]
Evk′ − Eck exp[i(k − k′) ·Rij ]

×
∑
σσ′=±

| < uckσ|J(r)σz|uck′σ′ > |2. (6.30)

Here unkσ is the Bloch part of the valence electron, k and k′ are the wave vector,
Rij is the displacement vector between the ions i and j, and f is the distribution
function.

The intraband term I intraij gives the well-known RKKY (Ruderman-Kittel-
Kasuya-Yosida) interaction and results in

I intraij =
4J2m∗k4F

(2π)3
F (2kFRij),

F (x) =
x cosx− sinx

x4
, (6.31)

where kF is the Fermi wave vector [524]. It is an oscillating function of kFRij .
The interband term I interij is called the Bloembergen-Rowland interaction [525].
In quaternary compound Hg1−x−yCdxMnyTe, the band gap Eg can be systemat-
ically changed by controlling x, fixing the Mn concentration y almost constant.

The exchange constant of Hg1−x−yCdxMnyTe was measured for different
band gaps by observing the magnetization steps [526]. The fields of the mag-
netization steps are shown in Fig. 6.8 up to N = 3. It was found the step
positions showed no significant dependence on Eg. Thus it was concluded that
the Bloembergen-Rowland mechanism provides only a negligibly small contribu-
tion to the exchange constants in DMS. The carrier concentration dependence of
the step position is also indiscernible in DMS. Therefore, the RKKY interaction
is negligibly small in DMS in the relatively small x range where the steps are
clearly observed (x < 0.1).
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Fig. 6.8. Energy gap dependence of the magnetic field positions B(T) of the steps (N
= 1–3) in Hg1−x−yCdxMnyTe [526].

Among narrow gap DMS, Fe-doped Hg-compounds, HgTe:Fe and HgSe:Fe
are known to have quite unique properties [527]. The localized Fe2+ states are
degenerate in the conduction band. In the case of HgSe:Fe, the Fe level is lo-
cated 210 meV above the bottom of the conduction band and provide carriers
in the conduction band, by changing the valency of Fe ions from Fe2+ to Fe3+

up to a critical density of nFe = 5×1018 cm−3, the electron density correspond-
ing to EF = 210 meV. Above this Fe density, the Fermi level is pinned to the
Fe2+ state, and this situation brings about a number of interesting properties,
such as the three-dimensional analogue of the quantum Hall effect [528]. The
carrier mobility is enormously enhanced to the order of 106 cm2/V·s above this
critical density and the Shubnikov-de Haas effect can be clearly observed. The
reason for the mobility enhancement is not totally clarified, but a few theoretical
models have been proposed, such as the formation of a space charge superlat-
tice by Fe+3 ions [529] or the localized zero-scattering potential model [530].
Figure 6.9 (a) shows the Shubnikov-de Haas effect observed in the transverse
magneto-resistance of Hg0.99Mn0.1Se:Fe [530]. Due to the high mobility of the
samples, the magneto-resistance oscillation can be clearly observed up to the
highest measured temperature (92 K). Also, a tail is observed in the low field
side of each peak reflecting the density of states of the Landau levels. The Fe
doping does not induce any remarkable increase of the spin splitting, but be-
cause of the presence of the Mn ions, the effect of the enhanced spin splitting is
clearly seen. In addition, we can see that the spin splitting is decreased as the
temperature is increased.
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Fig. 6.9. Shubnikov-de Haas effect in Hg1−xMnxSe:Fe (x = 0.01) [530]. nFe = 5×1019

cm−3. (a) Experimental traces of the transverse magneto-resistance at different
temperatures. (b) Plot of the relation between the quantum number N and the
inverse of the peak positions of the Shubnikov-de Haas oscillation for the spin-up
and spin down-states.

6.4 Properties of two-dimensional DMS systems

6.4.1 Exchange interaction in DMS quantum wells

In quantum wells comprising DMS layers, we can observe characteristic features
different from bulk crystals. There are three different types of DMS quantum
wells. The magnetic barrier type has a non-magnetic quantum well sandwiched
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by DMS layers as barriers. DMS such as Cd1−xMnxTe has a larger band gap
than its mother crystal (such as CdTe), so that they can be used as barrier layers
to form a quantum well structure such as Cd1−xMnxTe/CdTe/Cd1−xMnxTe.
Wave functions of electrons and holes confined in the non-magnetic layers partly
penetrate into the magnetic barriers, so that they can have magnetic properties.
Uniform quantum wells (uniform type) have a structure in which magnetic ions
are doped uniformly both in well layers and barrier layers. An example of this
type is Cd1−yMnyTe/Cd1−xMnxTe/Cd1−yMnyTe (x and y are different). The
third type is the structure with magnetic ions only in quantum wells (magnetic
well type). An example is Cd1−yMgyTe/Cd1−xMnxTe/Cd1−yMgyTe. We can
investigate the confinement effect of DMS in such a structure.

As mentioned in Section 6.2, the giant Zeeman shift of excitons in the magneto-
photoluminescence spectra provides information about the magnetization < Sz >.
Ossau et al. found that in CdTe/CdMnTe quantum wells < Sz > per volume
increases and it becomes larger and larger as the well width is decreased [531].
They attributed this effect to the decrease of the number of pairs and larger clus-
ters near the interface and the interface effect becomes larger as the well width
is decreased. In this situation, < Sz > per volume increases and the value of T1
(effective temperature representing the antiferromagnetic exchange interaction
as that appearing in Eq. (6.18)) decreases as the well width Lw is reduced. This
model has now been generally accepted.

It is an intriguing question how the s−d and p−d exchange interaction con-
stants N0α and N0β depend on the dimensionality or well width. There have been
several reports on this problem both from theory and from experiments [532–
534]. In the uniform type, the portion of the wave function that penetrates into
the barrier layers responds to the exchange interaction in a similar manner to
that in the well layer so that the penetration effect should be very different from
that in the magnetic barrier type. Mackh et al. found in the giant Zeeman shift
of the uniform type quantum well Cd1−yMnyTe/Cd1−xMnxTe/Cd1−yMnyTe (x
= 0.05 and y = 0.25) N0α and N0β have a clear well width dependence as the
well width is decreased [533]. Regarding the well width dependence of N0α and
N0β, Bhattacharjee made theoretical calculations based on the effective mass
approximation including the wave vector dependence of the exchange interac-
tion constant [532]. To represent the modification of these parameters by the
quantum well potential, Bhattacharjee introduced the reduction factor,

ρQW =
αρe − βρh

α− β
, (6.32)

as a function of Lw. αρe and βρh are the modified values of s − d and p − d
exchange parameters (α and β) in a quantum well [532]. The ratio of the Zeeman
splitting of the heavy hole exciton to the magnetization is reduced by this factor.
ρQW is a quantity which is unity at the Lw → 0 and Lw →∞ (3D) limits. ρQW

first decreases as Lw is increased from 1, and after reaching a minimum increases
again tending to 1. It was asserted that the theoretical calculation well explained
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Fig. 6.10. Magneto-photoluminescence spectra for a magnetic well sample
Cd1−xMnxTe/Cd1−yMgyTe (x = 0.08, y = 0.24) with different well widths at T
= 1.5 K [522].

the experimental results of the Lw dependence of ρQW obtained by Mackh et
al. [533]. In this treatment, the effect of the penetration of the wave function is
not taken into account as the experiment was done for the uniform samples.

Studies of the magnetic well samples Cd1−xMnxTe/Cd1−yMgyTe have been
made by Yasuhira et al. in pulsed high magnetic fields [522,535,536]. Figure 6.10
shows the magneto-photoluminescence spectra for a magnetic quantum well sam-
ple Cd0.92Mn0.08Te/Cd0.76Mg0.24Te. Three single quantum wells with different
well widths were fabricated on the same substrate. Exciton peaks were observed
from each quantum well. They show a shift to lower energies as the magnetic
field is increased. Figure 6.11 shows plots of the peak energies of excitons in
samples with slightly different compositions from Fig. 6.10. The peak energy
shows a large red shift reflecting the giant Zeeman energy shift of the exciton
line in quantum wells of the magnetic well sample Cd1−xMnxTe/Cd1−yMgyTe
for different well widths.

The contribution of the ordinary diamagnetic shift of the excitons in host
crystals was subtracted using the data for CdTe/Cd1−yMgyTe samples with the
same well widths. It is clear that the Zeeman shift of the excitons has a significant
well width dependence. The resulting well width dependence of the reduction
factor ρQW extracted from such data after correcting the penetration effect is
shown in Fig. 6.12. It was found that the experimental data of ρQW have a general
tendency similar to the theoretical curve by Bhattacharjee [532]. However, the
absolute value of ρQW obtained from the experiment is about 20% smaller than
the theoretical values. Apart from the quantitative agreement, qualitatively the
experimental results are thus well explained by such a model.
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Fig. 6.11. Giant Zeeman energy shift of the exciton line in quantum wells of the
magnetic well sample Cd1−xMnxTe/Cd1−yMgyTe (x = 0.049, y = 0.37) for different
well widths as a function of magnetic field [522]. The open points indicate the raw
data. Thin lines showing a positive shift are the data in non-magnetic quantum well
with nearly the same well width. Closed points denote the energy shift due to the
Zeeman effect after subtraction of the positive shifts.

6.4.2 Magnetization step in quantum wells

In the previous subsection, it was shown that the s− d or p− d exchange inter-
action is subjected to a significant modification by the well width. Naturally, a
question arises whether the d−d nearest neighbor interaction will be affected by
the quantum confinement. In fact, it is an intriguing question whether JNN de-
pends on the well width or not. It was found in Cd1−xMnxTe/Cd1−yMgyTe
quantum wells, the magneto-photoluminescence spectra exhibit structures at
magnetic fields corresponding to the magnetization steps due to the Mn2+ pairs.
The structure becomes clearer by taking the derivative of the energy of the
peaks with respect to magnetic field. Figure 6.13 shows this derivative dE/dB as
a function of B in Cd1−xMnxTe/Cd1−yMgyTe (x = 0.08, y = 0.24) [522]. The
structure due to the magnetization steps are clearly at B1—B4 corresponding
to the magnetization steps. Table 6.4 shows the exchange interaction constant
JNN determined from the exciton photoluminescence peaks. From the fields of
the structures, the antiferromagnetic exchange constants were obtained for each
quantum well as listed in Table 6.4. Apparently, there is no significant well width
dependence of the exchange constant including the bulk value. In other words,
the direct exchange interaction is not much affected by the quantum confine-
ment. This is in sharp contrast to the s, p − d exchange interaction, which is
largely reduced by the confinement.
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Fig. 6.12. Well width dependence of ρQW extracted from the giant Zeeman shift of
the excitons in Cd1−yMgyTe/Cd1−xMnxTe/Cd1−yMgyTe after subtracting the con-
tribution of the ordinary diamagnetic shift of the host crystal CdTe [535,536]. The
data points were obtained from the shift of the exciton peaks and the solid lines were
calculated from (6.32). Note that there is a difference in the vertical axes between
theory (right) and experiments (left).

Fig. 6.13. Derivative of the energy of the photoluminescence exciton peaks with re-
spect to magnetic field in Cd0.92Mn0.08Te/Cd0.76Mg0.24Te [522].

6.4.3 Magnetic field-induced type I - type II transition

Quantum wells and superlattices with magnetic barrier layers have the unique
feature that the barrier height is greatly modified by applying a magnetic field B
and varying temperature T , since the g factor is proportional to < Sz > which
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Table 6.4 Dependence of the exchange interaction constant JNN on quantum
well width in Cd1−xMnxTe/Cd1−yMgyTe (x = 0.08, y = 0.24) [522,536].

Lw (nm) 2.8 5.3 11.3 bulk
–JNN/kB (K) 6.4±0.3 6.4±0.3 6.5±0.3 6.1±0.3

is sensitively dependent on B and T [537]. For example, when we make quantum
wells with CdTe as a well layer and Cd1−xMnxTe as a barrier layer, the barrier
height rapidly decreases with increasing magnetic field due to the large effective
g factor in Cd1−xMnxTe, and the magnetic field-induced type I-type II transition
would occur at some transition magnetic field when the barrier height crosses

Fig. 6.14. Magneto-absorption spectra in CdTe/Cd1−xMnxTe MQW (x = 0.27) plot-
ted on the plane of magnetic field and the photon energy [540]. The well width Lw
and the barrier layer width Lb are 5.0 nm and 13.1 nm, respectively. (a) σ+ (b) σ−.
T ∼ 16K.
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zero. Such phenomena have attracted much interest, and many investigations
have been made in samples in small x range (0.055–0.1) [538,539].

In quantum wells with relatively large x (∼ 0.3), the transition field becomes
very high but the type I-type II transition can be observed very distinctly. Fig-
ure 6.14 shows magneto-absorption spectra in CdTe/Cd1−xMnxTe MQW (x =
0.27) in high magnetic fields up to 150 T [540]. Circularly polarized radiation
σ+ and σ− were employed in the measurements. At zero magnetic field, we can
see the absorption peaks arising from the heavy-hole exciton (E1H1) at 1.66 eV,
the light-hole exciton (E1L1) at 1.70 eV, the heavy-hole exciton of the second
subband (E2H2) at 1.87 eV, and the absorption of the Cd1−xMnxTe cladding
layer (CMT) at 2.1 eV were observed. As the magnetic field is increased, the
CMT peak shows a large red shift for the σ+ polarization due to the enhanced
Zeeman splitting. The E1H1 peak position shows a blue shift and when the mag-
netic field is increased over 90 T, the absorption intensity for σ+ is reduced and
diminished at 120 T. This decrease corresponds to the type I-type II transition.
In contrast, the (E1H1) peak for σ− grows with increasing field. The transition
was observed only for the σ+ polarization, since it takes place only for the heavy
holes with mJ = –3/2.

6.5 Cyclotron resonance in DMS

6.5.1 Effect of magnetic ions on the effective mass

As discussed in Chapter 5, cyclotron resonance (CR) is a powerful tool for ob-
taining the effective mass and other information concerning the electronic states
in semiconductors. In practice, however, it is difficult to employ this technique
for DMS crystals, because the mobility of DMSs is generally low (less than a
few hundreds cm2/V·s in most cases), due to the high doping of the magnetic
impurity ions. Actually, the concentration of the magnetic impurities is much
higher (usually 0.1% or more) than the normal doping of donors and acceptors
(usually 0.01% at most). For this reason, there have been only a few reports
on CR in DMS. Use of high magnetic fields, especially in the megagauss range,
solves this problem. Matsuda et al. succeeded in a systematic measurement of
CR in Cd1−xMnxTe in very high magnetic fields up to 150 T [277].

Figure 6.15 shows the experimental traces of the CR in Cd1−xMnxTe for
different x [277]. A well-defined CR absorption peak is observed in each sample
in spite of the low mobility (µ ≈ 200–300 cm2/Vs) as x is increased. Figure 6.16
shows the effective mass of Cd1−xMnxTe as a function of x. The cyclotron mass
increases with x according to m∗

CR = (0.104+ 0.131x)m. This is partly due to the
increase of the band gap energy Eg, since the doping of Mn is known to increase
the band gap. According to the two band model discussed in Section 2.4.1, the
effective mass m∗ increases with Eg following an approximate relation,

m

m∗ ∼
(

1 + 2
P 2

mEg

)
, (6.33)
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Fig. 6.15. Cyclotron resonance spectra in n-type Cd1−xMnxTe for different x in high
magnetic fields [277]. Wavelength is 10.6 µm, T = 250 K. The obtained effective
mass, the mobility and the electron concentration of the samples are shown in the
right of the graphs.

Fig. 6.16. Relative increase of the effective mass of n-type Cd1−xMnxTe as a function
of x. Circles and squares denote the band edge mass and the cyclotron mass at
10.6 µm, respectively. Solid and dashed lines represent theoretical lines obtained
from [541] with and without the s, p− d hybridization effect, respectively.
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where P is the k · p matrix element. The observed increase of the effective mass
is significantly larger than expected from the increase of the band gap. In fact, in
the cyclotron resonance in non-magnetic alloy crystals Cd1−xMgxTe, the doping
of Mg also increases the band gap, but the effective mass was found to increase
just following the theoretically expected Eg-dependence. As the origin of the large
increase of the effective mass with x, we can deduce that the s, p−d hybridization
effect might effectively reduce P 2 in (6.33). Hui, Ehrenreich, and Hass calculated
the band structure by the k · p method including the s, p − d hybridization
effect [541]. They showed that P is actually reduced with x by the hybridization
effect. Thus in the conduction band of DMS, the s, p − d hybridization effect
plays a significant role in determining of the effective mass. A similar energy gap
dependence was observed also in Pb1−xMnxSe [542].

6.5.2 Cyclotron resonance in III-V magnetic semiconductors

DMS have increased importance since ferromagnetism was discovered in III-V
based compounds, In1−xMnxAs [500], and Ga1−xMnxAs [501]. Although this
class of materials is very important for practical application, the mechanism of
the ferromagnetism has not been totally understood in spite of many theoretical
investigations [543–545]. It is expected that detailed studies of CR would provide
a clue for clarifying the mechanism of the ferromagnetism. The attempt of CR
measurement in a ferromagnetic Ga1−xMnxAs revealed that the mobility is too
low even in the megagauss range due the high doping (x ≥ 0.2) [546].

In narrow gap DMS crystals In1−xMnxAs, we have a better chance to observe
CR since the mobility is higher than in Ga1−xMnxAs. Mn doping usually supplies
acceptors in III-V compounds as Mn is a group III element, but In1−xMnxAs can
be either p-type or n-type depending on the growth temperature [547].

In n-type In1−xMnxAs, reasonably sharp cyclotron resonance peaks for elec-
trons were observed [548–550]. It was found that the effective mass decreases
with increasing x. This tendency is opposite to the case of CdMnTe, but it is
reasonable if we recall that the band gap energy Eg decreases with x in the case
of In1−xMnxAs. However, the amount of decrease of the effective mass is smaller
than expected from the relation (6.33). This is again due to the s, p − d hy-
bridization. In narrow gap semiconductors like InMnAs, it is essential to treat
the conduction band and the valence band together in order to calculate the
Landau levels. By solving the modified Pidgeon-Brown model, the observed CR
spectra were well explained by assuming proper values of α and β [549,550].

In p-type DMS in which hole-mediated ferromagnetism is realized, cyclotron
resonance should shed light on the problem of the mechanism of the ferromag-
netism. Figure 6.17 shows cyclotron resonance spectra in p-type In1−xMnxAs
for different x in the field up to 150 T. Well-defined peaks were obtained for
heavy holes (HH) and light holes (LH). It should be noted that the HH peak
is observed at lower fields than the LH peak (see discussion in Section 2.4.3).
Figure 6.18 shows the cyclotron resonance spectra at even higher magnetic
fields [551]. Besides the HH and LH cyclotron resonance peaks a broad peak was
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Fig. 6.17. Experimental traces of cyclotron resonance in p-type In1−xMnxAs with
different x. The wavelength is 5.53 µm and 10.6 µm [551].

Fig. 6.18. Cyclotron resonance in p-type In0.994Mn0.006As at very high magnetic
fields [551]. The wavelength and the temperature are indicated for each figure.



CYCLOTRON RESONANCE IN DMS 297

Fig. 6.19. Mn concentration dependence of (a) cyclotron effective mass and (b) mo-
bility for In1−xMnxAs [551]. T = 291 K.

also observed near 450 T. This can be explained by the multiple transitions of
holes between complicated Landau levels in the valence band. Figure 6.19 shows
the cyclotron mass and the mobility which were obtained from the cyclotron
resonance. Although there is a scattering of the data, it can be concluded that
the effective mass does not depend so much on the Mn concentration. This is
contrary to the case of the n-type samples, and gives insight into the mecha-
nism of the ferromagnetism. If we are based on the double exchange model [545],
the holes should partly possess the d-band nature, and then the effective mass
should be very x dependent. On the other hand, according to the Zener type
model [543, 544], the holes are almost p-like and the effective mass would be
rather insensitive to x. The experimental results seem to be favorable for the
latter model. As regards the mobility, it decreases remarkably as the Mn con-
centration is increased.

In the case of p-type InMnAs, it is an intriguing question whether the cy-
clotron mass should be affected by the appearance of the ferromagnetism. Fig-
ure 6.20 shows CR spectra for an In0.91Mn0.09As/GaSb heterostructure sample
which exhibits ferromagnetism below Tc = 55 K at various temperatures [552].
In the high temperature range down to slightly above the Tc, a broad feature
(labeled “A”) is observed. with almost no change. At T ∼ 68 K, which is sill
above the Tc, abrupt and dramatic changes are observed in intensity, position
and width with decreasing temperature. A significant reduction in line-width
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Fig. 6.20. CR spectra for ferromagnetic p-type In0.91Mn0.09As/GaSb single het-
erostructure (Tc = 55 K) [552]. The transmission of hole-active circular polarized
radiation at a wavelength of 10.6 µm is plotted as a function of magnetic field at
different temperatures.

and a sudden shift to a lower B occur simultaneously. In addition, it increases
in intensity rapidly with decreasing temperature. Furthermore, a second feature
(labeled “B”) suddenly appears at ∼125 T, which also grows rapidly in intensity
with decreasing temperature and saturates, similarly to feature of “A”.

Peak A was identified as due to the transition between the heavy hole levels.
The observed features of the cyclotron resonance have not been understood com-
pletely, but the temperature-dependent peak shift is attributed to the increase of
carrier-Mn exchange interaction resulting from the increase of magnetic ordering
at low temperatures [552,553].
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EXPERIMENTAL TECHNIQUES FOR HIGH MAGNETIC
FIELDS

In this chapter, we describe key aspects of experimental techniques, particularly
those for generating pulsed high magnetic fields and for measurements of solid
state physics.

7.1 Generation of high magnetic fields
7.1.1 Steady magnetic fields
Today, high magnetic fields up to 10–16 T can easily be obtained in ordinary
laboratories by using commercial superconducting magnets [554,555]. Supercon-
ducting wires such as Nb-Ti alloy, Nb3Sn, Nb3Ge, etc. are used for high field
superconducting magnets. The maximum field of superconducting magnets is
limited by the upper critical field Bc2 and the critical current density Jc. To
date, the highest field which is available by using a superconducting magnet is
21 T. Oxide high Tc superconductors have very high Bc2 and in future may be
employed for high field magnets, but it will be some time before these materials
are used for actual magnets, because of still rather low critical current.

Steady magnetic fields higher than 20 T are now available at several mag-
net laboratories in the world, where they employ water-cooled resistive magnets
and hybrid magnets, which are combinations of superconducting magnets and
resistive magnets. A large amount of electric power, of the order of 5–40 MW,
is consumed to supply large enough DC current to such magnets. The running
of such magnets also needs a large amount of water flow to cool the magnets.
Therefore, the facilities are inevitably of large scale and run by national facilities.
The necessary power practically limits the maximum available field. Table 7.1
lists large magnet laboratory facilities around the world [556]. In this chapter,
we will focus in pulsed high magnetic fields including very high short pulse fields
(megagauss fields), so that if necessary, readers are requested to refer to the
recent reviews on steady high magnetic fields in [GT-7].

7.1.2 Pulsed high magnetic fields
In comparison to DC fields, pulsed high magnetic fields can be generated more
easily, by using facilities on a much smaller scale. Long pulsed high magnetic
fields up to 50–60T can be generated by discharging a pulsed current to solenoid
coils from condenser banks. A typical electrical circuit is shown in Fig. 7.1 (a). In
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Table 7.1 Major facilities for static high magnetic fields around the world.

Facility Founded Power Resistive Hybrid
year MW T mm T mm

Braunschweig (Germany) 1972 5.6 18 32
Grenoble (France) 1970 24 30 50 [40] [34]
Nijmegen (The Netherlands) 1972 6 20 32 30 32
Nijmegen [under construction] 2002 [20] [33] [32] [40] [32]
Sendai (Japan) 1981 8 15 82 31 32
Tallahassee (Florida) 1990 10 33 32 45 32
Tsukuba (Japan) 1988 15 29 32 35 32
[ ] indicates the future plan.

Fig. 7.1. (a) Electric circuit for generating pulsed high magnetic fields. (b) Typical
wave form of a pulsed magnetic field.

a condenser bank, we usually use paper oil condensers which allow discharge of
large pulsed current of several tens of kA. A condenser bank with a storing energy
of 100–1000 kJ and voltage of 5–10 kV is usually used in ordinary laboratories. A
typical wave-form for pulsed magnetic fields is shown in Fig. 7.1 (b). A so-called
crowbar circuit consisting of a diode and a resistor is used to prolong the decay
time of the pulsed current. The pulse form is nearly sinusoidal when the crowbar
switch is off, as the current is through an LCR circuit. When the crowbar switch
is on, the current after the peak flows through the crowbar circuit, instead of
returning to the capacitor. Thus the current up to the peak is the same as that
without the crowbar circuit, but after the peak it shows an exponential decay
with a time constant L/R, where L and R are the inductance and the resistance
of the circuit, respectively. We can also make a crowbar circuit by using a switch
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that is closed just at the top of the current, instead of a diode. A crowbar circuit
is useful for measurements during the long decay time. On the other hand, the
sinusoidal pulse shape provides nearly the same sweep rate in the rising slope
and the falling slope, so that it is useful for checking the reproducibilily of the
data between the two slopes or for investigating hysteresis phenomena if any.

A coil is made by winding a strong wire on a bobbin. The available field
strength depends on the strength of the coil. The electromagnetic force exerted
on a coil by a magnetic field is proportional to the square of the magnetic field.
This force is called Maxwell stress and expressed as

T =
B2

2µ0
. (7.1)

The stress is towards the outer direction radially and contracting direction axi-
ally. It grows rapidly when the field is increased, and it reaches 10 kbar at 50 T
and 40 kbar at 100 T [557,558,401]. Any magnet is destroyed when the magnet is
subjected to such a strong force that it exceeds the strength of the magnet mate-
rial. Therefore, we have to make strong coils in order to generate high magnetic
fields.

The normal procedures for making an ordinary type of pulse magnet are as
follows. After winding coils with a tensile stress of a few tens of kg, the spacing
between the windings is impregnated with epoxy resin. Before the impregnation,
the epoxy is pumped to remove any bubbles and the solidification is done at a
high pressure in order to avoid any voids between the windings. The coil is then
machined and mounted in a cylinder of stainless steel (or a strong material like
Maraging steel) for reinforcement. Such a structure is a standard type of pulse
magnet, which can produce magnetic fields of up to 50–60 T with a duration
of about 10–20 ms. Magnets are usually immersed in liquid nitrogen in order to
decrease the initial temperature.

Many different techniques for constructing strong magnets have been re-
ported. The first breakthrough in the generation of modern long pulse field was
achieved by Foner [559]. By using a strong wire with fine filaments embedded in
a Cu matrix, he produced a field of up to 61 T with a duration of 10 ms. The
Nb filaments are effective to prevent the motion of the dislocations in Cu wires.

Herlach et al. used a reinforcement by glass fibers [560]. Instead of using
strong wires they used soft Cu wires, but they wound fine glass fibers in between
the layers of the windings. The technique depends on the fact that the tensile
strength of the glass fiber is much larger than that of soft Cu wire. The thick-
nesses of the glass fiber layers between the wire layers were carefully calculated
to achieve a uniform stress distribution throughout the coil. The cross section of
the Leuven type coil is shown in Fig. 7.2. The uniform stress distribution rather
than the uniform current distribution as in a conventional pulse magnet is an
important concept to obtain high magnetic fields. If we wind a coil uniformly,
the stress is the largest in the innermost winding, and the highest possible field



302 EXPERIMENTAL TECHNIQUES FOR HIGH MAGNETIC FIELDS

Fig. 7.2. Cross section of the Leuven type pulse magnet [560,557].

is determined by this stress. By using this new idea, Herlach et al. generated
long pulsed fields up to 71 T with a duration of 10 ms [560].

Boebinger, Passner and Bevk generated 70 T using a shell of “Vascomax”
Maraging steel with zirconium beads as the transmitting medium with high
strength and low compressibility [561]. This coil winding is made from different
materials in order to optimize the distribution of stress and electrical properties.
The inner layer is made from a ductile Cu-Be alloy, the next eight layers are
wound with Cu-Nb microfilamentary wire, and the outer five layers are from
Glidcop (a copper-alumina alloy).

Kindo recently succeeded in producing 80 T by using a coil wound very
carefully by using a strong wire of Cu-Ag alloy [562].

At the Institute for Solid State Physics (ISSP), Tokyo, several different tech-
niques have been attempted to construct strong pulse magnets. Some magnets
were manufactured by impregnating not with epoxy but with water [563]. This
idea was first invented by Motokawa et al. [564] The water is frozen to ice when
the magnet is immersed in liquid nitrogen, and it becomes a good strong binder
of the windings. The windings are wrapped firmly with glass tape and water
penetrates into the glass fiber. When frozen, the ice increases the volume so that
it stresses the coil. The advantage of using ice is that it easily penetrates into
the gap in the coil due to a very small viscosity, and also when it is frozen, it
is a good heat conductor. After each shot of the pulse, the temperature of the
magnet is increased. We have to wait for about half an hour or so before the
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Table 7.2 Pulsed field laboratories around the world. [556]

Capacitor bank User coil ∆t
Laboratory W V Im W B i.d. Duration
location [kJ] [kV] [kA] [kJ] [T] [mm] [ms]
Berlin 42 2.5 20 42 51 10 3.5

400 10 60 400 60 18 8.1
Dresden 1250 10 50 450 50 24 13

1100 40 24 120
Frankfurt 800 7 100 800 36 22 600

390 50 24 24
Kashiwa, Tokyo Univ. 900 5/10 50 50 22 50

200 5 50 200 50 20 20
200 4 50 200 50 20 18

Kobe 24 3 7.6 24 30 15.4 11
100 3 34 36 16.5 9

Leuven 475 5 25 300 55 18 20
600 10 50 260 70 10 8

Los Alamos 1600 10 50 565 60 15 35
1400 50 15 350

Nijmegen 2000 16 40 55 23
Osaka 1500 20 1000 240 60 18 7

70 10 7
1000 13 40 570 60 18 22

Oxford 800 7 20 150 60 12 10
250 50 20 20

Sendai 100 5 35 70 40 17 10
45 30 22 5

Sydney 800 7 60 400 60 22 25
Toulouse 14000 24 30 1250 61 11 150

3300 58 26 285
Tsukuba 1600 5 100 500 48 16 20

300 10 30 300 50 20 15
Vienna 75 2.5 50 20 40 25 10

W : stored energy, V : voltage, Im: the maximum current, i.d.: the inner bore.

coil is cooled again. Magnets with ice impregnation allow a repetition of shots
every 15 minutes or so while ordinary magnets with epoxy impregnation need at
least half an hour after heavy shots. The principal large facilities for pulsed high
magnetic fields around the world are listed in Table 7.2. While a combination of
relatively small coils and modest size of capacitor banks usually produces pulsed
fields with duration of about 10 ms, longer pulsed fields are obtained using a
large generator or city power line as a power supply.
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The prototype for these coils was constructed at the University of Amster-
dam [565]. The city power line is used as the energy source and various pulse
shapes of the current such as a flat top, stair-like, or triangular shape are pro-
duced by using thyristors and filters. A hard copper is used to wind a coil and
a peak field of 40 T was obtained. The long pulse fields are particularly useful
for measurements on conducting materials and phenomena with long relaxation.
Unfortunately, the facilities were closed down to be amalgamated with those at
Nijmegen. Recently, similar facilities which use the city power line were con-
structed in Vienna. Consuming a power of 10 MW, pulsed fields up to 40 T with
a long duration (up to 1 s) are generated [566].

The Los Alamos branch of the National High Magnetic Fields (NHMFL) of
USA is constructing a new large facility for generating pulsed fields up to 60–
100T [567,568]. The magnet consists of nine separate coils which are energized in
groups from three power supplies connected to a 1430 MVA flywheel-generator.
At peak field, the inductive energy amounts to 90 MJ. Each sub-coil is tightly en-
closed by a steel shell for reinforcement and for protection against magnet failure.
In Rossendorf (Dresden), a large capacitor bank of 50 MJ is being constructed
to generate long pulse fields up to 100 T [569].

When an excessively large current is supplied to a coil to generate too high
fields, the coil is destroyed. Sometimes the destruction occurs very violently. The
maximum field so far available for actual experiments by such magnets is limited
to about 70 T, (or by the most advanced technology, ∼90 T for a limited number
of shots). At present, a considerable effort is being devoted in Europe, USA and
Japan to start a project to generate a field of 100 T nondestructively.

7.1.3 Ultra-high magnetic fields

A magnetic field higher than 100 T can be produced only in a destructive way.
Because 100 T is equal to 1 MG in cgs units, these high fields are often called
“megagauss fields”. Different techniques have been developed for generating the
megagauss fields. Because of the short duration time (order of microseconds),
application of the megagauss fields to experiments is not an easy task. Recently,
however, several fine measuring techniques have been developed and various solid
state experiments have become possible with a reasonable precision. Today, there
are several facilities in the world where solid state experiments can be performed
in megagauss fields. Table 7.3 lists such megagauss laboratories around the world.

A. Explosive flux compression

The first method which has been developed is the explosive-driven flux com-
pression technique [557]. The technique was mainly developed in USA and the
former Soviet Union. A schematic sketch of the explosive flux compression de-
vices is shown in Fig. 7.3. In the cylinder type, a chemical explosive is set around
a metal ring called a liner. By chemical explosion, the liner is squeezed rapidly
inwards, and the magnetic flux which has been injected beforehand is compressed
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Table 7.3 Megagauss field facilities around the world for solid state experiments

Laboratory Country Technique Maximum field
Los Alamos USA Explosive (Cylidrical) > 1000 T

Explosive (Bellows) 200 T
Single turn coil ∼300 T

Sarov Russia Explosive
(Cylindrical, 3 cascades) > 1000 T

ISSP Japan Electromagnetic
flux compression 622 T
Single turn coil 302 T

Berlin Germany Single turn coil 310 T

Fig. 7.3. Schematic sketch showing the principle of the explosive-driven flux compres-
sion technique. (a) Cylinder type. (b) Bellow type.

inside the liner, if the velocity of the liner is faster than the flux diffusion speed.
The flux density B is increased in proportion to the inverse of the cross sec-
tional area of the liner. In this way, magnetic fields over 1000 T have been
produced [570, 571]. At VNIIEF in Sarov (the city was called Arzamas-16 in
the former Soviet Union), a technique of three cascades has been developed to
generate very high magnetic fields [571,572]. At Los Alamos, this technique has
been employed for various solid state experiments [490].
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Besides the cylindrical flux compression, a bellows type technique was de-
veloped by the groups of Frascati [573] and Los Alamos [574]. In the bellows
type, the magnetic field is first produced inside a large loop containing the metal
plates and the coil by a capacitor discharge. When the explosion takes place, the
detonation front shortens the circuit at the left edge of the plates in the figure.
As the front proceeds from left to right, the magnetic flux inside the loop is
pushed into the coil placed at the right edge. In this way the field in the coil is
increased as the cross sectional area of the loop is decreased. The peak field is
about 100 T with a one-stage system, if we use a two-stage system a field up to
about 200 T was produced [490]. Although the available peak field is lower than
in the cylinder type, the bellows type device is useful for solid state experiments,
because the destruction around the sample space occurs in the final moment.

The explosive technique is a very powerful means of generating very high
fields, as demonstrated in an international collaborative experimental series: the
Dirac series at Los Alamos [575] and Kapitza series at Sarov [360]. However, it
is very difficult to conduct indoor experiments for elaborate solid state measure-
ments. More controllable methods available in laboratories are electromagnetic
flux compression and the single turn coil technique, as described below.

B. Electromagnetic flux compression

Electromagnetic flux compression (EMFC) is a technique using an electro-
magnetic force instead of chemical explosives to squeeze a liner [557]. The tech-
nique was first invented by Cnare in 1968 [576] and later developed at ISSP [401].
The coil system of the EMFC is shown in Fig. 7.4. The clamping system of the
primary coil actually used at ISSP is shown in Fig. 7.5. Inside a one turn primary
coil, we place a liner (copper ring). When we supply a large pulse current (pri-
mary current) of the order of 4–6 MA to the primary coil, a secondary current is
induced in the liner in the opposite direction. The magnitude of the secondary
current is nearly the same as the primary, but the direction is just opposite to
shield the field. Then the two large opposite currents repel each other and the
liner is squeezed in the inward direction. In this process, a weak seed field (2–3
T) is injected in the liner beforehand. The seed field is a long pulse field produced
by using a pair of coils on both sides of the primary coil. The primary current
is started just at the top of the seed field. Then by the imploding motion of the
liner, the seed flux is compressed as the inner cross section of the liner is de-
creased. When the cross section becomes sufficiently small, a very high magnetic
field is generated in proportion to the inverse of the cross section.

The EMFC is based on a number of energy conversion processes: Electric
energy stored in the bank → energy of primary current → kinetic energy of the
liner → energy of magnetic field. The motion of the liner and the current are
dependent sensitively on the experimental parameters. Therefore, a computer
simulation is very important for designing the system [577]. In order to under-
stand the process of the EMFC, it is helpful to see the basic equations of the
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Fig. 7.4. Sketch of a primary coil and a liner for the EMFC [558]. The primary coil is
made of steel. The actual dimension of the primary coil is 160 mm in inner diameter,
25 mm in wall thickness and 50–89 mm in length. The liner is made from copper.
The actual size is 120–150 mm in outer diameter, 1.5–3 mm in thickness and 50–90
mm in length.

Fig. 7.5. Coil clamping system for the electromagnetic flux compression [558]. The
coil is clamped by a hydraulic press. As the coil is destroyed, expanding outwards,
a heavy protecting block made from steel is set around the primary coil. The inner
surface of the protector is lined by pieces of wood to absorb the shock at the bump
of the coil.
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Fig. 7.6. Schematic electric circuit of the electromagnetic flux compression system.

computer simulation of EMFC. Figure 7.6 shows the equivalent circuit of EMFC.
The capacitance C is connected to the primary coil that contains the liner. The
inductance and resistance of the primary coil and the liner are Lp, Rp, Ls, and
Rs respectively. Ip is the primary, Is is the secondary current, V is the voltage
across the capacitance, Lb is the residual inductance, Rb is the residual resistance
of the capacitor bank and the cables, rp is the radius of the primary coil, rs is
that of the liner, M is the mutual inductance between the primary coil and the
liner. rp and rs as well as the liner temperature T are determined as a function
of time t, and thus M(t) and Ls(t) are time dependent. The magnetic flux Φ in
the liner and its time derivative are given by the following expressions:

Φ = LsIs −MIp − µ0H0S , (7.2)
dΦ
dt

= −Rs(rs)Is . (7.3)

Here H0 is the initial field and S the cross section inside the inner radius of the
liner. From (7.2) and (7.3), the time derivatives of the currents are given by the
following equation:

M
dIp
dt

+
dM

dt
Ip −

[
Ls

dIs
dt

+
dLs
dt

Is

]
+ µ0H0

dS

dt
−RsIs = 0 . (7.4)

The primary current is obtained from

Lb
dIp
dt

+ RbIp −
[
M

dIs
dt

+
dM

dt
Is

]
= V (t), (7.5)

where V (t) is the voltage across the capacitor bank. The current induced in the
liner gives rise to a difference in the Maxwell stress between the inner and outer
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surfaces of the liner and thus the liner is accelerated in the inward direction
according to

−m
d2rs
dt2

= 2πrsls
µ0
2
[
(He + H0)2 − (Hi + H0)2

]
, (7.6)

here m and ls are the radius and the length of the liner. He and Hi are the
magnetic fields at the outer and inner surfaces of the liner. Solving the combined
equations (7.4), (7.5) and (7.6), we can obtain rs, Ip, and Is. The magnetic field
at the center of the liner is obtained from

Hc = Hp + Hs + H0, (7.7)

where Hp and Hs are the magnetic fields due to Ip and Is, respectively. In
the crude approximation described above, the motion of the primary coil was
neglected. Also, the wall thickness of the liner and of the primary coil were ne-
glected for simplicity. In reality, however, the primary coil and the liner have
thicknesses and the current distribution is not uniform throughout the cross sec-
tion. Actually, the current has a tendency to be concentrated on the surface and
the edge. In order to take into account the current distribution throughout the
cross section of the liner and the primary coil, Miura and Nakao performed a
two-dimensional calculation, dividing the cross section into many segments and
calculating the currents through these thin rings [577]. The motion of the pri-
mary coil was also taken into account. Figure 7.7 shows an example of calculated
results of the total primary current Ip, the total secondary current in the liner
Is, the radii rp and rs of the primary coil and the liner (the outer and the inner
radii), the magnetic field B, and the liner velocity vs as a function of time. The
calculation was performed using parameters from an actual experiment. The ex-
perimental points are shown for comparison; the agreement between calculation
and experiment is excellent, except for the final phase that is dominated by the
compressibility of the liner material.

At ISSP, the project to generate megagauss fields by EMFC was first started
in 1971. A main capacitor bank of 285 kJ (30 kV) and a sub capacitor bank of 32
kJ (3.3 kV, to generate the seed field) were installed. A peak field of 280 T was
obtained [578]. Based on the success of this prototype research, a second phase
was started in 1982. A new large main capacitor bank of 5 MJ (40 kV) and a sub
capacitor bank of 1.5 MJ (10 kV) were installed. A higher magnetic field up to 550
T was generated and successfully employed for a variety of experiments [401,579].
On the occasion of the move of the ISSP from the Roppongi campus to the
Kashiwa campus, new capacitor banks were constructed for the third phase of
project. The sizes of the capacitor banks were the same as in the second phase
but a faster rise time has become available by reducing the stray inductance of
the circuit. Owing to the higher performance of the new capacitor banks, a peak
field of 622 T has been achieved [580,581].

A typical wave-form of the generated fields is shown in Fig. 7.8 together with
the primary current I. The field rises from about 10 T level to the maximum



310 EXPERIMENTAL TECHNIQUES FOR HIGH MAGNETIC FIELDS

Fig. 7.7. Comparison of the result of the computer simulation (lines) with experi-
mental data (points) [577]. The parameters are as follows: Energy 4 MJ, voltage
40 kV, inner diameter, thickness and length of the primary coil 160 mm, 25 mm,
and 50 mm, outer diameter, thickness and length of the liner 150 mm, 1.5 mm, and
55 mm respectively, seed field 2.1 T.

Fig. 7.8. Experimental trace of the magnetic field generated by electromagnetic flux
compression [581]. The primary current I has a nearly sinusoidal form but in this
expanded scale, it looks almost flat. In this shot, a peak field of 622 T was obtained
and this is the highest field that has ever been generated by indoor experiments.
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field in several microseconds. At the break point indicated by an arrow, the field
probe is destroyed by the impact of the liner. At this break point, the sample
is also destroyed, but we can apply the field to the sample during the rise time.
The bore of the liner at the highest field is about 9 mm.

One of the difficulties in the EMFC is the problem of the feed gap. In order
to feed the current, there must be a feed gap in the coil so that the coil is not
an entire circle. It means that the field produced by the primary coil is weaker
near the edge than in other parts. Therefore, the acceleration of the liner is also
weaker near the gap, and this causes a non-uniform deformation of the liner. As
a result, the liner shows a bulge towards the feed gap side in the final stage, and
this causes violent plasma discharge which sometimes breaks the sample. In order
to improve the feed gap effect, a feed gap compensator was invented and it was
found to be very effective in solving the problem of the feed gap effect [580,581].
More details of the technique of EMFC are described in [401,558,580,581].

C. Single turn coil technique

The single turn coil (STC) technique provides a means of generating very
high magnetic fields up to a few hundred tesla by using a disposal single turn coil
which is destroyed every time but without destroying samples [557]. A compact
system for the STC technique using a small light coil was invented by Herlach
and McBroom at IIT in Chicago [582] and later developed by the ISSP [583] and
von Ortenberg’s group at the Humboldt University in Berlin [584]. Recently,
new STC facilities have been built at Los Alamos [585]. Figure 7.9 shows the coil
system of the STC technique used at ISSP. The single-turn coil is made from a
copper plate with a thickness of 2–3 mm, which is bent to form a small single
turn coil at the end. It is firmly clamped by a hydraulic press to collector plates.
A large pulse current of about 2–3 MA is supplied by a discharge from a fast
condenser bank. A very high magnetic field is generated by this current. The coil
is destroyed by a large Maxwell stress. However, if the discharge is fast enough,
high magnetic fields are generated before the coil destruction occurs, while the
coil stays at its position due to its inertia. Therefore, we need a fast capacitor
bank which allows a large current discharge in a very short time.

Table 7.4 lists the characteristics of the capacitor banks so far employed for
the STC system. In order to obtain the highest possible field, it is crucially
important to reduce the residual inductance of the discharge circuit as much as
possible (<20 nH) for obtaining a short rise time. It is also necessary to reduce
the capacitance of the bank, so that the voltage is inevitably very high to keep
the stored energy large. If the coil axis is horizontal, the system is useful for
optical experiments since the alignment of the optical path becomes easier. On
the other hand, the vertical system is more useful for inserting a cryostat to
refrigerate the samples to liquid He temperature.

At ISSP, a capacitor bank was first built in 1983 and very high fields were
successfully generated; 150 T in a bore of 10 mm and 200 T in a bore of 6 mm.
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Fig. 7.9. Coil clamping system for the STC technique [583]. The inset shows a sketch
of the STC which is made by bending a copper plate. The coil is clamped by a
hydraulic press. A protecting device is placed around the coil to catch fragments of
copper at the explosion of the coil.

On the occasion of the move of the Megagauss Laboratories to the Kashiwa
campus, two larger capacitor banks of 200 kJ were installed (one with horizontal
coil axis for optical experiments and one with vertical axis for transport and
magnetization experiments), and consequently, even higher fields have been ob-
tained. Examples of the experimentally recorded wave forms of the current I and
the field B are shown in Fig. 7.10. In this case a current of about 2.5 MA was
discharged to a coil with a bore of 6 mm and an axial length of 6 mm. The field
reached 263 T in about 2.5 µs. As the coil radius increases with time, the max-
imum of the field occurs earlier than the current. The ratio B/I also decreases
with time, as shown in the inset. The great advantage of this technique is that
the samples and cryostat inserted in the coil are not damaged although the coil
explodes violently. Therefore, the experiments can be repeated many times on
the same sample. Another advantage is that the wave form of the field is nearly
sinusoidal so that the field crosses the same magnitude twice, on the rising slope
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Fig. 7.10. A typical wave-form of the current I and magnetic field B in the STC
technique. A capacitor bank of 200 kJ (50 kV) was employed. The coil diameter
and the length are 6 mm. The inset shows B/I.

and the falling slope. Therefore we can check the reproducibility of the signal or
any hysteresis effect.

The peak field depends on the coil size. Figure 7.11 shows the dependence
of the peak field on the coil size. Here the bore diameter and the length of the
coil are set to be the same. The coil size and the energy supplied to the coil are
chosen in accordance with the requirement of the experiment.

Table 7.4 Capacitor banks for the single turn coil technique so far constructed
around the world.

Laboratory W V Lb Imax Operated Coil axis
(kJ) (V) (nH) (MA) period direction

Chicago 55 20 14 1.3 1970–1972 H
ISSP 100 40 18 2.5 1983–1999 H
ISSP 200 50 16.5 4.0 1999– H
ISSP 200 40 13,1 4.0 1999– V
Berlin∗ 200 60 11.2 2.6 1993–2006 V
Los Alamos 259 60 18.2 2005– H

W : Stored energy, V : Voltage, Lb: Residual inductance, Imax: Maximum current
H and V denote the horizontal or vertical directions of the coil axis.
∗After the shut down of the Berlin facilities, the bank has been moved to Toulouse.
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Fig. 7.11. Coil size dependence of the peak field obtained by the single turn coil
technique. The horizontal axis denotes the bore and the length (set equal) of the
coil. V and H indicate the two different systems at ISSP, vertical system (coil axis
is vertical) and horizontal system (coil axis is horizontal). Results of the use of 100
kJ and 200 kJ of energy are plotted.

To refrigerate the sample, a helium-flow type cryostat is employed. As the
time derivative of the magnetic flux is enormous, everything near the center of
the field should be made from plastic materials in order to avoid the eddy current.
Figure 7.12 shows the cross section of such a cryostat for optical measurement.
The sample is mounted inside a double tube of epoxy placed in a vacuum near its
edge. In the gap of the double tube there is another tube of Kapton separating
the space for incoming and outgoing liquid helium. Thus we can circulate the
liquid helium down to the edge of the double tube and cool the sample. The
sample temperature is measured by an Au-Fe/Chromel thermocouple. The lowest
temperature easily obtained by this cryostat is about 7 K. A similar cryostat can
be employed for electromagnetic flux compression experiments as well. In that
case, however, it is of course destroyed at every shot of the pulse. When the
coil axis is vertical, we can insert a plastic cryostat containing liquid helium and
immerse the sample in a liquid. Then we can cool the sample down to pumped
liquid He temperature (∼1.5 K), or even to 0.5 K by using a 3He system.

7.2 Measurement of magnetic fields

For solid state measurements, accurate measurement and calibration of magnetic
field is essential. In the steady fields produced by a superconducting magnet, wa-
ter cooled magnet, or hybrid magnet, the magnetic field intensity is proportional
to the current. Therefore the magnetic field is usually measured by the current
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Fig. 7.12. The sample holder and the cooling system used for the single turn coil
technique.

supplied to the magnet. When necessary, the magnetic field can be calibrated by
a Hall probe or by magneto-resistance.

For pulsed fields, the field measurement is mostly done by using a pick-up
coil. When a coil with a diameter D [m] and the number of turns of N is put in
a magnetic flux density B [T], a voltage V induced across the coil is

V = πN

(
D

2

)2
dB

dt
. (7.8)

Hence by integrating the voltage with an RC integration circuit as shown in
Fig. 7.13, we can obtain a signal Vo proportional to the flux density B according
to the following equation,

Vo =
rs

r + rs
π

(
D

2

)2
A

RC
B, (7.9)

where R and C are the resistance and the capacitance of the integrator, A is
the gain of the amplifier, rs is the resistance of the cable termination (50 or 75
Ω), and r is the resistance of the pick-up coil and the lead wire. Needless to say,
RC should be much larger than 1/ω (ω is the angular frequency component of
the field signal) for the complete integration. For the non-destructive long pulse
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Fig. 7.13. A circuit to measure pulsed magnetic fields by means of a pick-up coil. A
resistance of 75 Ω (sometimes 50 Ω) to terminate the cable is necessary for the
impedance matching.

field, a typical coil diameter is 5–10 mm and the number of turns is 10–50. For
short pulse fields in the megagauss range, the coil diameter is 1–3 mm and the
number of turns is 1–2. Although the field is obtained from eq. (7.9), estimation
of the coil diameter usually involves errors. Therefore, the sensitivity of the pick-
up coil (coefficient of B in the equation) should be calibrated accurately once
by some other means, such as ESR, cyclotron resonance, or Shubnikov-de Haas
oscillation, whose resonance field is accurately known, or Faraday rotation for
the accurate field measurement.

In the case of electromagnetic flux compression, a pick-up coil is destroyed
every time, so that the sensitivity of each pick-up coil should be calibrated read-
ily and quickly. For such a purpose, a convenient method is to compare the
sensitivity of the pick-up coil with that of the standard coil whose sensitivity has
been accurately calibrated beforehand. The sensitivity of the both coils can be
measured by placing them in an AC magnetic field whose frequency is close to
that of the actual magnetic field we want to measure [586].

7.3 Experiments in high magnetic fields

7.3.1 Transport measurement

The transport measurement is not so difficult in steady magnetic fields. By in-
tegrating the signal, with a reasonable time constant, we can reduce noises. In
pulsed fields, however, the time constant should be very short. In addition, there
is a problem of the induced voltage in the sample and the lead wire due to dB/dt.
If there is a loop of effective area of S m2, the induced voltage is

V =
dB

dt
S. (7.10)

This spurious voltage becomes significant as compared with the bias voltage
which we apply to the sample. Particularly, in the megagauss range, dB/dt is
of the order of 108 T/s, and if the there is a loop with a diameter of 3 mm, V
becomes about 1000 V. In order to eliminate the induced voltage, we usually
use a “compensation circuit” as shown in Fig. 7.14. The idea is to pick up a
voltage proportional to dB/dt by a small coil and add an adequate proportion
of the voltage to the signal from the sample. The proportion is controlled by a
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Fig. 7.14. Circuit for measuring the resistance of the sample in pulsed magnetic fields.

variable resistance Rv to minimize the spurious voltage at small preliminary shots
before the high field shot is fired. The spurious voltage is not always completely
proportional to dB/dt, and sometimes contains components of d2B/dt2, B and∫

Bdt, etc. due to the stray inductance and capacitance of the measuring circuit,
usually a small spurious voltage still remains even after the compensation by
such a compensation circuit. This remaining noise can be further eliminated by
making two shots in the same condition, either averaging signals obtained with
opposite currents applied to the sample or by subtracting the signal without
the current from that with the current. When the induced voltage is sufficiently
small, the induced voltage can be compensated only by such an averaging without
using the compensation circuit.

Another way to avoid the effect of the induced spurious voltage is to use a
lock-in technique with an AC bias current. As the pulse duration of the non-
destructive long pulse field is as long as 10 ms, we can use a frequency of the
order of 100 kHz. The lock-in detection should be done with a short enough
integration time.

Nowadays, very clean data of transport measurements can be obtained in long
pulse fields with a duration longer than 1 ms by techniques as mentioned above.
In short pulse fields (µs pulse) in the megagauss range, transport measurement is
much harder due to a huge dB/dt. However, by reducing the sample size and any
possible loop around the sample, and making the lead wire completely parallel
with the field, DC and AC transport measurement becomes possible up to 150
T. To further reduce the induced spurious voltage, compensation circuits based
on the principle shown in Fig. 7.14 were used for each of the four electrodes,
not only for contacts for voltage but also for those for currents. Nakagawa et al.
succeeded in measuring the magneto-resistance of YBa2Cu3O7−δ and graphite
up to 150 T in the single turn coil system [587,588].

Another technique for the transport measurement is the contactless method.
By measuring the transmission signal of the radio frequency electromagnetic
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Fig. 7.15. Block diagram of the OMA system for the magneto-optical measurement
in pulsed fields.

field through the sample, we can measure the conductivity (or resistivity) of
the sample without using contacts, as the transmission is dependent on the AC
conductivity [589]. Sekitani et al. succeeded in observing the super to normal
transition of YBa2Cu3O7−δ for B ⊥ c, in a field up to 500 T [590,591].

7.3.2 Optical measurement

Magneto-optical measurements in pulsed fields can be carried out most conve-
niently by using an optical multichannel analyzer (OMA) or a streak spectrom-
eter. The former allows the recording of the magneto-optical spectra in a short
period of time by opening the gate of the optical sensitivity of the recording sys-
tem at constant magnetic fields. In the latter case, we can obtain time-resolved
spectra representing the entire magnetic field dependence of the optical spectra
in one shot of the pulse fields. A CCD device or an image-converter camera is
used for sweeping the optical image.

Figure 7.15 shows the schematic diagram of the magneto-optical spectrometer
using an OMA. The sample is mounted in a cryostat. The optical signal from
the sample is led to a monochromator by an optical fiber. At the position of the
output slit of the monochromator, a microchannel plate is placed to intensify
the image of the spectrum. In front of the microchannel plate, a Si diode array
is mounted to detect the optical signal at different wavelengths. The gate pulse
voltage is applied to the microchannel plate, at the top flat part of the magnetic
field pulse. Then the optical signal is detected only during the gate pulse. The
magnetic field can be regarded as almost constant if the gate pulse width is
sufficiently short. For example, if the gate pulse width is 1/10 of the half period
of the magnetic field pulse (time for magnetic field to start from zero and return
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Fig. 7.16. Optical image recorded on a CCD frame in the measurement in pulsed
magnetic fields. An example of the measurement of Faraday rotation is shown. The
horizontal axis represents the wavelength and the vertical axis represents the time
(the time proceeds from top to bottom). Three snapshots on the CCD frame are
shown.

to zero), variation of the magnetic field during the gate pulse is only 0.3%. Thus
we can obtain the optical spectra at almost constant magnetic fields. The diode
array which we use at the ISSP has 1,024 channels, and each segment of the
diode is several micrometers in size. The calibration of the wavelength is made
by measuring the line spectrum of various lamps. In this way, we can obtain
spectra of magneto-absorption, magneto-reflection, magneto-photoluminescence
and Faraday rotation.

The above technique is a sort of point-by-point method. That is, we can ob-
tain data corresponding to only one magnetic field point by one pulse shot. A
different model of OMA (Model OMA-4) allows a time-resolved recording by
using a CCD (charge coupled device) for a detector. The CCD consists of a
two-dimensional matrix of optical detector segments. We focus the image of the
optical spectra on the first line of the matrix, as shown in Fig. 7.16. This image
is corresponding to spectra at one moment. The signal on the first line can be
shifted to the second line and successively to 2, 3 · · · as the time proceeds, uti-
lizing the shift register function of the CCD. During this process new data are
always inputted on the first line. Hence we can obtain two-dimensional informa-
tion containing the time dependence in the vertical direction. The CCD which
is used at ISSP consists of a 512×512 matrix of segments each of which has a
dimension of 19 ×19 µm. The CCD is operated at liquid N2 temperature.

The CCD is very useful for long pulse fields (ms pulse). However, the time
needed for the shift register is a microsecond per line at shortest. Therefore,
for short pulse fields in the megagauss range, we need a faster sweep of the
optical image. For this purpose, we use an image converter camera. In Fig. 7.17,
we depict a block-diagram of the streak spectrometer using an image converter
camera. The image of the optical spectra is focused on a photo-cathode of the
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Fig. 7.17. System for measuring magneto-optical spectra using an image converter
camera. Very fast sweep within a time of the order of microsecond range is possible.

image converter tube. Then photoelectrons are emitted from the photo-cathode
in proportion to the optical intensity. The photoelectrons are accelerated and
focused on the phosphor screen at the other end of the tube by a set of electrodes
and an electric lens. The optical image is reproduced on the phosphor screen.
During propagation, the electron beam is bent and swept by a voltage ramp
applied to a pair of electrodes. Hence on the phosphor screen, the time-resolved
spectrum is obtained. As the time sweep is made through an electron beam, very
fast sweep is possible. The image on the phosphor screen is further intensified
by an image intensifier and recorded by a CCD camera. In this case the CCD
works simply as a medium to record a still image.

7.3.3 Infrared and far-infrared laser spectroscopy

A. Measuring system

Cyclotron resonance is a powerful means of investigating the effective mass
and band structure of semiconductors. In high magnetic fields the wavelength of
the resonant photon is in the infrared or far-infrared range. In this range, lasers
are the most convenient radiation source in high magnetic fields. As the photon
energy from a laser is constant, by sweeping magnetic field, we observe a reso-
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Fig. 7.18. Block diagram of the measurement system of cyclotron resonance or
far-infrared spectroscopy in pulsed high magnetic fields. The case for the single
turn coil technique is shown.

nance peak at some resonant magnetic field in the transmission of the radiation.
The radiation is detected by an infrared or far-infrared detector. Cyclotron reso-
nance can also be observed in the photoconductivity of the sample in the presence
of the radiation. As the electron temperature is raised by strong absorption at the
resonance, the conductivity is changed at the resonance field. This technique is
called the cross modulation technique and is useful particularly in a steady field.
Other than the cyclotron resonance, measurement of the AC conductivity in the
millimeter or submillimeter wavelength range provides information similar to the
DC conductivity. It is useful therefore when the DC transport measurement is
difficult. For millimeter and submillimeter wavelengths, Carcinotron (back wave
tube) or Gunn diodes are useful radiation sources.

Figure 7.18 shows an example of the block diagram of the system to measure
cyclotron resonance in megagauss fields. The light beam is transmitted either
by optics using mirrors or by light pipes. The former is convenient for the µs
pulse field in the megagauss range, and the latter for the long pulse fields with
ms duration and for DC fields.

B. Radiation sources
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Table 7.5 Radiation sources conveniently used for far-infared and infrared spec-
troscopy in pulsed high magnetic fields

Radiation source Wavelength Photon energy
(µm) (meV)

Gunn diode 2000–3000 0.4–0.6
Back wave tube 1000–3000 0.4–1.2
(Carcinotron)
HCN laser 337 3.68

311 3.99
H2O laser (FIR) 119 10.4
CO2 laser pumped 33–570 2.18–37.6
molecular gas laser
H2O laser (Near IR) 16.9 73.4

23.0 53.9
27.9 44.4

CO2 laser 9–11 112–137
CO laser 5.3–5.7 217–233
He-Ne laser (Near IR) 3.39 365

Table 7.5 lists typical molecular gas lasers and other radiation sources which
are used for cyclotron resonance experiments. For megagauss fields, intense in-
frared laser lines near 5.5µm produced by a CO laser, in the range of 9.2–11 µm
produced by a CO2 laser, and lines at 16.9, 23, 28, 119 µm produced by an H20
laser are often employed. Also, using a CO2 laser-pumped gas laser with CH3OH
etc., many laser lines can be obtained in the range 30–500 µm. In the far-infrared
range, lasers are usually operated in a pulsed mode to enhance the intensity. In
this case, the pulse duration of the laser is made considerably longer than that
of the magnetic field and the magnetic field pulse is started at the top of the
magnetic field. The line at 16.9 µm of a H2O laser is obtained only in a pulsed
mode. In the pulsed oscillation of an H2O laser, we can obtain intense and long
laser oscillation lines, if He gas is mixed with H2O gas [592]. When we use a CO2
laser or a CO laser, they are usually operated in a continuous mode because the
power is large and the stability is better in a continuous mode. However, the
power is so intense that the radiation may damage the sample, if it is irradiated
continuously. In such a case, the laser beam is chopped, reducing the duty ratio.
For the µs pulse in the megagauss range, we produce an optical pulse of about
100 µs which makes the duty ratio of about 1/100.

C. Detectors

In the far-infrared range, the intensity from the light source is generally very
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Table 7.6 Useful detectors for far-infared and infrared spectroscopy in pulsed
high magnetic fields

Detector Working temperature Wavelength range
HgCdTe (Photovoltaic) 77 K 3–11 µm
HgMnTe (Photovoltaic) 77 K 3–11 µm
Ge(Cu) 4 K 10–30 µm
Ge(Ga) 4 K 30–300 µm
GaAs 4 K 200–700 µm
Ge diode 300 K 0.5–2 mm

weak, and moreover, in pulsed fields, the measurement is made in just one pulse
without any integration. Therefore, very sensitive detectors are required. In the
case of pulsed fields, the response time should be very fast as well. For detecting
far-infrared radiation in DC fields, bolometers are usually used. However, the
response time of bolometers is generally too slow for pulsed field measurements.
In pulsed high magnetic fields the most commonly used detector utilizes the ex-
trinsic or intrinsic photoconductivity of semiconductors. In order to use such a
mechanism, electrons or holes should be kept in a low energy state, so that the
device should be cooled to low temperatures. For example, doped Ge detectors
should be refrigerated to liquid He temperature when we use their extrinsic pho-
toconductivity. To represent the figure of merit of optical detectors, a parameter
called detectivity D∗ is employed. D∗ is a quantity inversely proportional to min-
imum detectable power distinguishing from noise (noise equivalent power, NEP)
and is measured in a unit of cm·Hz1/2W−1. Frequency and length are involved
in the unit because the noise larger as the frequency band width is larger, and
the light power is larger as the detector area is larger.

Table 7.6 lists the frequently used detectors in different wavelength ranges.
For pulsed fields, it is important to choose a detector in terms not only of D∗

but also of the response time. In the wavelength range 3–11 µm, the photovoltaic
effect of HgCdTe is very useful for the fast detection of radiation. It can be used
at liquid N2 temperature and has a very fast response time (∼ns). Infrared de-
tectors usually have large resistances. Therefore, we have to use a wide band
preamplifier to reduce the impedance and to avoid the integration of the signal
through the transmission line.

7.3.4 Magnetic measurement

In semiconductor physics, magnetization measurement is particularly important
for diluted magnetic semiconductors. There are several techniques for measuring
magnetization, the Faraday method, the vibrating sample magnetometer (VSM)
method, the induction method, the extraction method, and so on. In pulsed
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Fig. 7.19. Compensation system for the magnetization measurement. (a) longitudi-
nally arranged type, (b) side by side type, (c) coaxially arranged type (d) circuit
for the compensation.

fields, the induction method is the most convenient technique, because magnetic
field is varied quickly and the induced voltage due to dB/dt is large. When we set
a pick-up coil of N turns with a cross sectional area of S in a varying magnetic
field, the voltage induced in the coil is

V =
dB

dt
SN. (7.11)

and B is expressed as
B = µ0H + M, (7.12)

where H is the external magnetic field and M is the magnetization of the sample.
As the term of external field is much larger than the magnetization term, it is
necessary to compensate the first term to derive M . Figure 7.19 shows the pick-
up coil system in which the first term can be compensated. In all the systems,
two coils with different winding direction are connected in series and the sample
is inserted in one of the coil. In system (a), coils are set side by side whereas in
(b) they are axially aligned. System (c) is a coaxial type where the cross section
S1 and S2 and the number of turns N1 and N2 of the coils are adjusted so as to
fulfill a condition,

S1N1 = S2N2. (7.13)

The choice of system should depend on the type of homogeneity of the field. In
long pulse fields where the radial homogeneity is sufficiently good, system (c)
generally gives the best results. In short pulse fields in the megagauss range,
system (b) is most convenient, because it is symmetric both in the axial and
radial direction and the total length can be smaller than (a).

The compensation of the voltage due to H is not always perfect since the two
coils do not have exactly the same dimensions, and also there are some loops
in the circuit. To eliminate the uncompensated voltage as much as possible, an
appropriate portion of the voltage induced in another pick-up coil is added to
the signal in a similar manner to the case of transport measurements. A compen-
sation circuit as shown in Fig. 7.19 (d) is employed. The amount of the added
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voltage can be adjusted by many test shots in low magnetic fields. The single
turn coil system is convenient for measuring magnetization in the megagauss
range because we can repeat many shots for the same pick-up coil containing
samples. The adjustment of the compensation circuit can be performed by re-
peating preliminary shots at low charge voltage in the capacitor bank within the
limit of the non-deformation of the coil.

In a magnetic substance, there is a component proportional to magnetization
in the Faraday rotation. Therefore, we can measure the magnetization indirectly
through the Faraday rotation. In transparent substances, it is more convenient to
measure the Faraday rotation instead of the direct magnetization measurement,
because we can get rid of the problem of the induced spurious voltage.
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useful books related to the topics discussed in this book. Some of them are now
rather old, but still very useful.

[GT-1] Houghton JT and Smith SD (1966) Infra-red Physics (Clarendon Press,
Oxford, 1966).

[GT-2] Zeiger HH and Pratt GW (1973) Magnetic Interaction in Solids (Claren-
don Press, Oxford, 1973).

[GT-3] Herlach F ed (1985) Strong and Ultrastrong Magnetic Fields and Their
Applications (Springer-Verlag, 1985).

[GT-4] Chikazumi S (1997) Physics of Ferromagnetism, Second Edition (Claren-
don Press, Oxford, 1997).

[GT-5] Seeger K (2004) Semiconductor Physics, 9th Edition (Springer-Verlag,
2004).

[GT-6] Yu PY and Cardona M (2001) Fundamentals of Semiconductors 3rd
Edition (Springer-Verlag, 2001).

[GT-7] Herlach F and Miura N eds (2003-2006) High Magnetic Fields, Science
and Technology Vol. 1-3 (World Scientific, 2003-2006).

II. Proceedings of international conferences on high magnetic fields
In recent years, many international conferences have been held on the topics of
the physics of high magnetic fields. The proceedings of these conferences are very
useful to overview the history, progress, and the present state of the art of the
study of high magnetic fields.

A. International conferences on the generation and application of high
magnetic fields (general)
The following proceedings are not necessarily focused in semiconductor physics,
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Fields in Semiconductor Physics, ed. Landwehr G [Int. J. Modern Physics
(World Scientific, 2007)] (Wüzburg, 2006).

B. Research in High Magnetic Fields (RHMF)
This conference series was started by Prof. M. Date at Osaka in 1982 as a satel-
lite conference of the International Conference of Magnetism (ICM). The second
conference was revived by Prof. F. Herlach in 1988 at Leuven. Since then it has
been held every three years at the occasion of every ICM.

[RH-1] High Field Magnetism (Proceedings of the International Symposium on
High Field Magnetism, Osaka, 1982), ed. Date M (North-Holland Pub-
lishing Co., 1983).

[RH-2] High Field Magnetism (Proceeding of the 2nd International Conference
on High Field Magnetism, Leuven, 1988), eds Herlach F and Franse
JJM [Physica B 155 (1989)].

[RH-3] Proceedings of the 3rd International Conference on Research in High
Magnetic Fields, (Amsterdam, 1991) eds de Boer FR, de Cahtel PF
and Franse JJM [Physica B 177 (1992)].

[RH-4] Proceedings of the 4th International Conference on Research in High
Magnetic Fields, (Nijmegen, 1994), ed. Perenboom JAAJ [Physica B
211 (1995)].

[RH-5] Proceedings of the 5th International Conference on Research in High
Magnetic Fields, (Sydney, 1997), ed. Clark RG [Physica B 246-247
(1998)].

[RH-6] Proceedings of the 6th International Conference on Research in High
Magnetic Fields, (Porto, 2000), eds Herlach F, de Boer F, Motokawa
M and Sousa JB [Physica B 298 (2001)].

[RH-7] Proceedings of the 7th International Conference on Research in High
Magnetic Fields, (Toulouse, 2003), eds Rikken GLJA, Portugall P and
Vanacken J [Physica B 346-347 (2004)].

[RH-8] Proceedings of the 8th International Conference on Research in High
Magnetic Fields, Yamada Conference LX on Research in High Mag-
netic Fields (RHMF2006), (Sendai, 2006), eds Kobayashi N, Toyota N
and Motokawa M [J. Phys.: Condes. Matt. Conf. Ser. 51 (2006)].



330 GENERAL REFERENCES

C. Physical Phenomena in High Magnetic Fields (PPHMF)
This is a conference series organized by the National High Magnetic Fields Lab-
oratory at Tallahassee and started in 1991. The scope covers all the applications
of high magnetic fields, mainly for solid state physics.
[PP-1] Physical Phenomena at High Magnetic Fields (PPHMF-I) (Tallahassee,

USA, 1991), eds Manousakis E, Schlottmann P, Kumar P, Dedell K, and
Mueller F (Addison-Wesley Pub. Co., 1992).

[PP-2] Physical Phenomena at High Magnetic Fields-II (PPHMF-II) (Tallahas-
see, USA, 1995), eds Fisk Z, Gor’kov LP, Meltzer D, and Schrieffer JR
(World Scientific, 1996).

[PP-3] Physical Phenomena at High Magnetic Fields-III (PPHMF-III) (Talla-
hassee, USA, 1995), eds Fisk Z, Gor’kov LP and Schrieffer JR (World
Scientific Pub. Co., 1999).

[PP-4] Physical Phenomena in High Magnetic Fields-IV (PPHMF-IV) (Santa
Fe, USA, 2001), eds Boebinger G, Fisk Z, Gor’kov LP, Lacerda A and
Schrieffer JR (World Scientific, 2002)

[PP-5] Physical Phenomena in High Magnetic Fields-V (PPHMF-V) (Tallahas-
see, USA, 2005) See the URL page
http://magnet.fsu.edu/˜bonestee/PPHMF_book.pdf

In addition, there are international conference series on the
“Megagauss field generation and related topics (MG-series)”,
and the
“Magnet technology (MT-series)”.
The main scopes of these conferences are focused on technical problems of the
high magnetic field science and technology, but important information can be
obtained from the proceedings concerning the recent advances in very high mag-
netic fields in the megagauss range and superconducting magnets, respectively.

We can also see many valuable literatures related to the semiconductor physics in
high magnetic fields in the proceedings of the following three large international
conference series, which are held every 2 years:
“International Conference on the Physics of Semiconductors (ICPS)”,
“International Conference on Electronic Properties of Two-Dimensional Systems
(EP2DS)”,
“International Conference on Modulated Semiconductor Structures (MSS)”.

http://magnet.fsu.edu/%CB%9Cbonestee/PPHMF_book.pdf
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Alfven wave 201
alkali-halide 158
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Anderson localization 78
angular dependence (of effective mass)
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angular dependent magneto-oscillation
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anisotropic phonon coupling 110
anisotropy factor 172
anisotropy factor (of exciton) 257
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associated Laguerre function 16

back wave tube 321
band gap renormalization 227
bellow type (explosive method) 306
Bi 72,192
bielectron 262
bihole 262
BiI3 262
Bi-Sb alloy 72,193
Bi2Se3 family 178
black phosphorus 133
Bloch electron 17
Bloembergen-Rowland interaction 285
Bohr-Sommerfeld quantization condition
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Bolch function 17
bottom-up technique 42
bound state 52
breakdown of effective mass theory 46
breakdown of quantum Hall effect 92
Brillouin function 275
Burstein-Moss shift 226

(C6H13NH3)2PbI4 263
camel’s back structure 110,170
canonical transformation 60
Carcinotron 321
cationic exciton 259

CdMnTe 275
CdMnTe/CdMgTe quantum well 289,292
CdS 218
CdSe/ZnSe quantum dot 245
CdTe/CdMgTe quantum well 232
center coordinate 9
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